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Protein sequestration occurs when an active protein is sequestered by a
repressor into an inactive complex. Using mathematical and computational
modeling, we show how this regulatory mechanism (called “molecular
titration”) can generate ultrasensitive or “all-or-none” responses that are
equivalent to highly cooperative processes. The ultrasensitive nature of the
input–output response is mainly determined by two parameters: the dimer
dissociation constant and the repressor concentration. Because in vivo
concentrations are tunable through a variety of mechanisms, molecular
titration represents a flexible mechanism for generating ultrasensitivity.
Using physiological parameters, we report how details of in vivo protein
degradation affect the strength of the ultrasensitivity at steady state. Given
that developmental systems often transduce signals into cell-fate decisions
on timescales incompatible with steady state, we further examine whether
molecular titration can produce ultrasensitive responses within physiolo-
gically relevant time intervals. Using Drosophila somatic sex determination
as a developmental paradigm, we demonstrate that molecular titration
can generate ultrasensitivity on timescales compatible with most cell-fate
decisions. Gene duplication followed by loss-of-function mutations can
create dominant negatives that titrate and compete with the original
protein. Dominant negatives are abundant in gene regulatory circuits, and
our results suggest that molecular titration might be generating an
ultrasensitive response in these networks.
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Introduction

Many proteins form dimers or higher-order com-
plexes. These oligomers are involved in diverse bio-
logical processes such as metabolism, cell signalling,
and transcriptional regulation. In higher eukaryotes,
many cell proliferation and developmental decisions
are regulated by dimeric transcription factors, such
as the MADS-box, basic-leucine zipper (bZIP), and
basic helix–loop–helix (bHLH) families.1,2 These pro-
tein families have undergone a dramatic expansion
both in plants and in animals, such that they account
for nearly half of the transcription factors found in

some organisms.2–6 What special roles do these
dimers play in the function of regulatory networks?
By doubling the interaction surface of monomers,

dimerization can enhance the binding specificity of
complexes.7 The combinatorial formation of regu-
latory complexes is one of the most common me-
chanisms used by the cell to control gene expression.
If the active regulatorymolecule is a heterodimerAB,
then a regulatory response will occur only when
protein A and protein B are co-expressed in the cell.
Examples of combinatorial control in transcriptional
regulatory networks are found across the MADS-
box, bZIP, and bHLH families.7,8 If the active
regulatory molecule is a homodimer A2 (Fig. 1a),
the input-output response is a nonlinear function of
the concentration of total protein A (i.e., molecular
cooperativity). A consequence of molecular coopera-
tivity is ultrasensitivity where small fold changes in
input (the total amount of protein, AT) can be
amplified to larger fold-change responses in output
(the amount of homodimer A2). As illustrated in
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Fig. 1b, cooperativity can amplify a twofold change
in AT into a 3.2-fold change in homodimer A2. Such
amplification can play an important role in biology.
A classic example is sex determination in Drosophila,
where the underlying regulatory network must
robustly amplify a twofold difference in X chromo-
some dose into an all-or-none response.11

Ultrasensitivity generated from the cooperative
binding of homodimer (Fig. 1a) is limited in two
respects. First, ultrasensitivity occurs only when the
total protein concentration is less than or equal to the
dimer dissociation constant, Kd (see Fig. 1b). For any
given dimer, it is unclear how easily this concentra-
tion threshold can be tuned through mutation of the
protein–protein interface. Second, the degree of
ultrasensitivity is always less than or equal to the
stoichiometry of the cooperative reaction. For
homodimers, it is less than or equal to 2 (Hill
coefficient nH ≦2, Fig. 1b). Such a mild ultrasensi-
tivity is not sufficient to generate large all-or-none
responses in gene expression. It is well documented
that large ultrasensitivity is an important compo-
nent in the design of robust bistable or oscillatory
genetic networks.9,12 The level of ultrasensitivity in

gene expression can be enhanced through coopera-
tive binding of dimers to multiple binding sites in
cis-regulatory DNA13,14 or through gene regulatory
cascades.15,16 However, the evolution of novel
protein–protein and multiple protein–DNA inter-
faces is a lengthy process that requires fine-tuning of
molecular interactions. Thus, a pressing question in
biology is whether there exist easily tunable alter-
natives to molecular cooperativity that can generate
sharp ultrasensitive responses.
Molecular titration offers an elegant solution to

this problem. Analogous to titration in chemistry,
molecular titration occurs when an active subunit
(A) is sequestered into an inactive heterodimer
complex (AB) by a titrating molecule (B) (Fig. 1c).
There are abundant examples of protein sequestra-
tion in regulatory networks: σ/anti-σ in prokar-
yotes,17 repressor/anti-repressor in bacteriophage,18
dominant-negative bHLH and bZIPs in eukar-
yotic regulation,19–21 stoichiometric inhibitors of
kinases,22,23 and antagonists of morphogenic pro-
teins in development.24,25 When the total concentra-
tion of B is larger than Kd, the sequestering molecule
B serves as a “sink” that buffers against the

Fig. 1. Ultrasensitivity and amplification using dimers. We define the sensitivity of any input–output (I/O) process as
the ratio of the relative fold change in output (ΔO/O) over the relative fold change in input (ΔI/I).9,10 On a logarithmic
plot, the sensitivity is associated with the derivative of an output response as a function of input. For a cooperative
reaction, the sensitivity (S) to a twofold change in input is related to the Hill coefficient (nH); see Supplementary Material.
Whenever SN1, the response is “ultrasensitive” and the process can “amplify” an input signal, e.g., twofold change (2×) in
input is amplified into a larger-fold change in output, as highlighted by the grey boxes. (a) Schematic of homodimer
formation, where the input (I) is the total concentration of protein AT=A+2A2, and the output (O) is homodimer
concentration A2. At equilibrium, the concentrations are determined by the dimer dissociation constant, Kd=koff/kon. (b)
Logarithmic plot ofA2 as a function ofAT for the case of a moderately strong dimer (Kd=100 nM). All concentrations are in
units of nanomolar (nM). When ATbKd, the output response can exhibit ultrasensitivity. Inset: Linear plot of A2 as a
function of AT. (c) Schematic of molecular titration, where the input is the total concentration of protein AT=A+AB, and
the output is monomer concentration A. (d) Logarithmic plot of A as a function of AT for the case of strong heterodimer
(Kd=1 nM) and constant buffer BT=B+AB=100 nM. In the range where AT≈BT, the output response can exhibit sharp
ultrasensitivity. Inset: Linear plot of A as a function of AT.
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accumulation of active A. Once the total concentra-
tion of A equals B (the sink is filled), a threshold
response occurs and the ultrasensitivity at this
threshold can be much larger than homodimer
cooperativity (see Fig. 1d). In this article, we
investigate the conditions where molecular titration
can produce ultrasensitive responses at steady state.
We discuss how the relative rates of monomer and
heterodimer degradation can enhance or diminish
this ultrasensitivity. For typical protein–protein
affinities, we show that molecular titration can
generate ultrasensitive responses equivalent to a
highly cooperative process (i.e., octamers, deca-
mers). As such, molecular titration alleviates some
of the limitations associated with molecular coop-
erativity. Finally, using sex determination in Droso-
phila as a developmental paradigm, we demonstrate
that molecular titration can lead to transient ultra-
sensitivity on short timescales compatible with
developmental processes, even though the system
itself does not exhibit ultrasensitivity at steady state.

Results

Molecular titration in vitro

Before focusing on molecular titration in vivo, we
review the in vitro situation common tomany chemical
reactions. In the titration reaction outlined in Fig. 1c,
the sequestering molecule B (the titrant) binds free A
(the analyte) into an inactive AB complex in solution.
At equilibrium, the relationship between the concen-
trations of A, B, AB is given by the ratio of the
dissociation (koff) and association (kon) rate constants:

Kd =
koff
kon

=
A � B
AB

ð1Þ

where Kd is the equilibrium dimer dissociation
constant. Here, we will focus on the active species A.
Combining Eq. (1) with the conservation of matter
(AT=A+AB; BT=B +AB) yields the equilibrium
solution:

A =
1
2

AT �BT � Kd +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AT � BT � Kdð Þ2 + 4AT � Kd

q� �

ð2Þ
Eq. (2) describes how active A varies as a function of
the total amount of protein AT, BT, and Kd. We are
interested in the situation where chemical equilibrium
favours the formation of heterodimer AB over free A.
This occurs when the total concentration of titrant B
(BT) is larger than the dimer dissociation constant (Kd)
or when the stoichiometric binding parameter BT/Kd
is greater than 1. In Fig. 2, we plot Eq. (2) as a function
of AT at different titrant concentrations BT for a strong
heterodimer (Kd=1 nM).When BT/KdN1, the titrant B
sequesters and buffers active protein A for ATbBT. In
this regime, Eq. (2) is A≈AT·Kd/BT and strength of
buffering is proportional to the stoichiometric binding
parameter. When BT/Kd increases 10-fold, the fraction

of free A decreases 10-fold. In Fig. 2, the strength of
buffering is reflected in the vertical offset of the input-
output response curves. When the total concentration
AT is increased, eventually the titrant B is depleted
when AT≈BT (the equivalence point in titration
theory). Beyond this threshold concentration, excess
of free A is no longer buffered and its concentration
grows linearly with the total concentration of A, i.e.,
A≈AT−BT.
In Fig. 2, the input-output response of free A

exhibits ultrasensitivity at the threshold AT≈BT. The
ultrasensitivity growsmonotonically as a function of
the stoichiometric binding constant (BT/Kd) because
it is related to the strength of buffering below
threshold (see Supplementary Material). Over phy-
siological concentrations of buffer BT (1 nM–10 μM),
the amplification of a twofold change in input AT
(highlighted by grey boxes) can be equivalent to the
ultrasensitivity obtained from the cooperative bind-
ing of dimers or decamers (see Supplementary
Material). For instance, at large titrant concentration
(10 μM) and low Kd (1 nM), a twofold change inATat
the equivalence point leads to a 1720-fold change in
free A. Although only twofold changes are consid-
ered here, our results can be extended to any
arbitrary fold changes in AT. In the Supplementary
Material, the range of input concentrations AT

Fig. 2. Molecular titration in vitro: buffering and
ultrasensitivity. Logarithmic plot of A as a function of AT
for a strong heterodimer (Kd=1 nM). We consider the
effect of varying the constant pool of titrating protein BT=
0, 10, 100, 1000, 10000 nM. When the stoichiometric
binding parameter is greater than one (BT/KdN1),
molecular titration buffers active monomer A below
ATbBT and generates ultrasensitivity at the concentration
threshold when AT≈BT. The response of free B is also
ultrasensitive (see Supplementary Material). Both the
buffering and ultrasensitivity get stronger as the stoichio-
metric binding parameter BT/Kd increases. As highlighted
by the grey boxes, a twofold change in input is amplified
into a larger-fold change in output at the threshold. The
ultrasensitivity (logarithmic slope S) involved in molecu-
lar titration can be significantly larger than S≈2.
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displaying an ultrasensitive response is shown to
grow as a function of the stoichiometric binding
constant (BT/Kd). Here, we have demonstrated that
the titrant concentration affects both the location of
the threshold (AT≈BT) and the strength of ultra-
sensitivity (BT/Kd). Because the titrant concentra-
tion is tunable through a variety of regulatory
mechanisms, molecular titration presents a flexible
mechanism for generating variable thresholds with
large ultrasensitivity.

Molecular titration in vivo: the role of protein
degradation

In a living cell, all proteins undergo synthesis and
degradation. Here, we analyse how protein degra-
dation can affect the steady-state properties of
molecular titration. As illustrated in Fig. 3a, we
consider a simple model of molecular titration in
vivo. The protein synthesis rates (α, β) and protein
degradation rate constants (dA, dB, dAB) now affect in

vivo concentrations of A, B, and AB. The chemical
kinetic equations for A, B, and AB are:

dA
dt

= a� kon � A � B + koff � ABð Þ � dA � A
dB
dt

= h� kon � A � B + koff � ABð Þ � dB � B
d ABð Þ
dt

= kon � A � B� koff � ABð Þ � dAB � ABð Þ

ð3Þ

This set of ordinary differential equations (ODEs)
was solved at steady state (see Supplementary
Material) to yield:

dA � A =
1
2

a� h� n +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a� h� nð Þ2 + 4a � n

q� �

ð4Þ

where κ= (dAdB/dAB) κD. At steady state, the
monomer and heterodimer concentrations are

Fig. 3. Molecular titration in vivo: the importance of degradation. (a) Schematic of molecular titration in a cell where
synthesis rates are α and β and degradation rate constants are dA, dB, dAB. The kinetic constants (kon, koff) were confined to
typical association and dissociation rates of measured transcription factors (drawn as circles); see SupplementaryMaterial
for references and values. The σ/anti-σ factors are drawn as open circles: these transcription factors are prominent
examples of molecular titration in bacteria. (b–e) Contour plots of the stoichiometric binding parameter (β/κ) as a
function of dimer association and dissociation rates (kon, koff) for different degradation scenarios. Molecular titration can
buffer and amplify only when β/κN1 (shaded regions). Moderate protein synthesis rate were considered for the buffer B
(β=10 nM min−1). Protein degradation was either fast (0.2 min−1) or slow (0.01 min−1), as illustrated by thick/thin
degradation arrows in the schematic above each contour plot.
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determined by the in vivo dimer dissociation
constant κD=(koff+dAB)/kon=A·B/(AB). The in vivo
stoichiometric binding parameter is:

h=n =
b
dA

dAB

dB

kon
koff + dAB

� �
ð5Þ

Because Eq. (4) is identical in form to Eq. (2), our
previous insights from in vitro titration are relevant
to in vivo reactions. First, strong buffering and
ultrasensitivity occur under stoichiometric binding
conditions when β/κN1. Second, the strength of
buffering and ultrasensitivity at threshold are
correlated with the magnitude of β/κ. Third, the
threshold (or equivalence point) is achieved when
the rates of protein synthesis are identical (α=β).
The only difference between in vitro and in vivo
molecular titration is that concentrations (AT, BT, Kd)
have been replaced by fluxes (α, β, κ); see
Supplementary Material.
The existence and ultrasensitivity of the threshold

response is controlled by the in vivo stoichiometric
binding parameter (β/κ). In the limit where the
protein degradation rate constants are identical
(dA=dB=dAB) and the dimer dissociation rate is
much faster than the heterodimer degradation rate
(koff≫dAB), both the in vitro and in vivo stoichio-
metric binding parameters are identical, or β/κ=
BT/Kd. More generally, it is clear from Eq. (5) that
the rates of degradation can influence in vivo
stoichiometric binding parameter in two ways: (i)
when the rate of heterodimer degradation rate is
faster than dimer dissociation rate (dAB≫koff), and
(ii) when the heterodimer degradation rate constant
(dAB) is different from either monomer degradation
rate (dA, dB). Both conditions (i) and (ii) can play
important roles in modulating the strength of in vivo
molecular titration.
To illustrate this point, we first analysed a scenario

where monomer and heterodimer degradation rates
are equal. We used kinetic parameters and mole-
cular concentrations that are physiologically rele-
vant for transcription factors in bacteria or yeast (see
Table 1). Monomers and heterodimer were either
actively degraded through targeted proteolysis
(half-life ∼3–30 min) or passively diluted through
growth and cell division (half-life ∼40–100 min for
bacteria or yeast). Molecular titration in bacteria or
yeast was considered in two extreme cases. The first
case assumed that both monomers and heterodi-
mers are actively degraded (∼3.5 min half-life). The
second case assumed that all proteins are passively
diluted through growth and division (∼70 min half-
life). In Fig. 3b, we show a contour plot of the
stoichiometric binding parameter (β/κ) as a func-
tion of the dimer association and dissociation rates.
The shaded regions correspond to those parameters
where molecular titration can generate ultrasensi-
tivity at the threshold (α≈β). Darker shadings
indicate increasing values of the parameter β/κ
and thereby steeper ultrasensitivity.
For the active degradation scenario, Fig. 3b

demonstrates that although many typical transcrip-

tion factors could exhibit ultrasensitivity through
molecular titration, the majority of these transcrip-
tion factors have weak ultrasensitive response
(1bβ/κb10, sensitivity S ∼1–2 at threshold). This
is one consequence of the fast monomer turnover,
which reduces the concentration of buffer BT and
impedes formation of inactive AB heterodimer.
Another consequence of the fast degradation rate
is the effective increase of the in vivo dimer dis-
sociation constant, κD. This is best seen by following
the contour lines corresponding to constant β/κ in
Fig. 3b. When koffNdAB, the dimer dissociation
constant (κD≈koff/kon) is insensitive to the hetero-
dimer degradation rate and the contours are dia-
gonal. In contrast, when koffbdAB, the dimer
dissociation constant (κD≈dAB/kon) is insensitive
to koff, and the contours are vertical. Many known
molecular titration pairs (e.g., σ28/FlgM, TraR/
TraM) are high-affinity, “dead-end” complexes
with slow dissociation rates.34,35 Because of the
fast degradation, these dead-end complexes exhibit
weaker ultrasensitivity in vivo than might be
expected by their strong in vitro affinities.
Consider now a decrease in all degradation rates

such that monomers and dimers are passively
diluted through growth and division (∼70 min
instead of ∼3.5 min half-life). The stoichiometric
binding parameter (β/κ) increases 20-fold. In this
case, Fig. 3c shows that the majority of transcription
factors display a strong ultrasensitive response
when passively diluted (10bβ/κb300, S ∼2–6 at
the threshold). For dead-end complexes with slow
dimer dissociation rates, the gain in ultrasensitivity
exceeds the 20-fold difference in degradation rate.
This phenomenon takes place because κD is no
longer limited by the faster heterodimer degrada-
tion rate, as was the case for active protein
degradation.
In many in vivo biological processes, monomers

and heterodimers are not degraded at the same
rates. For instance, dimeric transcription factors can
be two-state folders where the monomers are
unfolded or intrinsically disordered, and fold upon
association.36 For such two-state dimers, house-
keeping proteases might actively degrade the
unstable monomers and create a difference in
degradation rate between monomers and dimers.30

Analogous to Le Châtelier's principle in an equili-
brium system, relative differences in degradation
rates can shift the reaction fluxes to favour monomer
and dimer formation. For molecular titration, faster
monomer degradation favours formation of free
monomers at steady state, thereby decreasing β/κ
and weakening ultrasensitivity. As shown in Fig. 3d,
if only monomers are actively degraded, then many
transcription factors are no longer capable of
ultrasensitivity through molecular titration.
Conversely, faster heterodimer degradation favours

the formation of heterodimers at steady state. As
shown in Fig. 3e, this results in larger β/κ and
significantly strengthens ultrasensitivity (100bβ/
κb3000, or S ∼4–10 at the threshold). Examples of
fast dimer degradation are found in eukaryotes
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where transcription factors are simultaneously
activated and targeted for rapid degradation
through mechanisms of phosphorylation and/or
ubiquitylation.37,38The sequestering protein could
also be an adaptor that specifically targets the entire
heterodimer for active proteolysis, e.g., CpxP.39

Adaptors that are not co-degraded with the seques-
tered analyte cannot generate ultrasensitivity at
steady state (see Supplementary Material).

Molecular titration in developmental systems

So far, we have limited ourselves to studying mo-
lecular titration and ultrasensitivity at steady state.
The timescale for reaching steady state is inversely
correlated with the slowest degradation rate. How-
ever, as shown in Fig. 3, the best scenario for gene-
rating strong ultrasensitivity through molecular
titration involves passive dilution of monomers. In
such cases, reaching steady state may require several
cell generations. This poses a conundrum for genetic
networks in developmental systems because they
often transduce signals into cell-fate decisions on
timescales typically smaller than a cell genera-
tion.40,41 So, is ultrasensitivity generated by mole-
cular titration relevant to development processes?
Here, we show that molecular titration can intro-

duce delays in the accumulation of free A. Given an
initial twofold difference in analyte synthesis rate,
these delays can generate transient ultrasensitivity
on timescales that are substantially smaller than
those necessary for reaching steady state (i.e., cell
generation). Our conclusions apply to molecular
titration in any regulatory system that operates away
from steady state, e.g., cell cycle. To be concrete, we
will focus the present discussion on a classical
paradigm of cell-fate decision, sex determination in
Drosophila melanogaster.
In fruit flies, somatic sexual identities are cell-

autonomously specified during the first 3 h post-
fertilization.42,43 The signal determining sexual fates
is the number of X chromosomes (one in males, two
in females), which appears to be measured in similar
background of autosomal and maternal factors. Be-
fore the process of dosage compensation has been
initiated, the X chromosome signal elements (XSEs)

control the transcriptional state of Sex-lethal (Sxl), the
sex determination master switch gene. In males,
the single dose of XSE proteins fails to robustly
activate Sxl expression. In contrast, the double dose
of X-linked gene products yields to abundant and
self-sustaining production of Sxl protein in females.
The sex-specific regulation of Sxl transcription

originates in part from the dose-sensitive interac-
tions between X-linked, autosomal and maternal
factors. The X-linked bHLH protein scute is known
to be sequestered by the HLH maternal factor
extramachrochaetae.21 Similarly, the X-linked leu-
cine zipper sisterless-a presumably heterodimerizes
with the autosomal bHLH factor deadpan.44 A me-
chanism similar to molecular titration was originally
proposed to explain how the initial twofold differ-
ence in the dosage of XSEs is converted into the all-
or-none expression of Sxl.45–47 Given that the XSE
proteins are produced and sensed during a short
window of time lasting less than 2 h,42 it is legiti-
mate to ask whether molecular titration can realis-
tically play a role in sex determination. This question
is particularly relevant to eukaryotic development
where the degradation half-lives of many transcrip-
tion factors are on the order of several hours.32

Delays and transient ultrasensitivity

We simplified the composition of the X chromo-
some, autosomal and maternal factors according to
the molecular titration scheme shown in Fig. 3a.
Only one X-linked gene product was considered
(scute or sisterless-a). This protein, denoted as A, is
an activator of Sxl transcription. At the onset of
fertilization (t=0), females (2X; high) produced twice
as much protein A than males (1X; low). Hence,
αhigh =2αlow. Both males and females produce equal
amounts of the sequestering protein, B, which was
either maternally inherited (extramacrochaetae) or
autosomally produced (deadpan). The titrating
protein B sequestered A into an inactive hetero-
dimeric complex and repressed expression of the
downstream target Sxl. Using computational mod-
elling, we quantitatively investigated the buffering
effect of B by numerically integrating Eq. (3).

Table 1. Typical parameters for bacteria, yeast, and fly transcription factors

Parameter Bacteria Yeast (haploid) Fly References

Cell volume (μm3) 0.5–2 (1) 25–55 (40) 4000 26–28
Nuclear volume (μm3) 2–4 (3) 150 28,29
TF abundance (molecules/cell) 101–103 (102) 102–104 (103) 104–106 (105) 30,31
TF concentration (nM) 101–103 (102) 101.5–103.5 (102.5) 102–104 (103)
TF degradation (min−1) ∼0.3 (fast) ∼0.3 (fast) ∼0.1 (fast) 11,30,32,33

∼0.05 (avg) ∼0.03 (avg) ∼0.01 (avg)
∼0.02 (dilute) ∼0.01 (dilute) ∼0.001 (slow)

TF synthesis rate (nM/min) 0.5–50 1–100 1–100

Cell volume, transcription factor (TF) abundance, and TF degradation rates were taken from the references listed in the right column.
Parameters span a range of realistic values and the mean is enclosed in parentheses. TF abundances were converted to concentration
using mean cell or nuclear volume. In eukaryotes, transcription factors are targeted to the nucleus so we used nuclear volume to estimate
the effective concentration of transcription factors. In bacteria and yeast, protein synthesis rates were inferred from average
concentrations and degradation rates. In fly, protein abundance and concentration were inferred from presumed TF synthesis and
average degradation rates.
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Our simulationswere restricted to protein synthesis
and degradation rates typically found in fly (see Table
1). We considered protein degradation rates that are
compatible with sex-determination in early fly devel-
opment (protein turnover due to fast growth and
dilution, d=dA=dB=dAB=0.01 min−1). Second, the
heterodimerwas strong (Kd=1 nM), a value observed
for bZIP proteins such as c-Fos and c-Jun.48 In
agreement with many bZIP proteins, the kinetics of
association were fast: kon=0.6 nM− 1 min−1 and koff=
0.6 min−1. To complete our sex-determination ana-
logy, we further assumed that the pool of titrating
buffer B was pre-established at a concentration B0,
whereas the initial concentration of Awas zero.11

In Fig. 4a, we present the systems dynamics after
initialisation of protein A synthesis for two produc-
tion rates αhigh =2αlow (high, female; low, male).
During the initial phase of the dynamics, virtually
all newly synthesized molecules A reacted with the
pool of B and formed an inactive complex AB (the
sink is getting filled). The concentration of free
monomer A remained close to zero for ∼30 min at
high α (plain curve, female) and for ∼60 min at low
α (dashed curve, male), whereas the concentration
of B linearly decreased (Fig. 4b). Molecular titration
imposes a delay (τ) in the dynamics of A, such that
different synthesis rates have different delays before
the sink is filled. The delay is inversely proportional
to the analyte synthesis rate, τ=− ln[1− (β/α)]/d
(see Supplementary Material). When the pool of free
B was depleted, the system dynamics entered a new
phase where only a fraction of A was consumed by
the titration reaction; the rest accumulated over
time. The system reached equilibrium on the time-
scale of monomer degradation as the concentration
of free A approached its steady-state concentration,
A≈ (α−β)/d (Fig. 4a, inset). Note the difference in
timescale between reaching the concentration
threshold and reaching steady state.
We were interested in whether a twofold differ-

ence in synthesis rate αhigh =2αlow could be ampli-
fied into a larger fold change in free A. We defined
the amplification factor as ρA(t)=A

high(t)/Alow(t). In
Fig. 4c, we plot ρA as a function of time. At steady
state, both high and low synthesis rates of A
depleted the titrant B and there was no significant
amplification (ρA≈3). However, on the timescale
established by the threshold, strong transient ampli-
fication (ρA≈80) occurred. Similar to the process of
sex determination, this amplification emerged in the
time windowwhere active Awas no longer buffered
by B in females (high), yet active A was still se-
questered by B in males (low).

Phase space of transient ultrasensitivity

How dependent is transient ultrasensitivity on our
choice of parameters? Does transient ultrasensitivity
occur on a reasonable timescale for development?We
addressed these questions by varying the production
rates α and β between two physiological extremes, 1
and 100 nM/min (see Table 1). For each parameter
set, the ODEs [Eq. (3)] describing the system were

integrated until steady state was reached (see
Methods). Themaximum ratio ρAwas then compared
to that measured at steady state. Simulation results
are shown in Fig. 5. Cases where the time or
amplitude of maximum amplification was not sig-
nificantly different from steady-state amplification
are denoted as “no transient amplification.”

Fig. 4. Delays and transient ultrasensitivity. We plot
the dynamics of A and B for fast heterodimers
(kon=0.6 nM−1 min−1, koff=0.6 min−1) and typical protein
degradation rates in fly (d=dA=dB=dAB=0.01 min−1). The
titrating buffer B was pre-established (β=5 nM/min)
before the onset of A production (t=0). Accordingly, the
initial conditions were A0=AB0=0 and B0=β/d. (a) Time
course of A concentration for male alow = a=

ffiffiffi
2

p
(dashed

curve) and female ahigh =
ffiffiffi
2

p
a (continuous curve) where

α=15 nM/min. The grey bar below the x-axis spans the
window of transient ultrasensitivity during which A is
sequestered at low α (male), while A is accumulating for
high α (female). This window is comparable to the time-
scale of somatic sex determination.11 (b) Time courses
of the concentration of free B. (c) Amplification ratio (ρA=
Ahigh/Alow) between A generated at high and low syn-
thesis rates.
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In agreement with our previous results, robust
steady-state amplification occurred near the equiva-
lence point α≈β (Fig. 5a). However, when αNβ, the
system could exhibit strong transient amplification
even in the absence of steady-state amplification (Fig.
5b). This discrepancy between transient and steady-
state amplification is best seen by comparing the ratio
of maximum transient amplification ρA

transient to that
of steady-state amplification ρA

steady state for different
values ofα and β (Fig. 5c). For a fixed titrant synthesis
rate (β), the maximum amplitude of transient
amplification is equivalent to that of steady state at
α≈β and is relatively insensitive to the synthesis rate
α (as evidenced by the horizontal contour lines in Fig.
5b). Similar to our results at steady state, the
simulations show that the maximum amplitude of
transient ultrasensitivity is determined by the stoi-
chiometric binding parameter (β/κ), which is sensi-
tive only to the titrant synthesis rate β. We observe in
Fig. 5d that the timescale on which the transient

amplification peaks is inversely proportional to α.
This resultwas expected because τ=− ln[1− (β/α)]/d.
For typical synthesis rates, transient ultrasensitivity
takes place within a couple of minutes to 4 h after
production onset of A. This short timescale must be
compared to the timescale necessary for the system to
approach steady state. As seen in Fig. 5e, the
relaxation time to steady state exceeded 10 h, a
duration incompatible with many developmental
decisions. Transient ultrasensitivity is also observed
for slower production and degradation rates (see
Supplementary Material).

Discussion

Protein sequestration is a ubiquitous regulatory
mechanism in biology. In gene regulation, protein B
(the titrant) can sequester active transcription factor
A (the analyte) into an inactive AB complex. We call

Fig. 5. Transient and steady-state amplifications in the presence of buffer B. Molecular species A, B, and AB were
degraded at the same rate d=dA=dB=dAB=0.01 min−1. The initial concentration B0 was equal to β/d. For all cases,
kon=0.6 nM−1 min−1 and koff=0.6 min−1. (a) Log–log contour plot of the steady-state amplification ρA=A

high/Alow as a
function of α and β. The amplification was calculated for a twofold difference in the synthesis rate of A (male alow = a=

ffiffiffi
2

p
;

female ahigh =
ffiffiffi
2

p
a); it is colour-coded according to the logarithmic scale on the left side. The green star denotes the

condition for which the system dynamics was fully developed in Fig. 4. Contour lines are drawn in logarithmic scale. (b)
Log–log contour plot of the maximum transient amplification in A as a function of α and β. No transient amplification
occurred when β was larger than α (upper half triangle of the plot). (c) Ratio between the maximum transient
amplification and the steady-state amplification of A. (d) Time of occurrence of the maximum transient amplification
observed for each couple (α, β). (e) Time of occurrence of the steady-state amplification.
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this regulatory mechanism molecular titration be-
cause it is completely analogous to titration in
chemistry. When the total concentration of titrant is
greater than dimer dissociation constant (BT/KdN1),
the titrant B is a molecular sink that buffers against
accumulation of active transcription factor A. We
showed that molecular titration can generate large
ultrasensitivity in the analyte response (A) at the
concentration threshold where the titrant (B) is
depleted (i.e., the molecular sink is filled). The
ultrasensitivity at threshold grows as a function of
the stoichiometric binding parameter (BT/Kd). For
typical transcription factors, the ultrasensitivity
arising from molecular titration can be equivalent
to cooperative processes with large Hill coefficients
(nH=2–10; see Fig. 2).

Molecular titration and ultrasensitivity in genetic
networks

Examples of molecular titration in protein–protein
interaction networks can be found across the king-
doms of life. In eukaryotic development, many bZIP
and bHLH transcription factors are sequestered by a
titrating, dominant-negative protein into an inactive
complex19–21. In prokaryotes, sigma factors control
the transcription of large classes of genes involved in
diverse cellular and developmental processes, such
as flagellar biosynthesis, stress response, and sporu-
lation.17 Many sigma factors can be sequestered
by anti-sigma factors into an inactive complex. For
physiological conditions where the synthesis rate
of titrant (anti-sigma) is in excess over the analyte
(sigma factor), molecular titration represents an
effective mechanism to transcriptionally repress
downstream target genes. We demonstrated how
the strength of repression is proportional to the
previously defined in vivo stoichiometric binding
parameter, β/κ [Eq. (5)].
Although repression is one consequence of mole-

cular titration, we showed that it also generates
ultrasensitivity at the equivalence point, where
small input differences in analyte synthesis rate are
amplified into larger output differences in active A.
This type of ultrasensitive response may play an
important role in the lysis–lysogeny decision faced
by bacteriophages49 and somatic sex determination
in flies,42 two processes that depend on the proper
amplification of a small difference in gene dosage
into an all-or-none response. However, at the equi-
valence point, molecular titration will also amplify
any noise in the analyte synthesis rate.50,51 Given
that gene expression is inherently noisy, this
imposes a biological limit on how small of a fold
change in input one can robustly amplify into a
larger fold change in output.
We showed that many sigma/anti-sigma and other

dead-end complexes (e.g., TraR/TraM) have the po-
tential to exhibit strong ultrasensitivity in their trans-
criptional response (Fig. 3). Currently, it is unknown
whether these molecular titration pairs generate
ultrasensitive responses and whether this ultrasensi-
tivity is functionally significant. Our model suggests

two features of molecular titration and ultrasensiti-
vity that can be tested experimentally. First, ultra-
sensitivity occurs at the equivalence point when the
analyte synthesis rate equals the repressor synthesis
rate (α=β). Therefore, increasing or decreasing the
repressor synthesis rate (β) should modulate the
location of the threshold. Second, the ultrasensitivity
at threshold will also increase or decrease by varying
β because ultrasensitivity is controlled by the in vivo
stoichiometric binding parameter β/κ. Alternatively,
one can increase or decrease ultrasensitivity without
changing the threshold location by simply introdu-
cing repressor mutants with enhanced or diminished
binding affinity (κ).
Our results also demonstrated the necessity of

measuring the degradation rate of all proteins
involved in a titration reaction. Strong protein–
protein interactions in vitro do not imply ultrasensi-
tivity in vivo because the details of protein degrada-
tion can influence the strength of molecular titration
(Fig. 3). Active degradation of monomers tends to
abolish the amplification effect, whereas heterodi-
mer complexes coupled to proteolysis are likely to
favour ultrasensitivity. It is common for some
proteins to be selectively targeted for degradation
by an adaptor protein. Even if the adaptor sequesters
the target protein into an inactive complex, it can be
shown that there is no ultrasensitivity at steady state
unless the adaptor is co-degraded with the target
protein (see Supplementary Material). This may have
important implications for molecular titration pairs
where the titrant is a recycled proteolytic adaptor
(e.g., ComK/MecA).52 For synthetic biologists, the
abundance of dead-end complexes in natural systems
makes molecular titration an attractive mechanism
for designing de novo all-or-none transcriptional
switches. One could further engineer enhanced
ultrasensitivity by coupling molecular titration pairs
to the split-ubiquitin system, such that only the
heterodimer complex is rapidly degraded through
cis- and trans-ubiquitylation.53,54

Molecular titration and the evolution of
regulatory networks

Systems biology is interested in understanding
higher-level functions of regulatory networks, such
as bistability and oscillation. A bistable regulatory
network is a simple epigenetic system that can stably
exist in either a high or low expression state. Bista-
bility is important for differentiation and cell-fate
commitment in development.55 Oscillatory regula-
tory networks are best illustrated by the circadian
clocks found in bacteria, plants, fungi, flies, and
mammals.56 Feedback loops, both positive and nega-
tive, represent the elementary building blocks of
bistable and oscillatory regulatory networks, res-
pectively.57 However, feedback alone is not enough:
ultrasensitivity in the feedback is critical to ensure
the robustness of these dynamical functions.9,12,58

Due to its ability to generate large ultrasensitive
responses, molecular titration might contribute to
the evolution of novel systems-level functions. This
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idea is supported by recent computational experi-
ments where bistable and oscillatory genetic net-
works were evolved in silico: many of the successful
networks displayed molecular titration as a core
mechanism.59,60 Interestingly, the stoichiometric
binding parameter found for these computationally
evolved molecular titration reactions was large (β/κ
∼100–1000) because of tight protein–protein affi-
nities and/or irreversible heterodimer formation
(equivalent to enhanced heterodimer degradation).
This result is consistent with the idea that many of
the evolved networks converged to molecular
titration because it generates strong ultrasensitivity.
Additional evidence supporting this idea is pro-
vided by the fact that many natural oscillatory and
bistable genetic networks display molecular titration
as a core mechanism (Table SIII). This evolutionary
convergence suggests that molecular titration might
play an unsuspected role in facilitating the evolution
of bistable or oscillatory circuits in natural systems.
How easy might it be to evolve molecular titration

in regulatory networks? Many regulatory proteins
are dimers,61 and gene duplication followed by loss-
of-function mutations can lead to a dominant nega-
tive. Dominant negatives can titrate the original
dimer into an inactive heterodimer.62,63 For example,
the dominant negative might lose its DNA-binding
domain through mutation, alternative splicing, or
deletion. These dominant negatives are by definition
the strongest competitors to the original proteins, as
they share numerous interactionswith upstream and
downstream regulatory enzymes or substrates.64 As
shown in Table SIII, natural examples of such
dominant-negative gene duplicates are found across
prokaryotes (e.g., TraR/TrlR) and eukaryotes (e.g.,
MyoD/Id, AcSc/Emc). The fact that both gene
duplication and loss-of-function mutations are fre-
quent evolutionary events argues that molecular
titration via dominant negativesmight be an efficient
mechanism for evolving ultrasensitivity.

Molecular titration: a universal mechanism for
generating ultrasensitivity

We have discussed how molecular titration is able
to generate an ultrasensitive response based on the
protein–protein competition from a strong “off-
pathway” sink, as illustrated in Fig. 6a. However,
any scenario where different regulatory molecules
compete for the same target has the potential to
create ultrasensitivity. In metabolic networks, sev-
eral enzymes commonly compete for the same
substrate—a situation known as a metabolic branch
point (Fig. 6b). In a pioneering study treating two
competing enzymes, it was reported that if the first
enzyme, E1, has a smaller KM (i.e., substrate sink for
low-input flux) than a second enzyme, E2, then the
output flux of E2 can exhibit strong ultrasensitivity
at the point where E1 flux saturates.65 To our
knowledge, this branch point effect is the earliest
report that binding competition between molecules
can generate ultrasensitivity.

Important regulatory enzymes involved in signal
transduction, such as kinases and phosphates, have
been shown to generate ultrasensitivity through
zero-order effects, kinase cascade, multiple phos-
phorylations, and stoichiometric inhibition.22,66

Fig. 6. Molecular titration and ultrasensitivity in
regulatory networks. (a) For protein–protein interactions,
the principle behind molecular titration is that ultrasen-
sitivity can result whenever there exists a competitive off-
pathway (sink) that dominates at low concentrations of A,
yet can be saturated at high concentrations of A (sink is
filled). The same principle applies to (b) enzyme–
substrate, (c) RNA–RNA, and (d) protein–DNA interac-
tions, where a molecule A is sequestered off-pathway by
molecule B (enzyme, antisense RNA, or decoy DNA
binding site) into an inactive or unproductive complex.
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Stoichiometric inhibitors are perhaps the best exam-
ple of molecular titration in kinase regulation, and
Ferrell demonstrated that stoichiometric inhibitors
could generate ultrasensitivity in kinase responses.22

Recently, several papers have further elaborated
how different scenarios of binding competition bet-
ween kinases, phosphatases, and substrates can
generate sufficient ultrasensitivity to ensure bistable
and oscillatory behaviours in signal transduction
cascades.67–69

Another important form of regulation involves
antisense, or interactions betweenmRNAs and small
regulatory RNAs.70 This is an example of RNA–
RNA molecular titration (Fig. 6c). Antisense is
evolutionarily appealing because any gene can be
targeted by a promoter transcribing in the opposite
orientation. In bacteria, several papers have demon-
strated that sequestration of mRNAs by regulatory
small RNAs can generate ultrasensitive thres-
holds.71–73 In eukaryotes, microRNAs have been
shown to generate thresholds in developmental
regulatory networks.74

A final example of molecular titration in genetic
networks is protein–DNA titration, where a large
number of strong “decoy” DNA binding sites can
titrate transcription factors from productive, regula-
tory DNA binding sites (Fig. 6d).14 The extent to
which such protein–DNA titration exists in genetic
networks remains to be elucidated. However,
“enhancer decoys” have been used to repress
mammalian gene expression in vivo.75,76 Our results
suggest that these enhancer decoys can also generate
ultrasensitivity in the expression of downstream
genes targeted by the transcription factor. Integrating
plasmidswith batteries of strong, decoy binding-sites
may offer a simple strategy to synthetically generate
ultrasensitivity in gene regulatory networks.

Molecular titration and thresholds in
development

During eukaryotic development, cell-fate deci-
sions are usually based on the detection of small
differences in molecular cues and their subsequent
all-or-none amplification. In vulval development in
Caenorhabditis elegans, the identity of cell lineages
depends on the detection of differences in the
concentration of an inductive signal released by a
distant anchor cell.77 Segment specification in
Drosophila blastoderm relies on a hierarchy of
regulatory network, which allows syncytial nuclei
to sense small differences in levels of morphogens
and subsequently generate sharp gene expression
boundaries.41 The exquisite dose sensitivity of
developmental systems is particularly clear in the
process of sex determination in C. elegans and D.
melanogaster where counting the number of X
chromosomes—one in male, two in females—is
key to choosing the right sexual fate.42 Even though
important differences exist in the molecular details
underpinning these processes, most of them share
two common features: they occur over a short
period and require a high degree of reliability.

In the present study, we showed that molecular
titration offers a simple mechanism capable of
generating ultrasensitive thresholds at steady state.
Yet, signal transduction in development typically
occurs on timescales that are shorter than those
necessary for reaching steady state in transcriptional
regulatory networks. Using numerical simulations
to study the systems dynamics, we established that
molecular titration generates variable delays. The
time to reach the threshold is a function of how
quickly the titrant sink is filled by the analyte syn-
thesis rate. As both the titrant sink and synthesis rate
of the analyte are easily tunable, molecular titration
presents a flexible mechanism for the proper timing
of development events. This point is illustrated by
the cell timers controlling differentiation and cell-
cycle arrest in oligodendrocyte precursor cells.78

These intrinsic cell timers have molecular titration at
the transcriptional and signalling level with domi-
nant negatives of transcription factors (e.g., Id4) and
stoichiometric inhibitors of kinases (e.g., p27/Kip,
p18/INK).79–81

We further showed that molecular titration can
generate large, transient ultrasensitivity on a time-
scale that is compatible with developmental systems
that have not reached steady state (Figs. 4 and 5).
Notably, transient ultrasensitivity occurs for a much
larger range of synthesis rates than steady-state
ultrasensitivity. The potential importance of mole-
cular titration and transient ultrasensitivity is well
illustrated by the mechanisms regulating the sex-
specific expression of switch gene Sex-lethal (Sxl)
during somatic sex determination in Drosophila. Our
results support the idea that molecular titration can
generate an ultrasensitive threshold effect capable of
amplifying a twofold difference in XSEs on realistic
timescales.
Whether molecular titration significantly contri-

butes to the binary regulation of Sxl expression
remains to be determined experimentally. To date,
no one has directly quantified the response of Sxl to
gradual changes in the composition of the molecular
signal controlling somatic sex determination. In
addition, the binding affinities and concentrations
of the elementary proteins composing the XSEs and
their interacting partners are unknown. Using
estimates for these parameters, it has been shown
in previous work that molecular titration could
induce a transient amplification of the initial twofold
difference in the dosage of the XSEs.11 This result is
consistent with the findings we reported in Figs. 4
and 5. Molecular titration may therefore contribute
to the robustness of the sex determination process.
We suspect that molecular titration plays a similar,
yet undocumented, role in the regulation of other
developmental programs in eukaryotes.

Materials and Methods

Numerical simulations were performed with Matlab
(The Mathworks) using custom-written scripts. The set of
ODEs was numerically integrated with the in-built ODE
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solver function ode15s. Numerical simulations were
conducted for each couple of synthesis rates (α, β) by
sequentially incrementing the integration time until the
difference between the concentration of molecular species
and their theoretical steady-state value was less than
0.1% for the lowest production rate. Let τsteady state be the
smallest time for which this condition was satisfied. The
amplification ratio measured between Alow and Ahigh

(ρA
transient) was considered “transient” when the two

following criteria were simultaneously met: (i) the
transient amplification occurred at a time smaller or
equal to 0.9τsteady state; (ii) the maximum ratio between
the transient amplification and the amplification at
steady state (ρA

transient/ρA
steady state) was larger than 1.01.
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