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Mass-action kinetic model of CRNSs

species: {X, Y, ...}

state: real vector of

concentrations s =

reactions: rate of reaction:
K
X > W+2Y+Z k o[ X]
k
A+BSIKX /k [A][B]

diXl/dt = -k [X] + ke [A] B]

(X1, [Y], -
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Mass-action kinetic model of CRNSs

species: {X, Y, ...} state: real vector of
concentrations s = ([X], [Y], ...)
reactions: rate of reaction:
XSweav+z  kelX
A+BSIX //k [Al[B]

diXldt = —k+[X] + k,» [A] [B]
d[Al/dt = —k o[A]*[B]
AWyt = k+[X ’
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behaviors of actual
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found in
biology

AV

N

this project
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my ultimate
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B3 Versus 33
slower SW? taster
=~ 10-100 nm Comp%’[ size? ~ 10-100 nm
Compatible with

yes not easily

biological or other
“wet environments”?

“smart drug” to detect

“ microRNAs levels of cell
and release appropriate
drug in response

& “chemical controller” to
increase yield of
metabolically produced
biofuels/drugs/etc.
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CRN computation

concentration x of X

starting with some
T = x/2 X
want to end with x/2 of Y
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final [Y]

CRN computation

fix) = x/2-

1 2 3 4
initial [X]

starting with some
concentration x of X
want to end with x/2 of Y

XY
YL X
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CRN computation

- starting with some
0D = X2 concentration x of X,

| want to end with x/2 of Y
i,y

Y L, X

d[Y|/dt = [X] - [Y]

= 0 when [Y] stops
changing
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CRN computation
X) = x*2/3
f( ) - / starting with some
j_._.(ff_ .)_ _ 7 _2_ * _ concentration x of X,

want to end with x/2 of Y
iy

drYl/dt = [X] - 2[Y]

= 0 when [Y] stops
changing
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X+ XL X+X+Y

d[Yldt = [X]* - [Y]
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What can CRNs can compute when
we don't know/can't control the rates?
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How will the system evolve?

E+R L E+P

mass-action rate: kE]-[R]
Michaelis-Menten rate: k_-[E]-[R] /(K _+[R])
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How will the system evolve?

mass-action rate:

E+R - E

Michaelis-Menten rate: k_ -[E]

Hill rate:

K. E

cat

+ P

kEJR]

Rl 1 (K_*R])
[RI" T (K *+[R])
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How i the system evolve?
might

E+R L E+P

mass-actionrate: KTETR]

cat

m
HittTate: K EFRI KR —
cat - m

“If s(E) > 0 and s(R) = x, then it Is possible to reach
from state s to state s + {x P} — {x R}’
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How i the system evolve?
might

{system evolve

adversarially S} E+R KET P

mass-actionrate: KTETTR]
i ' cat.If [ ] t m [ ]j
Hiltrate: K AEFIRT TR _FRT )

“If s(E) > 0 and s(R) = x, then it Is possible to reach
from state s to state s + {x P} — {x R}’

60




B

Worst-case analysis:
Bad science but good engineering




— e — e ——

Worst-case analysis:
Bad science but good engineering

Science Engineering

understtand [ goal } build systems that
nature

work in nature

|
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Worst-case analysis:
Bad science but good engineering

|

/

"

understand goal build systems that
nature work in nature
predict behavior role of constrain how nature
of nature models can affect system
“How many bits example,  “How many bit flips A

actually get flipped
iIn @ message from
Mars Rover?”

can my error-
correcting code

f)”
tolerate”: y
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Multiplication by a constant

X—->Y+Y




final [Y]

Division by a constant
f) =x/2 Geepenent oR

- ¥yLx x5

rate-independent CRN
computing x/27?

1 2 3 4 5
initial [X]
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final [Y]

Division by a constant

f(x)

X/2

2

initial [X]

rate-dependent CRNs
computing x/2

XLy xLvy
Y.L X X5

rate-independent CRN
computing x/27?

X+X—->Y
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CRNSs can compute In nonintuitive ways
f(x) = x/2

X—-Y+A
Y+A - X
X+A—
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CRNs can compute Iin nonintuitive ways
f(x) = x/2

X—-Y+A
Y+A - X
X+A—

Not a plot of f
It's the space of
reachable states.
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Multiple inputs
f(xl,xz) =X, + X

10 /
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initial [X2] < T 0




Multiple inputs
f(xl,xz) =X, + X

X =Y
10 / 1
L X , = Y
6
final [ Y]
2
A 5
0 4 i, 72 initiel [X1]

initidl [X2] 2 T 0




Subtraction

final [Y]

2 3
nitial [X1]




final [Y]

Subtraction

2 3
nitial [X1]

X1—>Y
X2+Y—>

Sometimes necessary
to consume output




Combining previous ideas
f(xl,xz) = X, - x2/2

/

final [Y]

o = PJ L = Ln

4
nitial [X1]

 initia [x2] 2 ;s 0




Combining previous ideas
f(xl,xz) = X, - x2/2

— X Y
X2+X2+Y—>

final [Y]

o = PJ L = Ln

4
nitial [X1]

 initia [x2] 2 ;s 0




Combining previous ideas

fix,,x,) = x, - x /2 " Only linear
Kfunctions possible?
— X —Y

X2+X2+Y—>

final [Y]

o = PJ w +a Ln
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Nonlinear functions
fix,,x,) = min{x ,x_}
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Nonlinear functions
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initial [X1]
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Last example
f(xl,xz) = maX{xl,xz}[ X, + X, - mm{xl,xz}}

Ll J 3T

el

Pl

I

initial [X1]

;r:rlr#;r!:fIrJ:f:::r::rara:;;rp:r:;;ra;rr

P

T I s

o
P




1—>Y
X2—>Y

f(Xlle) _ aLast example
m X{Xl’XZ} X + .
1 Xz} mm{xl,X}
2

=

initial [X1]

|-
k)
-]
- s
. S
: I *
Ny
| r...-.r.a
- T :
-4 1™ N b
= -_-.-Jr-_-.-_-.u!la.r
-1 TS
.. -............,..:..
™ [ ]
s THT :
Agp Ny gt
B sl 1H
a Jra......r.....rr
s r-_-..-.-_-.-.f.-_-.-_-.-_-
1] N
I+ J....-. st :
- T
- r-_-.-_-.ur.-_-.-.- ]
- ........r..r.r...r.;
Fs .17 gt
- R
" & N T
” ....,.III,......_.”..
= .r.-_-.-_- ]
5 T
.. ..p.:..prr..r
: 1 .r....r....-rr...
.-.-.-.-_- L] 5
g r....r..r......a:..
-] T
L :...a.r..-r.r.rr
-5 iy ......-..r.r.
T 7
-4 .--_-.r-.-_-_-.l-la..-.-.-_-
e I i
= 7 -_-..-_-.-..r--.-_-.-_-.
I B
: r-_-.rlJ.J.f.-_-.-_-
. r-_-. -_-..-_-fr-.f-_-.
o .r.-_-.-.- i
L T N .
- T :
o 411
-t i 17
-4 I
H e
- D
el




Last example
f(xl,xz) = maX{xl,xz} =X, + X, - mm{xl,xz}
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Other functions?

fix) = x*7?
fix.,x)) = x ox 7? |
flx) = 2*7°

fX) = xoV2 ?




Other functions?
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Rate-independent CRN computation
(formal definition)

task: compute function y = f(x,,....x,), ¥.X,,....X, € R_,

k
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Rate-independent CRN computation

(formal definition)

task: compute function y = f(x,,...,x,), ¥.X,...X, € R

- Initial state: concentrations [X ],...,[X ]
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(formal definition)

task: compute function y = f(x,,...,x,), ¥.X,...X, € R

- Initial state: concentrations [X ],...,[X ]
e output: [Y]
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Rate-independent CRN computation

(formal definition)

task: compute function y = f(x,,...,x,), ¥.X,,...X, € R_,

- Initial state: concentrations [X ],...,[X ]

e output: [Y]
* output-stable state: all states reachable from it have same [Y]
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( Rate-independent CRN computation

(formal definition)

task: compute function y = f(x,,...,x,), ¥.X,,...X, € R_,

- Initial state: concentrations [X ],...,[X ]
e output: [Y]
* output-stable state: all states reachable from it have same [Y]

+ rate-independent computation: if a state c is reachable from the
Initial state X, a correct output-stable state o is reachable from ¢
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( Rate-independent CRN computation

(formal definition)

task: compute function y = f(x,,...,x,), ¥.X,,...X, € R_,

- Initial state: concentrations [X ],...,[X ]
e output: [Y]
* output-stable state: all states reachable from it have same [Y]

+ rate-independent computation: if a state c is reachable from the
Initial state X, a correct output-stable state o is reachable from ¢

| o
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( Rate-independent CRN computation

(formal definition)

task: compute function y = f(x,,...,x,), ¥.X,,...X, € R_,
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e output: [Y]
* output-stable state: all states reachable from it have same [Y]

+ rate-independent computation: if a state c is reachable from the
Initial state X, a correct output-stable state o is reachable from ¢
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Rate-independent CRN computation
(formal definition)

task: compute function y = f(x,,...,x,), ¥.X,,...X, € R_,

k
initial state: concentrations [X ],...,[X ]

output: [Y]
output-stable state: all states reachable from it have same [Y]

rate-independent computation: if a state c is reachable from the
Initial state X, a correct output-stable state o is reachable from ¢

o
o(Y) =f(x,,...x,)
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Rate-independent CRN computation
(formal definition)

task: compute function y = f(x,,...,x,), ¥.X,,...X, € R_,

k
initial state: concentrations [X ],...,[X ]

output: [Y]
output-stable state: all states reachable from it have same [Y]

rate-independent computation: if a state c is reachable from the
Initial state X, a correct output-stable state o is reachable from ¢

o
o(Y) =f(x,,...x,)
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Rate-independent CRN computation
(formal definition)

task: compute function y = f(x,,...,x,), ¥.X,,...X, € R_,
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k
initial state: concentrations [X ],...,[X ]

output: [Y]
output-stable state: all states reachable from it have same [Y]

rate-independent computation: if a state c is reachable from the
Initial state X, a correct output-stable state o is reachable from ¢
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( Rate-independent CRN computation

(formal definition)

task: compute function y = f(x,,...,x,), ¥.X,,...X, € R_,

- Initial state: concentrations [X ],...,[X ]
e output: [Y]
* output-stable state: all states reachable from it have same [Y]

+ rate-independent computation: if a state c is reachable from the
Initial state x, a correct output-stable state o is +eaehkabte from c
reached by mass-action kinetics

o(Y) = f(x,...x,) = 0.(Y)
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( Rate-independent CRN computation

(formal definition)

task: compute function y = f(x,,...,x,), ¥.X,,...X, € R_,

- Initial state: concentrations [X ],...,[X ]
e output: [Y]
* output-stable state: all states reachable from it have same [Y]

+ rate-independent computation: if a state c is reachable from the
Initial state x, a correct output-stable state o is +eaehkabte from c
reached by meass-aetten-kinetics
any reasonable*
*future work

o(Y) = f(x,...x,) = 0.(Y)
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Theorem: f'is computable by a rate-independent
CRN if and only if fis continuous and piecewise
rational linear.

Chen, D, Soloveichik,
| Innovations in Theoretical
Computer Science, 2014
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Theorem: f'is computable by a rate-independent
CRN if and only if fis continuous and piecewise

rational linear.

fix,..ox) =qx + ...+ qx
% A

rational coefficients

Chen, D, Soloveichik,
Innovations in Theoretical
Computer Science, 2014
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Comparison to related questions

rate
independent

rate
dependent

integer-valued
(stochastic) CRN

real-valued
(mass-action) CRN

continuous piecewise linear

[Chen, D, Soloveichik,
ITCS 2014]
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Comparison to related questions

integer-valued
(stochastic) CRN

rate semilinear

in ndaen
dependent [Chen, D, Soloveichik, DNA

2012, NaCo 2013]

[Angluin, Aspnes, Eisenstat,

PODC 2006]

rate
dependent

real-valued
(mass-action) CRN

continuous piecewise linear

[Chen, D, Soloveichik,
ITCS 2014]

108



Comparison to related questions

rate
independent

rate
dependent

integer-valued
(stochastic) CRN

semilinear

[Chen, D, Soloveichik, DNA
2012, NaCo 2013]

[Angluin, Aspnes, Eisenstat,
PODC 2006]

Turing computable (with
small probability of error)

[Soloveichik, Cook, Winfree, Bruck,
NaCo 2008]

[Angluin, Aspnes, Eisenstat,
DISC 2006]

real-valued
(mass-action) CRN

continuous piecewise linear

[Chen, D, Soloveichik,
ITCS 2014]
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rate
independent

rate
dependent

integer-valued
(stochastic) CRN

semilinear

[Chen, D, Soloveichik, DNA
2012, NaCo 2013]

[Angluin, Aspnes, Eisenstat,
PODC 2006]

Turing computable (with
small probability of error)

[Soloveichik, Cook, Winfree, Bruck,
NaCo 2008]

[Angluin, Aspnes, Eisenstat,
DISC 2006]

real-valued
(mass-action) CRN

continuous piecewise linear

[Chen, D, Soloveichik,
ITCS 2014]
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Comparison to related questions

integer-valued real-valued
(stochastic) CRN (mass-action) CRN
rate semilinear continuous piecewise linear
in nden
depe dent [Chen, D, Soloveichik, DNA
2012, NaCo 2013]
[Angluin, Aspnes, Eisenstat, [Chen, D, Soloveichik,
PODC 2006] ITCS 2014]
rate Turing computable (with
dependent small probability of error)
?7?7?

[Soloveichik, Cook,
NaCo 2008]

[Angluin, Aspnes, Eisens{at,

DISC 2006] \
population protocols

(model of distributed computing) !

(nfree, Bruck,
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Every continuous piecewise rational linear

function iIs computable
Theorem (Ovchinnikov 2002): Let f be a continuous piecewise

linear function made of linear functions f1
p} such that f(x) = max min f(x)

subsets S1

..... fp. Then there are

re{l..qt je S,
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( Every computable function Is continuous
and piecewise rational linear

siphon: subset of species Q whose absence is forward-invariant,
l.e., If s(Q)=0, and s' is reachable from s, then s'(Q)=0.
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Every computable function Is continuous
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siphon: subset of species Q whose absence is forward-invariant,
l.e., If s(Q)=0, and s' is reachable from s, then s'(Q)=0.

Lemma: If [Y] has stabilized, it's because some siphon is absent
(“drained”). We call this an output siphon.
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Every computable function Is continuous
and piecewise rational linear

siphon: subset of species Q whose absence is forward-invariant,
l.e., If s(Q)=0, and s' is reachable from s, then s'(Q)=0.

Lemma: If [Y] has stabilized, it's because some siphon is absent
(“drained”). We call this an output siphon.

Example: min(x_ ,x))

X +X. 5 Y
1 2
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Every computable function Is continuous
and piecewise rational linear

siphon: subset of species Q whose absence is forward-invariant,
l.e., If s(Q)=0, and s' is reachable from s, then s'(Q)=0.

Lemma: If [Y] has stabilized, it's because some siphon is absent
(“drained”). We call this an output siphon.

Example: min(x ,x) X, >x, = Q= {Xz} drains
X +X, - Y
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Every computable function Is continuous
and piecewise rational linear

siphon: subset of species Q whose absence is forward-invariant,
l.e., If s(Q)=0, and s' is reachable from s, then s'(Q)=0.

Lemma: If [Y] has stabilized, it's because some siphon is absent
(“drained”). We call this an output siphon.

Example: min(x ,x) X, >x, = Q= {Xz} drains
X +X, - Y
X, <x, = Q={X}drains
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( Every computable function Is continuous

and piecewise rational linear
We will show:

- Oninputs x draining Q, f(x) = rational linear function f_ of x, so
fis piecewise rational linear since there are finitely many Q.
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( Every computable function Is continuous

and piecewise rational linear
We will show:

- Oninputs x draining Q, f(x) = rational linear function f_ of x, so
fis piecewise rational linear since there are finitely many Q.
« Set of Q-draining inputs is closed, so f is continuous because
lim f(w) = f(x)

W—X
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( Every computable function Is continuous

and piecewise rational linear
We will show:

- Oninputs x draining Q, f(x) = rational linear function f_ of x, so
fis piecewise rational linear since there are finitely many Q.
« | Set of Q-draining Inputs is closed, so f is continuous because

[vl\jmxf(w) = [im fQ(wW = f(x)

W—X
w drains Q
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- On inputs x draining Q, f(x) = fational linear function f_ of x, so
fis piecewise rational linear since there are finitely many Q.
» Set of Q-draining inputs is closed, so fis continuous because
vldmxf(w)[= lim £ (w) = fQ(x)}= f(x)

w drains Q
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Every computable function Is continuous
and piecewise rational linear

We will show:

- On inputs x draining Q, f(x) = rational linear function f_ of x, so
fis piecewise rational linear since there are finitely many Q.

» Set of Q-draining inputs is closed

. S0 fis continuous because

lim fw) = lim f_(w) = f_(x) = f(x)

W—X

w drains Q

133




Every computable function Is continuous

and piecewise rational linear
We will show:
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» Set of Q-draining inputs is closed, so fis continuous because
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w drains Q

Intuition:

“state x can reach state o, where o(Q)=0ando(Y)=y" < Az =0,
where z contains x and y as unknowns, A constant (and rational).
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convex.
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Every computable function Is continuous

and piecewise rational linear
We will show:

On inputs x draining Q, f(x) = rationallinear{function f_ of x, so

fis piecewise rational linear since there are finitely many Q.

Set of Q-draining inputs is closed, so fis continuous because
lim f(w) =“I,i_)mfo(w) = f (x) = f(x)

w—X _
w drains Q

Intuition:

“state x can reach state o, where o(Q)=0ando(Y)=y" < Az =0,
where z contains x and y as unknowns, A constant (and rational).

A
)4 =
The set of z satisfying P nonlinear function +
Az = 0 is closed and  ¥—__convex graph = multiple
convex, outputs for a single input
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