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There is [Still] Plenty of Room at the Bottom 

Richard P. Feynman, December 1959



There are revolutions at hand in the way we understand and implement computation,

driven by an awareness of impending barriers to VLSI scaling and new understand-

ings of the physical world. This fundamental shift in perspective allows us to contem-

plate engineering computational substrates at the molecular and atomic levels. To

develop and exploit these new substrates will require an intimate understanding of

both the physical substrates and the nature of computation, as well as the relation

between them. Research and researchers whose competency spans across the disci-

plines will be necessary to drive progress in this area of novel computational sub-

strates.

In this summer program we assembled a unique collection of materials intended to

start identifying the fundamental background knowledge necessary to work in this

area and the fundamental challenges this area presents. We invited promising, moti-

vated students with an interest in novel computation to join researchers from Caltech

and leaders from institutions across the country for an intensive, four week introduc-

tion to this exciting area. 45 undergraduate and graduate students with diverse back-

grounds in computer science, electrical engineering, biology, chemistry, or physics

participated in the program.

To engage the students beyond the lectures, we asked them to self-organize into

small project teams to expand on issues related to or motivated by the subject mat-

ter presented in lectures. The students had roughly three weeks to focus in on a

topic and put together a brief report. This volume is a collection of the student

reports. Almost none of the students were “experts” in the issues they studied when

they entered the program. Nonethe-less, these reports show the multi-disciplinary

teams they assembled were able to dig deeply into a number of interesting problems

and point out some promising directions for further inquiry.
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Algorithmic Self-Assembly of Circuits

Michael deLorimier Alexandre Mathy Dustin Reishus Rolfe Schmidt
Bilal Shaw Li Chin Wong

August 24, 2002

Abstract

1 Introduction

The order we see in nature is self-assembled: atoms,
crystals, cells, animals, solar systems, and galaxies
are just a few examples. While we have been able to
build phenomenal devices with controlled assembly
techniques, we still cannot engineer machines at the
scale of the ribosome. Can we understand the mech-
anism behind natural self-assembly and harness it to
fabricate new devices? A systematic attack on this
problem as been initiated [5, 1], and in this paper
we use these techniques to explore how self-assembly
could be used to fabricate nanoscale electrical cir-
cuits.

We start with a simple model, where molecules are
thought of as two dimensional square tiles [Wang]
having different glue types on north, east, south and
west sides. These glues have strengths associated
with them which will be important later on. Now
tiles that have matching glues stick to each other.
The model that we have considered is an irreversible
one, which means that once tiles stick together with
a certain bond strength they do not come apart.

In reality, molecular bonds are reversible. But
some bonds are stronger than others, and if a
molecule is attached in more than one place it is
less likely to fall off. Analysis of the thermodynam-
ics of these interactions shows that for some tem-
peratures our model that “tiles with matching glues
stick” is actually fairly accurate [7]. This is called the
T = 1 model: the temperature T is such that only
one matching bond is needed for two tiles to stick to

each other. The behavior is different at other tem-
peratures. As the temperature rises above T = 1,
eventually it reaches a point where in equilibrium, a
tile sticks to other tiles only if it can find two bonds
(or one double strength bond). This gives us a new
model of self assembly which seems more powerful
than the first. Not surprisingly, it is called the T = 2
model.

In this paper our purpose is to assemble some inter-
esting circuit with the T = 2 model of self assembly.
One could imagine fabricating tiles with nano dimen-
sions which have logical gates embedded on their sur-
face. Then one need only program these gates in the
appropriate way to assemble the tiles into meaningful
circuit. For our presentation we chose to assemble the
Fast Fourier Transform (FFT), but the ideas we use
can be easily modified to assemble sorting networks,
power-law crossbars, and various decoders.

Designing a tile system to assemble a network is a
programming task, but the program is massively par-
allel and not at all like programs we are used to writ-
ing for machines with limited numbers of processing
nodes and high context switch overhead. However,
when writing a program for a multi-processor ma-
chine it is possible (and sometimes best) to just use
one processor. Similarly, when designing a tile sys-
tem we can make it emulate a “serial” program to
simplify our task. We do this by taking advantage of
the fact that every bounded CA rule with the Margo-
lus neighborhood can easily translated into a T = 2
tile system. The glues in this tile system correspond
to symbols in the CA rule, and tiles correspond to
rules. When this tile system is seeded with “input
data”, it will assemble the trace of the CA’s evolu-
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tion on this input.
CA are easy to think about, and we take advantage

of this to design a CA that produces the recursive
shape we need for the FFT network. Once this is
done, we translate the CA rules into a tile system
that uniquely assembles our network.

The sequel proceeds as follows. In Section 2 we
provide a brief overview of the uses and implemen-
tation of the Fourier transform. Section 3 describes
how we designed CA rules to produce the recursive
FFT shape, and follows with a discussion of the ac-
tual T = 2 tile system. Space does not allow a
full presentation of the rules, but this is available
online [4]. With the tile set in hand, we analyze
the (in)tractability of implementing this system with
DNA DX molecule tiles in Section 4. Finally, in Sec-
tion 5 we analyze the error rates of systems like ours
and propose a way to reduce the rate of failure do to
tile misincorporation.

2 The Fast Fourier Transform

For all Abelian groups G, the Fourier Transform is
the unitary change of basis on L2(G) that simultane-
ously diagonalizes all translation invariant operators.
This transform plays a pivotal rôle in pure mathe-
matics. For continuous groups, differential operators
are translation invariant, and differential equations
become algebra problems. Convolutions are just
translation invariant “moving averages”, and become
pointwise multiplications. The applications are not
limited to differential and integral equations: when
G = (R+, ·), and ω =

∑
N δn is the Dirac comb along

the natural numbers, the Fourier transform of ω is
just the Riemann zeta function. Understanding the
zeroes of this function would allow us to place strong
bounds on the distribution of the prime numbers.

As important as the Fourier transform is in pure
Mathematics, most people who use it do so for very
practical reasons: there is a fast divide-and-conquer
algorithm, called the Fast Fourier Transform [FFT],
for computing the transform. This makes it feasible
to evaluate convolutions and solve many differential
equations very quickly by transforming the problem
to the Fourier domain, solving the easier problem,

then performing the inverse FFT to bring the solu-
tion back. This approach is used widely, and in appli-
cations like signal processing speed is so crucial that
is economical to implement the FFT in hardware.

How does the FFT work? On the group G = ZN

the Fourier transform of a function f can be written

f̂(ξ) =
∑

x∈ZN

f(x) exp[−2πixξ/N ]

Notice that

f̂(ξ) = f̂even(ξ) + e−2πiξ/N f̂odd(ξ)

when ξ < N/2 and

f̂(ξ) = f̂even(ξ − N/2) − e−2πiξ/N f̂odd(ξ − N/2)

when ξ >= N/2.
So we can evaluate this recursively. By the Master

theorem [2], the running time of this algorithm is

T (N) = N + 2T (N/2) = Θ(N lg N)

which is much faster than the naive Θ(N2) approach.
This algorithm can be implemented as a network

of phase-shifters and adders. If we were given “magic
boxes” that compute f̂even and f̂odd, then it would be
easy to build a network for the full Fourier transform
(see Figure 1).

But we do not need magic- each of these boxes is
simply implementing a smaller FFT, so we can con-
tinue building the network as seen in Figure 2.

There is one problem with this network as pre-
sented. The FFT requires us to keep splitting the
array into even and odd subarrays, but our network
splits it into high and low subarrays. In other words,
we are checking the high bit of the array offset when
we should be checking the low bit. We can fix this by
performing a bit reversal permutation on the array
before passing the array to the FFT network.

3 CA Rules for the FFT Net-
work

To self-assemble a circuit that performs the fast
fourier transform, we envision self-assembly from
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Figure 1: Implementing an FFT network with magic
boxes
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Figure 2: The FFT network

Figure 3: Self-Assembled FFT Network

a cellular automata perspective. Briefly, the T=2
model of self assembly can be thought of as a 1-
dimensional cellular automata using the Margolus
neighborhood. The specifics of how to transform
1D CA rules into a T=2 tile set will be covered in
more detail in the next section. Thinking of self-
assembly from a CA standpoint allows us to design
self-assembled circuits in terms of particles and col-
lisions, which are CA symbols and interactions be-
tween symbols, respectively.

An FFT network consists of many small logic
blocks interconnected in a very specific way. The
logic blocks perform mulitplications, and the inter-
connects tell them which signals to multiply. The
structure of the circuit is highly self-similar; it is
this recursive structure that led us to believe that
the FFT network was a good candidate for produc-
tion by self-assembly. In our design of the completed
circuit, we have interconnects travelling horizontally
and vertically through every tile. At certain locations
along diagnals, the horizontal and vertical busses are
connected at a logic block. See Figure 3 below for a
schematic diagram of the logic blocks and intercon-
nects.
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Our self-assembled circuit consists of tiles that line
up the interconnects and places the logic blocks in
the correct positions. To locate the places where a
logic block should be, we use a system of particles
and collisions. As we mentioned before, the particles
are symbols in a 1D CA using the Margolus neigh-
borhood. The Margolus neighborhood is a way of
implementing reversible CA rules. It consists of up-
dating the CA in two phases: In the first phase, an
even numbered cell looks at its neighbor to the left,
an odd numbered cell looks at its neighbor to the
right, and every cell updates based on its symbol and
its neighbor’s symbol. In the second phase, each cell
looks at its other neighbor.

We created CA rules for four kinds of particle
movement: stationary, left and right unit speed, and
left moving half speed. Stationary particles are called
µ, left moving particles are called λ, right moving par-
ticles are called ρ, and left moving half speed particles
are called γ. The CA rules to implement stationary
particles and particles that move with speed one are
trivial. A half speed left moving particle’s CA rules
are slightly more complex. It completes one cycle ev-
ery four phases of the CA and moves two cells per
cycle. The first two phases it moves with speed one,
and the next two phases it is stationary, after which
it repeats this procedure. The movement must be
two cells every four phases, because if it moved only
one cell in two phases it would be in the wrong neigh-
borhood and unable to move the following phase.

As you can see from the collision map in Figure 4,
the FFT circuit has a recursive structure. At the top
(time t0), the only particles are the left and right
boundry particles and a stationary particle in the
middle. These immediatly eject ρ, λ, and γ particles.
When the ρ and λ collide in the center, they create
a µ and keep travelling. The λ collides with the left
boundry, the ρ collides with the right boundry, and
the γ collides with the µ at time t1. This completes
the first section of the FFT network. Here the recur-
sion enters: The right and left boundries eject ρ and
λ particles and the µ ejects ρ, λ and γ particles and
serves as both the left boundry and the right boundry
for the two halves of the circuit. This process con-
tinues until time tlog(n), when every particle is a µ.
If logic blocks are placed on every ρ tile, the FFT

Figure 4: Collision Map

network is complete.

There are several difficulties when creating the
rules for the CA with the Margolus neighborhood.
First, the λ and ρ cannot start in the same phase.
The neighborhood adds constraints so that the par-
ticles cannot always move in a particular direction;
sometimes they must wait one phase before moving.
An additional difficulty with creating CA rules for
particle movement is that the number of CA symbols
required typically grows as a power of the number
of logical particles. This is compounded by the fact
that the number of explicit rules can grow as a power
of the number of rules.

This leads to a large number of explicit rules for a
relatively small number of logical particles. This ends
up being very bad for the implementation of any self-
assembled circuit, because the each rule corresponds
to exactly one tile. This is how the CA model, in
which we designed our FFT network, can get trans-
lated to a T = 2 tile set. Along the boundries and
on the input row, tiles with double bonds are used.
For every rule in the CA, one tile is created in the
tile set.
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4 Implementation Issues

We explored the feasibility of experimentally build-
ing the self-assembled Fast Fourier Transform using
DNA tiles. Suppose we use the double crossover (DX)
molecule [6] to implement our one tile-one CA rule
and one bond-one CA tile self-assembly system. The
four sticky ends of the DX molecule will represent
the north, south, east and west glues of the DNA
tile. The south and west glue will represent the in-
put and the north and east glue will represent the
output.

To design the sequences of the unique sticky ends,
we need to consider the optimal length and the cor-
responding sequence complexity. The number of tiles
required to build the network, excluding the seed
tiles, will be 73. If glue A exists in the north posi-
tion, the complementary sequence will represent the
A-south glue. A total of 2 different sequences will
be required to represent this glue. Otherwise, if a
glue occurs in both the north/south and east-west
position, a total of 4 different sequences will be re-
quired to represent the glue. An analysis of the CA
rules that showed that there are 45 symbols that oc-
cur exclusively in the north/south or east/ west posi-
tion, and 24 symbols occur in both north/south and
east/west position. Therefore a total of 69 differ-
ent glues and the corresponding 69 complementary
strands are required to build the experimental tile
set. Assuming that we use the same sequence for
all the non-sticky end portions of the DX molecule,
we will be synthesizing 140 (2 + 69 + 69) different
strands of DNA.

Assuming that we use sticky-ends which are 6nt
long. The sequence space that can possibly be ex-
plored is 4096. However, in an attempt to control
the hybridization between strands, the GC-content
of each strand is kept constant at 50%. This re-
duces the sequence space to 1280. The sequence de-
sign should also attempt to avoid formation of unde-
sired secondary structures and to maximize the inter-
strand interactions to form a stable double crossover
structure. The 6nt sticky-ends should also not be
complementary to the tile core.

Potential technical problems that will be faced in-
clude the problem of stoichiometry. According to the

R R

R R
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R

%*^#$

Particle Path

   Blocked 

R
R

New particle

spontaneously formed!

Figure 5: Errors that can occur in CA rule assembly

T = 2 model, concentration of different strands will
be kept constant during self-assembly. However, as
self-assembly occurs experimentally, the concentra-
tion of molecules that are being self-assembled de-
creases. This problem is even more pronounced if one
sticky-end is used heavily compared to other sticky
ends. Another example of a technical problem will
be finding the optimal temperature for optimal self-
assembly. Different sticky-ends might interact op-
timally at different temperatures. This problem is
partially solved by keeping the GC-content constant.

As shown in the analysis, implementing the self-
assembly of the FFT circuit using DNA tiles is not
an easy task, although not entirely impossible.

5 Error Correction

Our tile sets depend critically on particle scattering
CA rules. Unfortunately, assembly errors do occur
and the tile sets we have designed are particularly
sensitive to these errors:

• If a particle tile gets misincorporated it will pro-
pogate and be locked in quickly.

• If a misincorporation occurs on a particle path
it destroys the particle.

To see this more quantitatively, consider a tile system
that implements a CA rule with one moving particle
in open space that has a misincorporation rate of ε.
It is straightforward to show that in an assembly of
area A

• the expected number of spontaneous wires is
εA + o(ε)
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Figure 6: A self monitoring particle team

• the expected path length is 1−ε
ε

Thus if 1 out of every tiles is a misincorporation
(which would be an excellent error rate in a system
with 73 tiles), we can only expect particle paths of
length 99.

We would like to replace this with something more
robust, so we propose using a “team” of particles
that monitors and repairs itself. Figure 6 shows a
schematic view of how such a system could work-
three particles move in synchrony, sending signals to
their neighbors. A set of CA rules that implements
this strategy to repair all single errors in the sig-
nal path and prevent all single errors from creating
a spontaneous particle is available at http://www-
scf.usc.edu/ rolfesch/teamspirit.html. This set of
rules fully repairs all spatially isolated errors within
a constant number of time steps, but may fail to cor-
rect multiple errors. Thus it improves the expected
particle path length to Ω(ε−2) and reduces the num-
ber of spontaneous particles in an assembly of area
A to O(ε2).

However, this set of rules is enormous compared to
the initial two free-particle rules, particularly if wild-
cards need to be expanded. We note that the rules
were designed every symbol except for 0 has a unique
left and right neighbor, so a misincorporation cannot
lead to a valid rule application at the next step. This
prevents erroneous tiles from being locked in quickly,
and may allow us to implement our wildcard rules

with tiles that simply have no glue on the wildcard
side. These wildcard tiles will have no particular ad-
vantage over competing tiles when attaching to an
erroneous assembly, but once attached they can be
locked in by valid rule applications immediately.

In principle, this mechanism can be extended to
teams of k particles that either simulate an error-
correcting CA rule like GKL [3], or implement a vot-
ing protocol to determine whether the path should
continue or terminate. The number of tiles required
for such a system would be constant for the GKL
rule, and polynomial in k for the voting rule. This
sounds reasonable, but in practice the tile sets are
unreasonably large. As we noted above, asymptotics
can be falsely reassuring when designing DNA tiles
for self-assembly. The constants are critical, and the
absolute number of tiles must be small.

6 Conclusion

Our work has shown us that it is fairly simple to
design tile systems that assemble common networks
with O(1) tiles. Unfortunately we also realize that it
is very difficult to assemble common networks with
a reasonable number of tiles. We relied heavily on
CA rules to design our tile systems, and it would be
interesting to know how much efficiency we give up
with this approach. The CA rule approach also led us
to a simple error correction scheme, which seems ap-
pealing in principle, but uses far too many tiles to be
practical. In short, we have answered the querstions
we set out to answer, but the standards we were using
to measure success seem too liberal. We now realize
that the real problems are much more challenging.
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INTRODUCTION 
 
The following is a summary of work 
prepared over a two-week period as part of 
the Computing Beyond Silicon Summer 
School, offered by the California Institute of 
Technology during the summer of 2002. The 
objective was to prepare a pedagogical 
lecture on large-scale artificial life as an 
outgrowth of methods in the computational 
simulation of evolution, aimed toward an 
audience of graduate students and 
advanced undergraduate students in 
biology, chemistry, physics, engineering, 
and computer science.  
 
 
 
OVERVIEW 
 
Artificial life is loosely defined as the 
computational simulation of biological 
systems, both small (cells and cell networks, 
genetics, etc.) and large (organisms, 
populations, evolution). Here we focus on 
large-scale artificial life, in particular the 
modeling of virtual creatures through 
evolutionary methods.  
     Though other approaches are certainly 
possible, a powerful and well-studied 
method of simulating large-scale biological 
systems is evolutionary computation,  
drawing inspiration from Darwinian natural 
selection. Evolutionary computation 
simulates natural selection algorithmically, 
automatically "evolving" optimal solutions 
according to a prespecified measure of 
fitness. In particular we discuss the genetic 

algorithm as the primary basis of 
evolutionary computation.  
     Lastly, we show one method of evolving 
virtual organisms by summarizing the work 
of Karl Sims in his  landmark 1994 
publication on the subject. 
 
 
 
EVOLUTIONARY COMPUTATION 
 
Evolutionary computation (EC) is a general 
term for several computation techniques 
which are all based to some degree on the 
development of biological life in the natural 
world.  Currently there exist several major 
evolutionary models.   
     The genetic algorithm  (GA), by far the 
most common application of EC, is a model 
of machine learning taking inspiration from 
genetics and natural selection.  In natural 
evolution, each species searches for 
beneficial adaptations (species 
optimizations), which arise through mutation 
and the chromosomal exchange and 
recombination of breeding.  The two key 
axioms underlying the genetic algorithm are 
that complex nonbiological structures can be 
described by simple bit strings (analogous to 
the "genetic code" of chromosomes), and 
that these strings could be improved, 
according to a particular measure of fitness, 
by the application of simple transformation 
functions (just as living species may be 
"improved" through mating).  This will be 
described in detail shortly. 
     Evolutionary strategies  (ESs) simulate 
natural evolution similarly to the genetic 
algorithm.  Like GAs, ESs are most powerful 

mailto:ashleyh@andrew.cmu.edu
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while comparing populations of data, as 
opposed to individual samplings.  
Differences between the two lie in their 
application; ESs were designed to be 
applied to continuous parameter 
optimization problems seen in laboratory 
work, while the GA was used originally in 
integer optimization problems. 
     Evolutionary programming (EP) is a 
stochastic optimization function, similar in 
many ways to the GA.  However, EP places 
emphasis on the behavioral link between 
parent and offspring, as opposed to the 
GA's attempt to model the exact code 
transition as seen in nature.  EP follows a 
general process with obvious similarities to 
natural evolutionary progression.  An initial 
population of trial solutions is selected at 
random from a coding scheme.  A chosen 
mutation factor is applied to each solution, 
generating a new population.  Because EP 
resembles biological evolution at the level of 
reproductive populations of species, and 
there is no genetic recombination between 
species, EP's transformations take place 
without crossover- combination of two 
parent member's genetic code.  The 
offspring species' members are weighed for 
overall fitness; the best are kept while the 
rest are culled, and the algorithm repeats 
with the new, more fit population. 
     The learning classifier system's (LCS) 
purpose is to take in input and produce an 
output representing a classification of that 
input.  They have undergone and continue 
to go through multiple minor changes of 
name and scope, but the enduring 
foundation originates in J.H. Holland's 
Adaptation In Natural and Artificial Systems, 
wherein he envisions a cognitive system 
capable of classifying and reacting 
appropriately to the events in its 
corresponding environment.  This most 
obviously parallels the inherently intelligent 
behavior seen in all macro- and microscopic 
living creatures. 
    Though there are certainly other forms of 
evolutionary computation, the above offers a 
brief summary of the most established and 
useful evolutionary techniques.  The genetic 
algorithm in particular lends itself well to the 
macroscopic forms of artificial life. 
 
 
 
 

 
GENETIC ALGORITHMS 
 
Genetic algorithms use the evolutionary 
process of natural selection as a metaphor 
for what is essentially a hill-climbing search 
without backup. GAs search for an optimum 
or global maximum among what is typically 
an enormous set of data by computationally 
modeling the alteration, recombination, and 
propagation of genes that forms the basis of 
biological evolution. To achieve this, certain  
complex biological details of evolution must 
be abstracted in favor of more relevant 
principles. Thus GAs share the following 
properties: 
 

- GAs process an encoding of 
relevant parameters, typically 
represented as a DNA-like string. 

 
- GAs search among a population 

(typically large) of individual state 
nodes. 

 
- The optimality of each state node is 

evaluated according to a specified 
fitness function. This function 
determines, probabilistically, which 
nodes are propagated.  

 
- Node propagation ("reproduction")  

is nondeterministic. This 
discourages the GA from mistaking 
local maxima for global maxima. 
Genetic splitting and pairing, as well 
as  phenomena such as crossover  
and mutation, are modeled 
probabilistically.  

 
Assuming that parameter encoding, 
population size, propagation iterations, 
genetic operators, and a fitness function 
have been chosen, the genetic algorithm 
proceeds as follows: 
 
1) A population of given size is initialized. 
2) For a specified number of generations: 

a) Assign each individual node a 
fitness level according to the fitness 
function.  

b) Probabilistically select a specified 
number of pairs of individuals 
according to fitness levels. Higher 
fitness levels increase an 



individual's chance of being 
selected. 

c) Apply the specified genetic 
operators to these chosen pairs to 
produce new individuals. 

d) Randomly select individuals from 
the population. Replace them with 
the newly produced individuals.  

3) Return the individual with the highest     
fitness level as the output.  

 

 
Figure 1. Graphical outline of the genetic 

algorithm. 
 From http://members.aol.com/btluke/evprog.htm 

 
 

A careful choice of genetic operators can 
improve the efficiency of the genetic 
algorithm or enable it to find otherwise 
inaccessible solutions.  
     Crossover switches two subsequences of 
two parent strings; the goal is to place two fit 
sequences on the same string. 
Subsequences are selected probabilistically. 
 
124423 | 424314224   331412424314224 
                                  - - > 
331412 | 311132314        124423311132314         
 
     
 
 
 
 
 

     Mutation introduces "genetic diversity" 
into the population by randomly altering one 
character of an individual string. Mutation 
provides a way to help the GA avoid the 
situation in which the system fixates on a 
local maximum after repeatedly propagating 
a particular character. 
 
144123142132   - - >   144143142132 
 
 
     Inversion reverses the order of a 
particular subsequence. 
 
3141213133141  - - >  3143131213141 
 
 
 
EVOLVING VIRTUAL CREATURES 
 
An important means of simulating the 
evolutionary development of large-scale 
organisms was described by Karl Sims in 
the landmark 1994 publication, "Evolving 
Virtual Creatures."  Sims employed genetic 
algorithms to traverse a directed graph 
bound by the constraints of a modeled 
physical world and ultimately create a 
physically feasible computational creature 
optimally designed to accomplish a 
particular task; the following briefly 
summarizes the premise of his work. 
     Each node in Sims's directed graph 
represents a  specific physical part – such 
as a head, arm, or hand --  in an analogous 
3D physical structure corresponding to a 
particular graph traversal (see Figure 2). A 
virtual "creature" is generated by traversing 
the directed graph; recursion limits and 
constraints on the placement and physicality 
of parts are defined by variables intrinsic to 
each node and internodal connection.  
 



 
 
Figure 2. Correspondence between directed graph and 

3D morphology in Sims's study. From Karl Sims, 
Evolving Virtual Creatures. 

 
 
 

     Behavior of the creatures in this 
simulation is controlled by a dynamic "brain," 
accepting sensor values (such as joint 
angles, surface contact, or luminance 
values) from the physical environment and 
from virtual sensors on the morphological 
parts and outputting effector values as 
forces or torques applied to specific parts of 
a creature. These sensor and effector 
values are represented as positive or 
negative scalar quantities. 
     Contained within each graph node are 
internal "neural nodes," assembled as an 
artificial neural network. This "neural 
structure" is assembled with the physical 
morphology of each creature. This network 
gives each creature a sense of internal 
state, enabling probabilistic or arbitrary 
behavior rather than the deterministic 
behavior that would result from purely 
sensory response.  Figures 3 and 4 show an 
example of a descriptive graph and the 
resulting physical creature. 
 

 
Figure 3. Example of physical structure and underlying 

neural structure. From Karl Sims, Evolving Virtual 
Creatures. 

 
 
 

 
Figure 4. Corresponding physical morphology.  From 

Karl Sims, Evolving Virtual Creatures. 
 
 
 
 

     The above outlines a basic description of 
the framework that Sims established for 
generating both the morphology and the 
control mechanisms for virtual "block 
creatures." An indefinite number of possible 
creatures exist; these creatures could be 
generated automatically and then "evolved" 
using genetic algorithm methods as 
described earlier. Sims placed these 
creatures in a simulated physical 
environment, and matched their 
performance on certain tasks – walking, 
jumping, swimming, following – to determine 
a measurement of fitness. The genetic 
algorithm then proceeded to mutate internal 
node characteristics and connection 
parameters, and to add or delete nodes and 
connections of existing creatures to creature  



a successive generation. Sexual 
reproduction was modeled by combining the 
nodal structures of two existing creatures. 
The end result of any particular iteration of 
this process was an automatically generated 
creature nearing an optimal level of fitness. 
Some resulting creatures of Sims's work are 
shown in Figures 5, 6, and 7. 

 

 
Figure 5. Example creatures evolved for optimal 

swimming.  From Karl Sims, Evolving Virtual Creatures. 

 
 
 

 
Figure 6. Example creatures evolved for optimal 

walking.  From Karl Sims, Evolving Virtual Creatures. 

 
 

 
Figure 7. Example creatures evolved for optimal 

jumping.  From Karl Sims, Evolving Virtual Creatures. 

 
The results of Sims's work demonstrate that 
clever application of methods of evolutionary 
computation hold great potential for the 
autonomous generation of computational 
simulations of large-scale organisms. 
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A Living Game of Life

Mike Blain
Ken Mizuno

The Game of Life is a set of cellular automata rules created by John Conway in

the 1970s.   Since this time it has been studied extensively, and is considered to be the

“classic” cellular automata.  This paper looks at ways to simulate the Game of Life by

using living cells.

The Game of Life is played on a regular grid of cells.  At each update step, if a

“live” cell has one or two living neighbors, it stays alive.  If a “dead” cell has exactly 3

neighbors, it is born (changes to “live”).  Any other condition and the cell dies.  These

three rules are enough to be computationally universal.  That is, the Game of Life can

simulate any arbitrary Turing machine.  This means that in theory, if we could simulate

the Game of Life with living cells, we would have an organic computer.

In order to play the Game of Life, a few key sub-elements have to be present.

There must be a regular grid to play on, communication between neighboring cells,

implementation of local rules, indication of state, and a way to set initial conditions.

The first step is creating a regular grid of cells.  This grid should keep the cells in

a fixed position, but allow nutrients and signaling molecules to move around freely.  The

simplest idea is to use plant cells.  Plant cells naturally form grid-like structures with the

cell walls.  The downside to this method is plant cells are eukaryotes and thus it is more



complicated to add DNA information to the cells.  The same problem occurs with animal

cells.  Through tissue engineering, it may be possible to create a regular arrangement of

cells.  The problem is that it would be harder to add genetic code than in prokaryote cells.

The ideal cells to use for the grid would probably be bacteria.  By adding plasmids to a

bacteria culture, genetic information can easily be transferred to the population.  The

question that must be solved is then how to create a regular pattern of bacteria cells.

Bacteria colonies can be grown on artificial mediums, such as agar.  Bacteriostatics,

chemicals which stop bacteria growth but do not kill the cells, can be used to freeze the

grid once a desired size has been reached,  from this point, as long as nutrients are

supplied to the cells, the grid should be relatively stable.  It may be the case that

interesting behaviors will be present on non-regular grids.  If this were true, then any

bacteria colony would be sufficient, and easy to grow.

Having a nice grid structure is useless without a way to send signals between the

cells.  The most straightforward way of doing this would be sending signaling molecules

from “living” cells that indicate this state to neighboring cells.  Quorum Sensing is a

common way to accomplish this in nature.  Vibrio harveyi and Vibrio fischeri are both

bioluminescent bacteria that glow only once a certain population density has been

reached.  V. harveyi and V. fisheri use slightly different mechanisms to accomplish this.

V. fischeri



 

In Vibrio fischeri, low levels of a homoserine lactone (AHL) signaling compound

are always being produced.  Once a critical population density is reached, the AHL has

enough of a concentration to bind to LuxR.  This activates LuxR, which promotes the

production of more AHL and bioluminescent proteins.

V. harveyi

In Vibrio harveyi, the situation is almost the opposite.  At low AHL

concentrations, LuxO is phosphorylated and thus activated.  It produces a repressor

protein which inhibits production of the bioluminescent proteins.  At high AHL

concentrations, LuxO is dephosphorylated and the repressor is not produced, so the

bioluminescent proteins are expressed.



By combining these two systems, and possibly changing which repressor or which

promoter is produced, the cell could be turned on at a low concentration but turned back

off at a high one.  The rules for the Game of Life would have to be expressed by varying

the sensitivity of these two thresholds.

The state of a given cell would be indicated by its production of the AHL and

bioluminescent proteins.  Glowing (and AHL signaling) indicates the cell is “alive” while

not glowing and not signaling indicates the cell is “dead”.  This method seems much

more reasonable than actually having the cells die and be born.  It allows a much faster

progression of steps, and more control over the game as a whole.  No need to deal with

mutations as generations progress, etc.

There is another problem with neighbor signaling.  Ideally, corners and edges

should have the same effect.  But corner cells are slightly further away from the central

cell.  As signal diffusion is a function of distance, this may cause a problem.

The final step in simulating the Game of Life is setting an initial configuration.

Since “live” cells are dependant on AHL concentrations, adding AHL to the grid would

effectively set cells “on.”  One way to place the AHL in specific locations would be to

put it in an inkjet cartridge and print the pattern onto the grid medium.  Alternatively, the

configuration could be pre-set on a transfer medium which is then placed on top of the

grid.  And the simplest method is just using a syringe to add drops of AHL where needed.



There are still some unsolved problems with all of the ideas outlined above.  Very

precise control over diffusion of the signaling mechanism is required.  Controlling

sensitivity of the signal sensing mechanisms must be precise as well.  The game grid

must be regularly placed identical cells, which is very hard to do with biological

elements.  Also, these solutions would all necessarily be implementations of an

asynchronous game of life.  “Clocking” the system would require yet another signaling

mechanism, and probably outside control.  Finally, the Game of Life itself is very

sensitive to initial conditions.  Small variations in initial configurations results in

dramatic differences after a few generations.

The conclusions we have made are that it is not very difficult to create a game

similar to Conway’s, but implementing his exact rules requires a great deal of precision

that may not be technically feasible.  It is our opinion that interesting results, and possibly

even universal computation, could be obtained from a biologically-based game of life.

The elements of randomness that would be introduced to the game may actually allow

more interesting games.  With Conway’s Game of Life, many configurations soon result

in stasis or repeated patterns.  An element of random diffusion, cell activity, etc would

make stasis configurations and infinitely repeating patterns rarer.

Web sites consulted, and source of pictures:
http://www.wikipedia.com/wiki/Conway%2527s_Game_of_Life
http://www.nottingham.ac.uk/quorum/fischeri2.htm
http://www.nottingham.ac.uk/quorum/harveyi3.htm
http://info.bio.cmu.edu/Courses/03441/TermPapers/99TermPapers/Quorum/mechanisms.
htm
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ABSTRACT  
 
Exploiting shortcuts in HSRA structure is considered during routing in previous jobs. It is 

shown in this report that, while keeping partitioning of the design fixed, by changing the 
placement of the design so that shortcuts are more efficiently used the path delay can be 
reduced. For solving this problem a greedy local algorithm and a quadrisection-based 
windowing method are used [1].  

 
 
 1. INTRODUCTION 

 
There are number of fixed wired programmable networks for designing a circuit on a 

programmable device. The network used here is HSRA, a fat-Pyramid structure having 
advantages of both hierarchical structure of a tree and a mesh network [2]. The mesh 
network makes the shortcut connections of HSRA. More details on HSRA structure is given in 
section 2. 

In this project I try to show the advantage of using shortcut connections in time efficiency. 
Shortcuts were exploited in routing in past works. Here I pulled up using shortcuts to one 
level upper in circuit designing, placement phase. I also show the benefit of considering 
shortcuts in upper levels (section 3). 

Once the designed is partitioned, it is time to place it on the device. This is the part I exploit 
shortcuts. The point is that placing logic elements, while considering shortcuts is no more 
straightforward. They are not placed one after another in the order appeared in partitioning 
step. Now during placement I can arrange each sub-tree’s children configuration so that the 
largest number of shortcuts is used. To do that, first I divide the design into windows, then 
locally try to find the best configuration of each window based on a certain cost function 
(section 4).  

 
 
 
 
 



2. FIXED WIRE PROGRAMMABLE NETWORK STRUCTURE 
 
There are numbers of fixed wire programmable network structures, like mesh structure, and 

different kind of tree structures, etc. The structure used in this project is HSRA, Hierarchical 
Synchronous Reconfigurable Array [3]. It is a fat-pyramid structure. Fat-pyramid has both fat-
tree and mesh structures. It combines the advantages of both of them [2]. 

The logic elements are located at the base level of the tree, on the leaves. The edges of the 
tree are wires, and the internal nodes are switch boxes. The mesh structure adds shortcuts to 
this structure. Looking at switch boxes may help to understand HSRA structure better. Fig. 1a 
shows a switch box, located at internal node, and fig. 1b shows a 4-level HSRA structure. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                       (a)                                                                                    (b)   
 

Fig. 1  a) A switch box structure. The wires in left and right comes from root of the children 
sub-trees and the wire in top goes to the upper level, the wire in the bottom comes 
from an adjacent sub-tree. The shortcut wire can only be connected to the left and right 
children and not to the upper level. 
b) A 4-level HSRA structure. The black wires are tree edges and red wires are 
shortcuts. 

 
 
 
 
 
3. WHY EXPLOITING SHORTCUTS 
 
Considering shortcuts in placement step, can affect time efficiency. 
Now, how can exploiting shortcuts reduce path delays? 
There is especial characteristic in HSRA structure that leads to reducing path delays by 

using shortcut connections. It is possible that two adjacent sub-trees may not be sibling and 
their first common ancestor be numbers of levels  upper. The common ancestor of two 
adjacent sub-trees may even be the root of the tree (Fig.2).  

Now consider routing case, two adjacent sub-trees have connection, and only tree edges 
are allowed to be used. For routing, the wires go up from the source sub-tree to their 
common ancestor, which may be as up as root of the tree, and then com down to the sink 
sub-tree. Now if using shortcuts is allowed, then the path between these two sub-trees can 



be routed considerably shorter, only using a single shortcut wire, not through the long wires 
and switch elements. In this way using shortcut leads to smaller path delays.  

Now, imagine those two sub-trees were not adjacent, so connecting wires must be the tree 
edges. But there are cases that little change in placement can bring those two sub-trees 
adjacent, and again exploiting shortcuts reduces the path delays. 
 
 
 
4. ALGORITHM OVERVIEW 

 
4.1 Windowing 
 
HSRA structure is highly connected by mesh and tree edges; so considering all the possible 

configurations of the luts at the base level of the tree is too complicated. Besides, for large 
designs, the number of luts is really huge, and working with this number of luts and finding 
the best configuration of them, would have time complexity about O(N!)! So in this case I 
forget about the best answer to the problem and use a greedy local algorithm. 

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.2 The two marked sub-trees, are adjacent, have shortcut connection, but their first 
common ancestor is the root of the tree. 

 
 
   First instead of solving the problem at the bottom level of the tree, I look at the upper levels 
of the tree, and even in each upper level, I try to focus on a small part and then go through 
the rest of the part in that level. Each of this smaller part is called a window. Each window is a 
sub-tree of the partitioned design.  

For example a partitioned design would make a 7-level HSRA structure. This design can be 
divided into 2 windows, 1-level lower sub-trees. Each window is divided to four 3-level lower 
sub-trees called sub-windows [1].  

The core of the algorithm is finding the best configuration of sub-windows in each window. 
The best configuration is evaluated by a cost function that will be defined later in this section. 
This process is called relaxing a window. It is shown in more details later.  

Now consider the case, the algorithm is on level L of the tree. It starts relaxing the windows; 
it picks up each window, relaxes it and moves to the next window [1]. Once all of the windows 
are relaxed, the algorithm moves to the first window and repeats this process until the cost 
function remains unchanged within a certain range. 



After relaxing the level L completely, the algorithm moves to two level lower, L-2, and 
partition each window to 4 new windows, or better say the sub-windows of upper level is now 
the windows of this level, and goes through the whole relaxing process the same way.  

 
 
4.2 Priority of the tree edges and shortcuts 
 
Shortcuts that connect sub-trees are located in different levels, that means two sub-tree are 

highly connected by shortcuts from different levels of the tree. Finding a configuration that 
uses all of these shortcuts efficiently is not possible, so I give priority to the shortcuts. This 
priority comes from the priority I set to the edges of tree because each shortcut is used to 
bypass a tree edge. The algorithm tries to use shortcuts that bypass a highest priority edge 
available. 

Priority of the tree edges are defined based on the level of each edge, the higher level an 
edge is located the higher priority it gains. The motivation for this definition is that the higher 
level edges are the common ancestor of a larger number of luts, which means that they 
would be used by larger number of luts, and also are longer in length than the lower level 
edges [3]. 

When the windows are the sub-trees at level L, the most important tree edges are those 
that connect the sub-trees at level L and L+1, i.e. those edges that connects the windows to 
each other. Consequently, shortcuts that bypass these edges have the highest priority.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.3  Sub-tree A and B are siblings, so they can exchange their places, and partitioning 
does not   change. Sub-tree A and C belong to different sub-trees so exchanging their 
places, changes the partitioning. 

 
 
 
 
4.3 Relaxing 
 
Now I should introduce a method to evaluate the sub-windows configuration in each 

window. To evaluate the sub-window configuration, I calculate a cost function. This cost 



function counts the number of potentially used shortcuts. So in this case the goal is to 
maximize this cost function during relaxation process.  

How to find the configuration with the highest cost function? 
Each window has four sub-window and they would have 24(=4!) different configurations, but 

not all of them keeps the partition as it was. Once we have partitioned the design to map to 
the HSRA, it must remain the same in the next designing steps.  For example, consider the 
window in fig. 3, if we change the place of sub-window A with sub-window B the partitioning 
remains unchanged, but if we change exchange sub-window A and C then it has changed the 
partitioning.  This means that only flipping the position of two sibling sub-trees is allowed for 
making a new configuration. 

For making a possible configuration, we put joint in each of the internal nodes in a window. 
By twisting a joint, which means flipping two sub-trees a new configuration is made, and the 
partitioning remains the same. In fig. 4 all the 8 possible configuration of a window is shown. 

How to compute the cost function? 
Consider the configuration in fig. 5, for sub-window A all connections between sub-window 

A and sub-window 0 can be routed through shortcuts, and so can be connection between 
sub-window A and sub-window 1, sub-window A and sub-window 7. As you can see, sub-
window A can have shortcut connections to both sub-windows of upper neighbor, but only 
shortcut connection to one of the sub-windows of the left neighbor. This happens because of 
the HSRA structure. If I define (x, y) to be the number of connections between sub-windows x 
and y, the cost function of the window at fig. 5 is: 

Cost_function= (A,0) + (A,1) + (A,7) + (B,0) + (B,1) + (B,2) + (C,4) + (C,5) + (C,6) + (D,3) + 
(D,4) + (D,5). 

For relaxing a window, the algorithm, calculate the cost function for all the possible 
configuration, and rearrange the window’s sub-windows configuration to the one with highest 
cost function. 

  
 
 
 
 
 
 
 
 
 
 
 
                             (a)                             (b)                           (c)                              (d)  
 
 
 
 
 
 
 
 
 
                             (e)                             (f)                             (g)                             (h) 
 

Fig. 4 Eight possible configurations for sub-windows in a window. 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 5 Computing the cost function. 
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How common is Turing{universal behaviour?

Ming-Shr Lin, Gaurav Saxena, Viral Shah, Geo� Wozniak

August 16, 2002

1 Introduction and Motivation

Since the introduction of Turing machines as a model of computation, many
other models of computation have been introduced and have consequently been
found to be equivalent to Turing machines. While most computational mod-
els are arti�cial constructs, mostly for mathematical consideration, some are
motivated by and modeled with natural systems.

The wide variety of computational models and their equivalence to Turing
machines suggests that Turing{universal behaviour may be common to most
systems, notably natural ones. Intuitively, we can guess that adaptable organ-
isms resemble Turing{universal behaviour in that given proper input, they can
perform a wide variety of tasks. In fact, it could be argued that this form of
\Turing{universal behaviour" is an important factor to the survival of the or-
ganism. While this intuition is highly informal, it does lend itself to further
exploration of the topic.

The goal of this report is to add an element of formalism to this argument.
However, it must be made clear that it is not an argument that shows that
Turing{universal behaviour is in fact common to many systems. Rather, it is
an argument that supports the idea that Turing{universal behaviour may be
common in some systems.

Our analysis will be based upon generating random Turing machine and
looking for structure within the randomly generated machine (i.e., a directed,
labeled graph) that is similar to that of a universal Turing machine. In general,
this is very diÆcult to do, since we would be looking for behaviour, not structure.
We will restrict ourselves to structure only and restrict ourselves even more by
looking for a speci�c universal Turing machine instead of any universal Turing
machine (UTM). The speci�c Turing machine in question is Minsky's (4, 7)
machine from [1]. We will denote Minsky's UTM as UM (see Figure 1).

2 Simple Counting Argument

Our �rst approach consisted of the simplest approach: assume the uniform
distribution over all graphs on n nodes and count the number that contain
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Figure 1: Minsky's (4, 7) universal Turing machine.
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UM . The graphs we considered were directed graphs that allowed up to three
self{loops.

If we look at a graph as an adjacency matrix, there are a total of n2 entries
in the matrix. Not counting the diagonal, there are n2 � n entries, each of
which may be set to either 0 (edge exists) or 1 (edge does not exist). Along
the diagonal, we must allow up to 3 self{loops, meaning there are four possible
entries: 0, 1, 2, 3. Thus, there are

2n
2�n � 4n = 2n

2+n

possible directed graphs on n nodes that must be considered.
Fix a numbering of the nodes in G and set UM to be a connected component

of G. Thus, there are n� 7 nodes remaining. If we take the ratio of graphs on
n�7 nodes with a �xed UM as a connected component to the number of graphs
on n nodes, we get

2(n�7)2+(n�7)

2n2+n
=

1

214n�42
:

This ratio (i.e., probability) quickly approaches 0 as n goes to in�nity. Even
if we consider the

�
n
7

�
ways of choosing 7 nodes and the 7! ways of arranging

those nodes, it only results in a ratio of

7!
�
n
7

�

214n�42
=

n(n� 1) : : : (n� 6)

214n�42

which still results in a probability approaching 0 as n!1.
These counting arguments grossly underestimate the correct number of graphs

on n vertices that would contain UM as a subgraph. This is due to the fact that
we disallow any edges to come into the UM component. However, this would
not change the fact that the denominator is exponential with respect to n and
the probability continues to tend to zero.

3 Forcing Locality

It would seem from the preceding section that Turing universality is not a very
common trait. However, this was only in systems where each possible con�gu-
ration (i.e., graph) is equally likely. If one observes natural systems for a short
period of time, in all likelihood, it would be noticed that not every con�guration
is equally likely. So it would seem prudent to consider a system that favours
some con�gurations over others.

To emulate this, we can change the distribution of probabilities on edges out
of nodes. In the previous section, each edge appeared with probability 1=2. If
that were narrowed to force each node to have out-degree 4 and labeled each
edge, then we could weight the edges and assign probabilities based on these
weights.
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By looking at the Minsky machine, we see that there are many loops and
the graph itself is small. Assuming we can �nd a weighting that favours edges
going to nodes that are close to the source, it seems likely that the UM structure
will appear as the graph grows larger.

3.1 Probability of UM in G

One aspect to locality is that as the system grows larger, it tends to make little
di�erence as to the local connections and associations. What we are looking
for is a probability distribution that favours locality and changes little as the
total number of nodes grows. That is, regardless of how many nodes there are,
a node x is just as likely to have an edge to a node close to x when the graph
has a thousand nodes as it is when the graph has a million nodes. We would
like to characterize distributions of this type.

In general, if we are looking for a speci�c subgraph of G, we can divide G into
blocks of size l, where l is the number of nodes in the subgraph. If we assume
n = kl, then we have k blocks of size l. Let Bi be a block, with 0 � i � k � 1
and let pi be the probability that Bi is isomorphic to some �xed graph on l
nodes. Then the probability of UM (the �xed subgraph) being found in G is

Pr(UM � G) � Pr(9Bi � UM )

= 1� Pr(:9Bi � UM )

= 1� (1� pi)
k: (1)

Note that as k ! 1 (assuming pi > 0), then the probability of UM � G
goes to 1. However, it must be the case that pi does not depend on n. This
is the crucial factor in using this argument and �nding a usable probability
distribution.

Designate an edge labeled by � between nodes x and y as (x; y�). Let

D = e�jx�y�j=�

be a weighted distribution with parameter �. We can see that D emphasizes lo-
cality since the size of the exponent is based on the di�erence (distance) between
two nodes and not on the number of nodes in G and that weightings between
two di�erent edges are independent of each other. The distance between two
nodes is based on their numbering (i.e., node x is considered to be a distance of
r away from node x+ r).

Since the overall goal is to �nd the probability of UM in a random graph, we
must normalize this weighted distribution to make it a probability distribution.
That is, for some x 2 G and �

X

y2G

Pr((x; y�)) = 1:
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To make a probability distribution for all possible edges from some node x
labeled with �, we simply take the speci�c edge weighting over the sum of all
possible weightings.

Pr((x; y�)) =
e�jx�y�j=�

P
y02G e�jx�y0

�
j=�

(2)

Let a con�guration for some node x be the set Cx = f(x; y�) j (x; y�) 2 Gg,
that is, a con�guration for node x is the set of all edges rooted at x. Since
the probability of edges with di�erent labels emanating from the same node are
independent of each other, we have

Pr(Cx) =
Y

(x;y�)2Cx

Pr((x; y�)):

Let p̂i be the probability of Bi being congruent to a speci�c isomorphism of
UM . We have

p̂i =
Y

x2Bi

Pr(Cx):

To get the value for pi, sum the probabilities of p̂i over all possible isomorphisms
of Bi to UM .

It is important to note that these calculations are entirely reliant upon the
fact that pi is not dependent on the number of nodes in G. For this to be true,
it must be the case that the sum in (2) tends to a constant greater than zero.
For example, we can consider another distribution

D0 =
1

(x� y�)2

where x and y� are the same as in D. As it turns out, this distribution is also
favourable1 since it converges to a constant greater than 0 and does not rely
on the size of G. The reason that distributions should not rely on the size of
G is that if it were, the locality argument breaks down since the probability of
an edge will decrease as the size of G increases. When the sum converges, the
probability of an edge tends to a constant greater than 0 as well.

3.2 Some Calculations

Empirically, we have shown that D works as a distribution.2 We have shown
that

p̂i � 1:1444� 10�19 for all n � 20

1It turns out that G needs more nodes using D0 as a distribution than D to have UM
appear with probability very close to 1.

2Matlab code for performing these calculations can be found in Appendix A.
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where n is the number of nodes in the random graph G and setting � = 1.
Intuitively, it can be seen that the value of D is very small when x and y are
very far apart and hence, the sum will converge as n is increased.

Since di�erent isomorphisms produce di�erent probabilities for p̂i, each p̂i
must be calculated for each isomorphism. However, it seems reasonable to
estimate that

pi � 7! � p̂i � 5:767776e� 16

given that there are 7! ways of numbering the seven nodes in each Bi. In order
for Pr(9Bi � UM ) to approach 1, we need a graph with approximately 1016

nodes. As pi represents a lower bound, asymptotically, this is favourable.

4 Discussion

It is important to note that although the probability of UM appearing in G tends
to 1 as the number of nodes increases (assuming a local distribution), it does not
say anything about whether or not UM will actually get executed in G. That is,
given G containing UM , we do not know whether or not UM is reachable in G on
some given input (this is an undecidable problem). This demonstrates (one of)
the shortcomings of our analysis. The analysis focused mainly on structure in
randomly generated graphs representing Turing machines, however, very little
about structure allows us to say much about behaviour.

Clearly, some �ne points that could be expanded upon in the analysis have
not been addressed. This was done mainly for simplicity. Most of the aspects
that were not addressed would increase the probability. For example, our anal-
ysis only addresses a �xed choice for each block Bi and we did not consider
all possible blocks in G. Also, we considered the nodes 1 and n to be very far
apart. If we imagined the listing of a nodes to be a circle for the sake of locality,
it makes a slight di�erence for the values of pi for those blocks.

3

Other aspects tend to signi�cantly raise the complexity of the problem. We
did not, for example, consider any other universal Turing machines besides
Minsky's (4, 7) machine. Technically, there are an in�nite number of these ma-
chines4, however this becomes the problem of analyzing behaviour which, as we
have stated, is diÆcult. Further analyses we feel would be interesting to pursue
out of this include �nding other distributions that exhibit a more \natural"
behaviour, considering locality based on physical distance and allowing other
UTMs to be present.

To digress slightly, it may be circumspect of us to address the question
that makes up the title of this report in a more philosophical or general sense.
A reaction that may have occurred in some readers upon reading the title is
that of puzzlement at what exactly is meant by the question. The underlying

3The di�erence is negligible, but is mentioned here out of completeness.
4We can always add any number of \useless" states to any Turing machine and it will be

an equivalent machine.
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assumption touched on brie
y in the introduction is that we are investigating
random instances of systems that can perform universal computations. To draw
an analogy between the arti�cial systems and the natural ones says that a
natural system can perform universal computations. While this is true, it is
true, if one will excuse the term, in an arti�cial sense. Natural systems can
perform universal computations in the sense that human intervention has found
ways to manipulate them using their inherent properties to make them capable
of doing so. However, it is unknown whether or not natural systems actually
perform universal computations in their regular environment or as part of their
ritualistic survival. This report does make any claims, implied or otherwise,
addressing this question as it is clearly outside the realm of a discussion of
random graphs. It does raise some deep, important questions that should be
pursued over time, such as how important universality is to an organism. Does
universality a�ord an organism a better chance at survival? What happens
when an organism does not have the universality trait? Is it even possible for
an organism to not have the universality trait and be able to function? It is
doubtful these questions can be answered immediately, but they could provide
motivation for some very interesting research between biology and computer
science.
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A Matlab code

A.1 MinskyUTM.dat

1 1 1 2

2 2 1 6

3 3 3 4

4 4 5 7

5 5 5 3

6 6 6 3

7 7 2 6

A.2 wexplocal.m

function w = wexplocal (node, N, lambda)

%WEXPLOCAL Compute the weight of a node based on other nodes/parameter.

%

% WEXPLOCAL (NODE, N, LAMBDA) computes the weight of NODE based on it's

% locality to N. LAMBDA defaults to 1.0 if not given. The formula is

%

% e^((-|NODE - N|) / LAMBDA)

%

% where NODE is a scalar and N may be a scalar or a matrix.

if nargin == 2

lambda = 1.0;

end

w = exp (- (abs (node - N) ./ lambda));
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A.3 sumweights.m

function s = sumweights (node, N, wfunc, lambda)

%SUMWEIGHTS Sum the weights over a given number of elements.

%

% SUMWEIGHTS (NODE, N, WFUNC, LAMBDA) sums the weights as given by WFUNC

% over N elements as they relate to NODE. WFUNC is called as such:

%

% WFUNC (NODE, N, LAMBDA)

%

% If LAMBDA is not given, it defaults to 1.0.

%

% Note that the second argument to WFUNC (that is, N) must be able to

% handle matrices.

if nargin == 3

lambda = 1.0;

end

s = sum (feval (wfunc, node, N, lambda));

9



A.4 probcon�g.m

function p = probconfig (node, ADJV, n, wfunc, lambda)

%PROBCONFIG Compute the probability of a configuration for a node.

%

% PROBCONFIG (NODE, ADJV, N, WFUNC, LAMBDA) computes the probability

% of NODE having the configuration given by the adjacency vector ADJV

% in a graph of N nodes with weighted distribution given by WFUNC and

% adjustment parameter LAMBDA. If LAMBDA is not given, it defaults

% to 1.0.

%

% See 'sumweights' for an explanation of WFUNC.

%

% Note that N should be a scalar! Here is an example of how to call

% PROBCONFIG with an explanation:

%

% probconfig (5, [5 6 6 7], 100, @wexplocal, 0.5)

%

% This computes the probability that node 5 has four outgoing edges.

% Specifically, it has a self loop (node 5 to node 5), two edges to

% node 6 and an edge to node 7. The full graph has 100 nodes and the

% function 'wexplocal' is used to calculate the weighting of the

% edges, with lambda parameter set to 0.5.

if nargin == 4

lambda = 1.0;

end

denom = (sumweights (node, 1:n, wfunc, lambda))^size (ADJV, 2);

p = prod (feval (wfunc, node, ADJV, lambda)) / denom;
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A.5 probblock.m

function p = probblock (block, ADJ, n, wfunc, lambda)

%PROBBLOCK Compute the probabilities of node configurations in a block.

%

% PROBBLOCK (BLOCK, ADJ, N, WFUNC, LAMBDA) is essentially the same as

% 'probconfig' except that it computes the probabilities for entire

% blocks. BLOCK should be greater than or equal to 0. ADJ should be

% an entire adjacency matrix for the block. N, WFUNC and LAMBDA are

% the same as 'probconfig'.

%

% An example is probably the best way to see how to use it.

%

% probblock (3, MinskyUTM, 100, @wexplocal)

%

% This computes the probability of the 4th block (recall block

% numbering starts at zero) of a 100 node graph containing a

% structure exactly as represented by the adjacency matrix

% MinskyUTM. LAMBDA is assumed to be 1.0, since it was not given as

% an argument.

%

% The size of a block is calculated by the number of rows in the

% adjacency matrix. Thus, if you pass in a 7x4 matrix, a block is

% assumed to be 7 nodes and each node has 4 outgoing edges. The

% offset is calculated as (BLOCK * number of rows in ADJ).

% Currently, the function does not check to ensure that N is

% sufficiently large (e.g., if you want the 10th block of a 7x4

% adjacency matrix in a graph with 30 nodes, it will return strange

% results, since 10 * 7 > 30).

%

% Also note that the adjacency matrix does not need to be adjusted

% for working with a particular block. The offset is merely added to

% each element in ADJ to mimic the node behaviour.

%

% PROBBLOCK returns a row vector containing the probability for each

% node in the block. Suppose a call to PROBBLOCK returns

%

% [ 0.50 0.30 0.20 0.05 0.02 0.02 0.01 ]

%

% when called on the 5th block. This means node 7*5 + 1 = 36 has

% probability 0.50 of occuring with the given configuration, node 37

% has probability 0.30 and so on.

if nargin == 4

lambda = 1.0;

end
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count = 1;

probs = [];

offset = block * size (ADJ, 1);

while count <= size (ADJ, 1)

probs(count) = probconfig ((count + offset), ...

(ADJ(count, :) + offset), n, wfunc, lambda);

count = count + 1;

end

p = probs;
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Introduction: Biology, Computation, and Hardware

Today attention of many scientists turns more and more often away from the
sequential Von Neumann architecture towards “nonstandard” ways of computing. The
main reason and motivation for this lies in the fact that too many systems around perform
computations in a quite disparate way. For example, the brain, human society, and insect
colonies can perform complex tasks with no “central controller” to ensure that each
individual component does what it is “supposed” to do. An increasingly interesting
question is to find out how these completely decentralized systems, which components
act in parallel, accomplish a common goal. Inherent parallelism and highly local
interactions among cells make a Cellular Automaton (CA) a natural object for attempts to
carry out computation in a way similar to the one that takes place in the brain.

This paper looks at a CA as a medium for computation and asks how it could be
possible to obtain a CA capable of solving a particular problem. Since it is unrealistic to
manually describe the correct behavior of such a CA, we do it via a Genetic Algorithm
(GA). There exists quite a big number of works devoted to evolving CA’s with a GA;
however, all of them consider a software implementation of the GA. A different direction
is hardware implementation of a GA. The step from software to hardware requires more
work than one might initially suspect. Apart from building physical circuits and gates,
engineers have to deal with a big real world problem: unreliability of physical
components. In the software-GA, if a cell reports that it is in a particular state, for
example ‘0,’ then it is definitely in that state, but hardware, especially with a tendency
towards diminishing sizes, can have components that are less reliable. As a result a cell
that has state ‘0’ might be regarded as having the state ‘1’ by some of its neighbors.
Evolving CA’s in such “noisy” conditions should differ from evolving them in
deterministic environment. Our approach to modeling evolution of a CA in the presence
of noise is to use a stochastic CA. Nondeterminism in the behavior allows for new
definitions of genetic operators used in the GA. These operators could potentially make
the algorithm more effective than if it simply disregarded the noise altogether and
proceeded as if in an ideal environment. Here we will discuss several possible changes to
genetic operators.

Another interesting question deals with a comparison of evolution of deterministic
versus stochastic CA’s. Of course, the search space for the CA with nondeterministic
behavior is larger than that of deterministic one; on the other hand, we are not trying to
find particular probabilities, in a sense the final goal is still a deterministic CA, but if
genetic operators that manipulate probabilities instead of definite states appear more
effective than the usual ones, they may yield better and faster results.

This paper is devoted to a discussion of questions and possible approaches;
deciding which ones can produce good results requires practical implementations. The
author of this paper implemented a short program (in Lisp) to test the newly defined
genetic operators (discussed in the section on GA’s). Unfortunately, one step of a GA
involves multiple (about 300) runs of CA on different instances of the problem (density
task in our case), and each run of CA on a regular desktop computer takes (in our
implementation) approximately 45 seconds. This number implies that one run of a GA
takes on the order of two weeks, and considering that fine-tuning the GA requires finding
good values for a number of parameters used by the genetic operators, the realistic time
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for coming up with a good algorithm is at least several months. However, this does not
impede a discussion of possible ideas for future work, which could, for example, avoid
the time bottleneck by using the Cellular Automata Machine (CAM) designed by Prof.
Margolus and his team in the 1980s in order to speed up running of CA’s by creating
special architecture that used parallelism and local and uniform interconnections.

Here we will shortly discuss CA’s in general and stochastic CA’s in particular,
then mention the main ideas behind a GA and discuss our ideas about possible changes in
the genetic operators that could yield better results in a noisy environment, as well as
possibly in a regular environment.

Cellular Automata

An n-dimensional Cellular Automaton consists of an n-dimensional array of cells and a
finite set of states. Each cell carries one state (which in some cases may be a word that
also carries information about the past state) and knows the states of several cells in its r-
neighborhood, for example with r=3, each cell knows about itself, three cells to its right,
and three cells to its left. In one time step all cells simultaneously update their states
depending on the states of the cells in their r-neighborhood (Note: there are other ways of
updating, for example “Margolus neighborhood” partitions a CA into disjoint blocks, and
these blocks, not cells, are updated simultaneously; partitions alter in time, so that new
blocks overlap with the old ones. This definition, useful for constructing simulations of
reversible systems, is not needed in our case.).
Although, in this paper we look at CA’s as a medium for computation, they are often
used for simulations of physical systems. Many regard CA’s as discrete counterparts to
differential equations: they allow description of continuous systems with a finite number
of cells that have a finite number of states and follow predefined rules. The widespread
interest in CA’s first arose due to their ability to simulate complex dynamics by simple
local interactions.

Once it has been shown that CA’s are capable of Universal computation, which
means that potentially one could find a CA that was equivalent to any finite algorithm,
their computational ability started to attract interest as well. CA’s are usually
distinguished by their behavior: some are too simple to be capable of attacking any
interesting task, some are too unpredictable, for example chaotic: little differences in the
initial distribution of states produces large differences in the limiting behavior, but there
are some that have a potential to form interactions necessary for computation. In
particular many of the later works deal with nonuniform CA’s, where rules differ for cells
in different positions; the possibility to have different behaviors in different parts of a CA
seems to allow more freedom in defining more interesting behaviors.

   Above we have described a deterministic CA, i.e. once a cell knows the
neighborhood configuration (the set that consists of the states of cells in the cell’s r-
neighborhood), it can take one and only one state. On the other hand, a stochastic CA has
cells that follow some probability distribution during the update: once a cell receives the
information about the neighborhood configuration it finds this configuration in its rule
table, makes a random choice between 0 and 1 and follows the corresponding probability
distribution to decide which state to take based on this distribution and the random
choice. For example, in a two-state CA (‘0’ and ‘1’) a configuration (0 1 0 0 1 0 0 ) with
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a corresponding probability  distribution (‘0’:0.3 ‘1’:0.7) a random choice of 0.4 would
make the cell change its state from 0 to 1. Stochastic CA’s have been used for various
problems, such as simulations of stochastic processes, behavior of imperfect (“noisy”)
systems, and prediction of a long-term behavior of deterministic systems.

In our project we did not deal with imposing “noise” on top of a deterministic CA
and looking if it could be possible to still achieve expected behavior. It was noticed that
CA’s that are capable of computation are incredibly “brittle,” i.e. introducing noise
breaks completely their ability to perform computation. That’s why, from the very
beginning we wanted to look not at the final, ready-to-use, CA, but at the means of
obtaining a stochastic CA. Once such a CA is obtained, a detailed analysis of its rule
table can provide information about what level of noise it can stand. The early works that
deal with stochastic CA’s looked for the optimal distribution of probabilities; however,
their goal was not to find a CA that is maximally robust in the presence of noise. An
algorithm that introduces a penalty for rules that involve extremes, for example that have
the probability of changing to ‘0’ or ‘1’ go too near to 1, can direct the CA towards being
more nondeterministic. Once we have the final CA, we can look at the rule tables for
each cell and analyze how well this CA can perform given the level of our background
noise. The final CA can be regarded as a deterministic CA (the state corresponding to the
biggest probability in the rule gives the deterministic state: this is equivalent to “majority
rules” approach of running a nondeterministic CA many times, or running multiple
copies of it) and the variation (probabilities of choosing other states) give the maximum
interference, i.e. background noise, that could be imposed on the CA. This analysis can
show several things: first, whether or not this CA would be functional at all in the
imposed conditions; second, if reducing noise is costly, in which parts we can allow
having more noise, as well as which parts of the CA are the most sensitive to noise and
have to be protected. These possible uses of a stochastic CA serve as a strong enough
motivation for looking at the ways to obtain one capable of a particular computation task.

Genetic Algorithms and Cellular Automata

GA’s get the solution (or a close approximation of it) to the problem not
explicitly, by deriving it, but implicitly, through an evolutionary process. In a GA the
well-known principle of the “survival of the fittest” applies not to live organisms, but to
solutions of the problem. GA consists of the following main components: a fitness
function that, based on the results of an individual’s performance subject to one or
several tests, evaluates how close each individual comes to satisfying the requirements
that the true solution should satisfy, a selection mechanism that picks out individuals for
reproduction based on their fitness, and genetic operators of crossover and mutation that
have to shift the properties of offspring individuals closer to satisfying these predefined
requirements. In our case solution is the CA. However, dealing with multiple CA’s
requires too much time. If we want to apply a GA to find this solution, we should
consider rules in each cell as individuals. A natural choice for a “gene” is the probability
distribution that corresponds to a particular neighborhood configuration; a “chromosome”
should contain distributions corresponding to all of the configurations, i.e. the whole rule.
Thus one individual here is encoded with one chromosome. We start with a population of
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randomly generated rules and evolve them for about a hundred generations. The above
description already pinpoints the main advantage and disadvantage of a GA. We do not
need to explicitly know the structure of the solution to be able to obtain it. This makes
GA’s a good choice for the problems where it is hard to figure out the precise relations
and dependencies, but easy to see whether or not a potential solution satisfies our
requirements. On the other hand, it is often hard to derive the fitness of an individual
based on its genotype, which means that it is necessary to subject it to tests and evaluate
fitness based on its phenotype. More tests given to each individual make the fitness
estimate better. However, running these tests may take a long time. Indeed, tests used in
fitness evaluation take the biggest part of the entire GA, and this part tends to become a
serious bottleneck in the case of many complex problems. A potential solution is a
hardware implementation of a GA, which allows time reduction by several orders of
magnitude. And, as we have mentioned before, knowledge about evolving stochastic
CA’s will most probably be useful for hardware implementation.

Detailed descriptions of a GA used to evolve a deterministic CA designed for a
density task are given in the works by Mitchell and Sipper. Similar to their works, we
have a one-dimensional CA with 149 cells designed to perform the density task: decide
whether a given list of 149 0’s and 1’s has more ‘0’ or not. Length of the neighborhood,
r, is 1, i.e. each cell considers a list of three elements: states of its immediate left and right
neighbors, and its own, as a configuration that allows updating the current state. The
given problem provides initial states for the cells, and these, i.e. ‘0’ and ‘1,’ are all the
states that we use.

A side note: here the number for the length of the problem equals the number of
cells. Biological systems often amplify the signal before producing the reaction. The
existing models all show increasingly poor behavior for problems where the number of
0’s approaches the number of 1’s. This range of poor behavior gives a threshold on
sensitivity to differences in the quantity of 0’s and 1’s for a CA that does not amplify the
input signal (problem). If a CA replicates the problem several (k) times, the difference
gets multiplied by k also, thus decreasing the range of poor performance. One way that
CA’s could achieve better performance might be by amplifying signals and increasing the
length. Of course, if more cells make it more costly, it will have to balance performance
with length. This is again an optimization problem, which suggests another interesting
application of a GA: to find k that gives the preset error range given the penalty for the
wrong behavior and a penalty for extra cells.

In order to evaluate fitness, rules have to be subjected to tests. Here is one of the
interesting characteristics of CA’s: it is impossible to assess each individual rule
completely on its own. The whole idea is that individual components together lead to
some meaningful behavior, and we don’t know what each individual component is
supposed to be doing. Behavior of each individual is too closely interwoven with
behavior of the cells in its r-neighborhood. The only way to assign fitness to a rule is to
run the entire CA on “many” problems, each of which has a known solution, and see if
the given cell reaches the correct “limiting” state in each case. The ratio of the number of
correct final states to the total number of tests gives a good approximation of the fitness
of a cell. Of course, since the simulation has to end in a reasonable time both “many” and
“limiting” have to be given finite values that are both sufficient and realistic. The
numbers used here are 300 problems for “many” and 320 steps for “limiting.”
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The problems are randomly generated. The number of problems in the “less 0’s” and
“less 1’s” categories are also picked out randomly from a uniform distribution. This
ensures that a cell that simply always sticks to one of the choices, i.e. exhibits the “1/2
behavior,” does not appear as a good one to the genetic algorithm. It is highly improbable
that a CA with performance of 1 (a 100 per cent correct) exists; it definitely does not
among uniform, one dimensional CA’s. The rule derived manually by Gacs, Kurdyumov,
and Levin in 1978 for a uniform CA with r equal to three, defined by the “majority vote”
among: if current state is ‘0’: you, left neighbor, cell 3 sites to the left, and if current state
is ‘1’: you, right neighbor, cell 3 sites to the right, performs as well as 0.98, and the CA’s
obtained via GA’s get as high as 0.95-0.96. This shows that expected behavior of the
stochastic solution should definitely be much higher than 0.5 and should even be
approaching 0.9’s.

The selection mechanism is responsible for both pushing the evolving population
in the desired direction and making sure that it does not exhibit the “fast convergence”
phenomenon, which happens when the population converges too quickly to an individual
that dominates the rest of population, but does not satisfy the requirements well enough.
The dominance of its genes may delay or prevent better solutions from appearing during
one run of a GA, i.e. in a hundred generations. In the works by Mitchell, fast convergence
is mentioned as one of the biggest problems. They always choose the best individuals for
reproduction; however, this selection impedes transitions to new “stages” (the current
stage changes with evolvement of a radically new behavior). For example, CA that has
discovered the one-half behavior, under a fitness function that does not punish this
behavior well enough, may have a few cells that have this behavior, and if the other cells
perform worse, the selection mechanism may quickly force all the cells to be their copies,
thus eliminating diversity in the population and taking away the whole meaning of a
genetic algorithm, which is not designed to obtain all the diversity in the gene pool
exclusively from the effect of genetic operators, in particular mutation. In order to avoid
this problem, we have implemented the “roulette wheel” selection, where the probability
of being picked out are in direct proportion with fitness, and yet the best individuals are
not guaranteed a chance to contribute to the creation of the next generation.

Finally, the genetic operators, which receive the set of parents from the selection
function and output the set of offspring, were the main point of interest of our project. In
all of the works mutation played a tiny role and all the emphasis was given to the
crossover operator. The probability of mutation was a small constant, independent of the
fitness of an individual. We decided to explore the role of mutation in more detail. Sipper
insists on introducing locality from the very first stages: the parent cells for an offspring
come only from its neighborhood, which is similar to what happens in real life. Initial
assignment of rules is random, so on the first stages the cell finds itself evolving with a
random, but heavily reduced gene-pool. Neighborhoods overlap, so eventually changes
do propagate, but, maybe, for nonuniform CA’s it could be more efficient also to employ
mutation to solve the problem of gene reduction. After all, the species on initial stages of
the development of life on the Earth were prone to mutations. Apart from individual
fitness values, it might be useful to define for each cell the fitness of its neighborhood
(for example, just an average of fitness values of all cells in its r-neighborhood). Mutation
operator can take the neighborhood fitness and, based on it, adjust the probability of
mutating (changing a random gene of) the rule. Instead of a constant line at some level,
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the mutation operator with probability as a function of the neighborhood fitness, looking
like a concave function (through the (0,1) point) that sharply declines to this constant
line, could help balance gene diversity and reproduction locality for the CA. The role of
the crossover operator, which swaps pieces of two chromosomes at the random breaking
point, is to direct the population towards the higher overall fitness. An interesting
problem here arises due to the ordering of the genes in the chromosome. Success of the
crossover operator depends on whether or not it can preserve structures in the
neighborhood relations that are important for the computation. Of course, we don’t know
which exactly dependencies to preserve. The standard way to arrange the genes in the
chromosome (rule) is by the ordering the neighborhood configurations lexicographically,
as words. Since this ordering is imposed by us and most probably is not of any
significance to the CA, this choice is equivalent to picking a random order once and
keeping it for the rest of the evolutionary process. It is possible that varying this order
could bring better results. Instead of choosing a random point and switching the pieces of
two chromosomes, we pick a random number for the total number of genes involved in
the crossover, as a proportion of the total length of the rule and randomly pick out this
number of genes from the rule. Varied random crossover instead of the fixed one may
give better fit offspring in the long run. The next question deals with what we should do,
once we have compiled these two lists of genes that are involved in the crossover
operation. The standard method is simply to swap them. However, we are dealing with a
stochastic CA, moreover with a possible plan to impose the noise conditions on it. It
might be useful to consider whether or not the two genes (note: not the two original
chromosomes) that interact during crossover have an equal say in this process. Suppose
we know that one cell is definitely more reliable than the other, where reliability means
an accurate report about its own state. Suppose further that it is possible to test cells
before the GA starts, and we know that one cell makes a mistake with a frequency of 0.3
and another - with a frequency of 0.7. Unlike deterministic CA’s, stochastic CA’s allow
for an arithmetic manipulation of the probabilities in each gene, which suggests the
following possible crossover operation: take the probability distributions of both genes
and output the weighted (by 0.7 and 0.3 - the probabilities of correct outputs) average of
these probability distribution. It might also be useful to make weights depend on the
neighborhood fitness as well. The weighted averages may help to take into account both
the reliability of cells and their relative fitness. Biological crossover involves simple
switching of genes. Yet nature created such notions as dominant and recessive genes, and
these ideas are absent in algorithms that work with a single-stranded chromosome. There
are some works devoted to “dominant crossover” in genetic programming; however,
typical GA’s do not implement any form of dominance outside of the selection
mechanism. Weighted averaging may be one of the possible ways to accomplish this for
stochastic CA’s.

Conclusion

We have discussed the possible uses of stochastic CA’s and ideas that could help
efficient implementation of GA’s that could evolve them. All of the suggestions are not
hard for implementing in any language that handles lists well, and with an access to a
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CAM machine, which could eliminate the time constraint, are quite realistic for practical
experiments. These experiments would show which of the ideas are indeed beneficial and
which only complicate the algorithm without making it at all more efficient. We hope
that, apart from giving a short background and overview of CA’s and GA’s, this
discussion can lead to some serious attempts of evolving and studying stochastic CA’s.
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�kmpUé^�IhUoÅhUgKofn�p)d_eVhDxfeMlÌ~�� @Çxfd<hDkmo_p)d_c|â5xfcKnUk�á´hUp)xfnUd<o�x_�mh�x�pVhDk¡p�nUkTxfd_nUg5{^e�k5e
e)ëEâ5d_eVo_oÉcKnUk`sEhUkml�p)nUkIoÉeM÷^qme�kTxfgK}UsEp)eVg|g`áåq5kmpÏx_c|n^k ð � óùé
t!�5eüd_e�èÌhUc|kml5e�dÆnDá�x_�5c>o�âmhDâ:e�d�c>o$n^df{ThDk5c ��eMlõhUo$áån^g|gKn�ç'o��!ofeVpÏx_c|n^k �Èc|kTx_dfnElEqmp�eVo

xf�5d_e�eÆdfeVgKhDxfeMlúçÂnUd�!\o�xf�Ih�xÌhDd_e$d_e�gKe�ì�hDkTx�áånUdjnUq5djâ5qmdfâ:n^ofeVoVé 
�k ofeVpÏx_c|n^k #üç�e$xfd_}Hxfn
q5kmlEeVd_oÉx_hUkml�xf�5e
á´hUpÏx_nUd<o�xf�mhDx�hDd_e'lEe�æmk5c|xfnUd_}¸áån^dÅâ5d_nDx_e�cKkEãùv ä
iõc|kTxfeVd_h^pÏx_c|n^kmo�sDáån\p�qmofc|k5{
nUk ��cKkmp�æmk5{UeVd_o�hUkmlüâ5q5u5gKcKp�g|}üh�ì�hUc|g>hDumg|e�â5d_nDxfeVc|kHl5hDx_hDuIhUofeVoVé<�%e¡hDg>ofn$â5d_nUâ:n^ofejoÉn^è�e
k5n�ìUeVg�c>lEeVh^o nUk*�5n�ç xfn�lEeVofc|{^küv ä
i'ã»u5cKkmlEcKk5{�â5d_nDx_e�cKkmo'x_n.x_q5d_k%h$oÉâ:eVp�c�æIp�{^e�k5e 	 �
nUd 	����Åé ��cKkmhUg|gK}Us5ofeVp)xfcKnUk �Ìâ5dfeMoÉeVkTx_o!p)n^kmp)gKqmofc|n^kmo1hDkml${UcKìUeMo!cKl5eVhUo!nUáXáåqEx_q5d_e�ç�n^d�!Oé
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íEhDd_cKo�!\}Ëe�x�hDg»é�ð � óÂp�dfeMh�x_eVlÇhÆxfn\n^g�p�hUg|gKeVl 	 �"!$#&%��ùwBâExfcKèjc-�Mh�x_c|n^kÇnDá'þ1nDx<hDèje�d<o�u\}

ùxfe�d<h�x_c|ì^e'tXeMp<�5k5c>÷Tq5eVo��ùx_n¸lEeVofc|{^kjâ5dfnUxfeVc|kmo�x_�mh�xÒx_hDd_{Ue�xÒoÉâ:eVp�c�æ:p1vBäBi�ofeV÷Tq5e�kIp)eUé&'
ofc|k5{
xf�5eÅ}^eVh^o�xOxfd<hDkIofp�dfcKâExfcKnUkBá´hUp)xfn^d�ê BÂä?�'h^o`h!èjn\l5e�g^of}Eo�x_e�è�sÏx_�5e�}
æmd_oÉxXp)n^èjâ5qEx_hDxfcKnUkmhUg|gK}
{Ue�kme�d<h�xfe$oÉeM÷^qme�kmp�eVo¸âmdfeMlEcKp)xfeMlHxfn*umc|kmlÈç1c�x_�ú�5cK{U�Èh)(Ìk5c�x�}üxfnËxf�5e$ç1c|g>lÇx�}\â:e$v ä
i
x_hDd_{Ue�xVé`t!�5e.â5dfnUxfeVc|kmo�hUdfeje�ë\âmdfeMofofeVlüc|k �
é`p)n^g|c»éXhDkIlüe�ëEâIeVdfcKèje�kTx_hUg|gK}üp<�mhUd_h^pÏx_e�d_c-�VeVl
uT}.{Ue�g`of�5c|áîx
e�gKeVp)xfd_nUâ5�mnUd_eVofcKoÂhDkml�v ä
iBoÉe 
Òáån\nDx'âmdfcKkTxfcKk5{mé
t!�5e�}üe�gKqmp)c>l5h�x_eVlúofnUèjeÌnUáÂx_�5eÌá´h^pÏxfn^d_o¸ç1�5cKp<�úhUdfeÌcKèjâIn^dÉx<hDkTx¸áån^d�vBäBi u5cKkmlEcKk5{

ç1c�x_�*oÉc|xfe�ãùofâIeMp)c|æIp dfeMp)n^{Uk5c|xfcKnUk�hUo!çÂe�gKgXhUoÂx_n¡lEe�ì^e�gKnUâ�hjèje)xf�mn\l5nUgKnU{U}¡áånUd1{UeVk5e�d<h�x_c|km{
k5n�ìUeVg:âmdfnUxfe�cKkmoÂç1c|xf���5cK{U��h*(Ìk5c|x�}ÌáånUdÂx_hUdf{^e)x'v ä
i ofc�x_eVoVé5t!�5e�}.l5e�ìUeVg|n^âIeMl.h�{UeVk5e�d<hDg
è�e�xf�5nEl�x_n¸p)nUèjâ5q5x_h�x_c|n^kmhDgKgK}�oÉeVg|eMpÏxÅâ5d_nDx_e�cKkÌoÉeM÷^qme�kmp�eVo�xf�Ih�xÅd_eVp)n^{Uk5c ��e1hBx_hUdf{^e)xÒv ä
i
oÉeM÷^qme�kmp�eUéOt!�5e�}�qmofe�hjáån^d_p�e¸æmeVgKlËlEe�ì^e�gKnUâ:eVl�áån^dBqmofe¸cKk*x_�5e�â5d_nDx_e�cKkËlEeMoÉcK{Uk*âmdfnEp)eMofo
w þ  A
�taéVt!�5eÒáånUd<p)eÅæIe�g>l�qmofeVl�cKk�w þ  A
�t%c|kIp)gKqmlEeVoXxfeVdfèÌoXáånUd�ì�hUk�lEeVd �HhUhDg>o�p)nUkTx<hUpÏx<o�s
oÉn^g|ì�h�x_c|n^k �´h�u:e�kme)æ5x�áånUdÒumq5dfc>hDg:nDá8�\}ElEd_nUâ5�5n^u5c>p1oÉq5dfá´hUp�e
hDd_eVhmsUh�â:e�kmhUg�x�}�áån^dÒu5q5d_c>hDgmnUá
âIn^gKhUdaofq5dfá´hUp�e�hUdfeMh¡nUdae�ë\â:n^ofq5d_e�nUáÒ�\}ElEdfn^â5�5n^u5cKp�ofq5dÉá´h^p)ejhDd_eVh �Ïs:e�gKeVpÏx_dfnTo�x<h�x_cKpVo�s8hDkIl
�T}ElEd_nU{^e�k$uIn^kmlEcKk5{mé
t!�5e�}%qmofeVlÇh�áån^d_p�eÌæme�g>lÇhDkIlúh*lEeMoÉcK{UkÇèje)x_�5nElEnUgKnU{^}*x_�mh�xjhDgKg|n�çÿ{UeVk5e�d<h�x_c|n^k%nUá

â5dfnUxfeVc|k�oÉeM÷Tq5e�kmp�eVoÂx_nÌu5c|kIl.x_nÌhDk\}Ìx_hUdf{^e)x'v ä
i ofeV÷Tq5e�kIp)eUé
t!�5e�}�lEeMofp�dfcKuIe!h'{^e�k5eVd_hUg^èje�xf�5nElEn^g|n^{U}anDám{^e�k5eVd_hDxfcKnUk�nUámk5n�ìUeVg^âmdfnUxfe�cKkmoXxf�mhDx�umc|kml

oÉc|xfe�ãùofâIeMp)c|æIp�hUg|gK}HxfnÇv ä
i�é�t!�5c>oÌhDâ5âmdfnThUp<�úç1cKg|g'hUg|gKn�ç qmo�x_nHe�gKqmp)c>l5h�x_eÆxf�5e�d_e�g>h�x_c|ì^e
c|èjâ:nUdfx_hDkIp)e�nDáaì�hDd_c|n^qmo�áånUd<p)e�x_nHxf�5e*áånUd_èjhDxfcKnUkônDáaâ5d_nDxfeVc|k5ãùv ä
i p�nUèjâ5gKe)ëEeVoVéÒt!�5e
hDu5cKg|c|x�}¸x_nax_hUdf{^e)xÅoÉâ:eVp�c�æ:p1vBäBi�ofeV÷Tq5e�kIp)e!ç1c�x_�¡oÉèÌhUg|g5âmdfnUxfe�cKkmo�èÌh�}�hUgKofnaâ5d_n�ìUeÂqmoÉe�áåq5g
áånUd1x_�5e�d<hDâ:e�qEx_cKpan^d'lEc>hD{Ukmn^oÉxfc>paâ5q5d_âInToÉeaç1�5eVdfe�u5cKkmlEcKk5{ÌnUá�hjofâIeMp)c|æIp¸v ä
i ofeV÷Tq5eVkmp)e
cKo1kmeVp)eMofo_hDd_}Ué
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�k ð32Móùs54ThDèjc|eMoÉn^k*e)x¸hUg�éOqmofejd_hUkmlEnUèñè�qEx_hU{Ue�kmeVofcKoahDkIl*â5�mhU{UejlEc>oÉâ5g>h�}�xfn�hDg|xfeVd xf�5e
vBäBi1ãùu5c|kIlEc|km{�ofâIeMp)c|æIp)c|x�}jnDá�~:c|á � �&6 sUh¸xfd<hDkmo_p)d_cKâExfcKnUkjá´h^pÏxfn^dÅx_�mh�x!p)nUkTx<hDcKkmo�x_�5dfeVe �Vc|kmp
æmk5{UeVd¸lEnUèÌhUc|kmoVé �5n^q5d�d_eVofcKlEqmeVo c|k%x_�5eÌ�5e�gKc|ëËnDáÂæmk5{^e�djòjnDá
~:c�á � �76 xf�mhDx¸âInUxfeVk^x_cKhUg|gK}
è�eMlEc>h�xfe%vBäBi u5cKkmlEcKk5{Nç�eVdfe*c>lEeVk^x_c�æIeVl áåd_nUè hDk98
ã»d<h�}NoÉxfd_qmp)xfq5d_e*nDá�x_�5eH~Oc�á � �76 ã
vBäBiÑp�nUèjâ5gKe)ë8é\iõgKc|u5d<hDd_}jçÂh^oÒp�nUkmoÉxfd_qmpÏx_eVlÌcKk.ç1�mcKp<�Ìx_�5eVofe dfeMoÉc>lEq5eMoÅçÂe�d_e
d<hDkmlEn^èjg|}
è�qEx<h�xfeMlHhDkmlüxf�me$~:c�á � �76 ì�hDd_cKhUkTx_o ç�eVdfe�áåqmofeVl%x_n�hÆxfd_q5kmp�hDxfeMlüì^e�d<oÉcKnUkünDáÂxf�5eÌ{^e�k5e

 
 
!p)nTh�x1â5d_nDx_e�cKk$n^k$x_�5e¸ofq5dÉá´h^p)e nDá�bÇò$#�æmg>hDèjeVk^x_nUqmo!âm�mhD{^e âIhDdfxfc>p)gKeVoVé
t!�5e�}%ç�eVdfeÌqmkmhDu5gKe¡x_n*e�kmdfc>p<�HáånUd�p)gKnUk5eMo�xf�Ih�x�umc|kmlÇxfn�æmì^e¡nDx_�5e�d�u5cKkmlEcKk5{üofc�x_eVo

�´i B!ê�s B B!ê�s B!ê BBsXi�t�i hUkmlHt�i�t �)s�ofq5{U{^eVoÉxfcKk5{Æè�nElEc|æIpVh�xfcKnUkHnUá�ý�qmoÉx�xf�meVofejáånUq5d



�

dfeMoÉc>lEq5eMo`cKk�æmk5{^e�dÅòÅèÌh�} k5nDx�hDgKg|n�ç%c|xXxfn hUl5hUâEx`x_n
hDgKg^v ä
iNu5cKkmlEcKk5{Bofc�x_eVoVéVt!�5eÂo�x_qmlEcKeVo
oÉ�5n�çNxf�Ih�x�c|x�c>oÅâ:n^o_ofc|u5gKe1x_n¸cKofnUg>h�x_e ��cKkmp1æIk5{UeVd_o�u\}�@Å�mhU{Ue'lEc>ofâ5gKh�}�xf�mhDxÂlEc>oÉxfcKk5{Uq5c>of�5eVo
nUâ:e�d<h�xfn^d'oÉeM÷Tq5e�kmp�eVo'xf�mhDxBlEc|ï:eVd
u\}Æh.oÉcKk5{UgKe�umh^oÉe�p<�IhDk5{^eUémb�n^dfeVn�ìUeVdVsEofqmp<�*oÉeVg|eMpÏx_c|n^k
è�e�xf�5nEl5o
oÉ�5n^q5g>l$hUcKlÆcKkÆp�gKhUdfc|áå}\c|k5{jd_q5gKeVoÂáånUd �Vc|kIp æmk5{UeVdÉã�v ä
iÑdfeMp)n^{Uk5c|xfcKnUk`é
t!�5e�âmhDâ:e�d'ofq5{^{UeVoÉx_oÂx_�mh�xBâ5�mhUofe�lEc>oÉâ5g>h�}.c>o'h�â:n�ç�eVdÉáåq5g`xfn\nUg8áån^d'oÉn^dÉx_c|km{�gKcKu5d_hUdfcKeVo

nDá ��cKkmpÂæmk5{^e�dÅâ5d_nDx_e�cKkmo�áånUdÒu5c|kIlEc|km{axfn¸lEc|ï:eVdfeVkTxÅnUâ:e�d<h�xfn^dÅoÉeM÷Tq5e�kmp�eVoVéUí\â:eVp)c|æIp1eVk5d_cKp<�Eã
è�eVkTx_o¸çÂe�d_e.ofe�eVkHhDáîxfeVd�ofe�ìUeVd_hUgÅd_nUq5kmlmo�nDá'ofnUdfxfcKk5{�ç1c�x_�ÈofnUèje¡nUâ:e�d<h�x_nUd¸ofeV÷Tq5eVkmp)eMo�é
� �5e�k*p�g|n^k5eVo1çÂe�d_e¸hDkIhDgK} �VeVl�h�áîx_e�d
ofe�ì^e�d<hDg8d_nUq5kIl5o1nDá�ofe�gKeVpÏx_c|n^kÆáånUd
hÌ{^c|ì^eanUâ:e�d<h�xfn^dVs
xf�5eV}ÌnDáîxfeVk¡�mh^l¡oÉcKèjc|g>hDd!ofeV÷Tq5e�kIp)eVoÂhDkIl¡lEc|ï:eVdfeMljáådfn^è p)gKnUk5eMoÒc>oÉn^gKhDxfeMlÌqmofc|k5{�lEc|ï:eVdfeVk^x
nUâ:e�d<h�xfn^d ofeV÷Tq5eVkmp)e^é:b*nUd_e�n�ìUeVdVs:oÉn^èje�nUâ:e�d<h�x_nUdaoÉeM÷Tq5e�kmp�eVoB{^h�ì^e�k5nÆe�k5d_c>p<�5èje�kTx_o
áånUd
u5c|kIlEc|km{ âm�mhD{^eUs�hDkml�ç1�5e�k�oÉeM÷Tq5e�kmp�eVo�áåd_nUè nUkme�nUá5xf�5eMoÉe ��i B!ê �XçÂe�d_e�hUkmhDgK} ��eMl8s�g|c|xÉx_g|e
p)nUkIoÉeVkmoÉqIo!çÂh^o�n^umofe�d_ìUeVl`é
i'g|xf�5n^q5{U�üxf�5e$oÉâ:eVp�c�æIp�c�x�}ühUlEì�hDkTx<hD{UeMoalEe)x_e�d_è�cKk5eMlËáån^daxf�5ejáåeVç p)gKnUk5eMo�hDkmhUg|} ��eMl

hDd_eÅèjc|g>l8sVxf�5e!p)gKnUk5eMo`çÂe�d_eÒoÉxfcKg|gTâIn�çÂe�dfáåq5gToÉeVg|eMpÏxfeMl8é�t!�5e�d_eÒhDd_eÅgKc|èjc|x_hDxfcKnUkmo�nDáEx_�5eÒâ5�IhD{Ue
lEcKofâ5g>h�}¡èje)x_�5nEl.x_�mh�x'kme�eVl$x_n�u:e�e�èjâ5�IhUofc-�VeVl8é
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�k ð 6 ó»s� Âq5gK} !%e)xjhDg»é�l5eVo_p)d_c|u:e$h*v ä
iûèjcKp�dfnThDd_d_h�}TãùumhUofeVlËèje)xf�mn\lÇxfnüp<�IhDd<hUpÏx_e�d_c-�Ve
oÉeM÷^qme�kmp�e)ã�oÉâ:eVp�c�æIpÆv ä
iñd_eVp)n^{Uk5c|xfcKnUkNu\} ��cKkmpÏã»æmk5{^e�djâ5d_nDxfeVc|kIo�é�i�â5�mhU{Ue�lEc>oÉâ5g>h�}ÇgKc�ã
u5d_hUdf}^sÒâ5d_e�âIhDd_eVl u\} d_hUkmlEnUèjc ��cKk5{úp)d_c|xfc>p�hDgahDèjcKk5nÈh^p)c>l dfeMoÉc>lEq5eMo¡cKkõx_�5eüofeVp�nUkml nUá
xf�5d_e�ejæmkm{Ue�d<o�nUá�x_�5e¡èjnUqmofe$~:c|á � �&6 l5nUèÌhDcKk`sXâmdfn�ì\c>lEeVl%h�dfc>p<�ÇoÉn^q5d<p)ejnDá ��cKkmp)ã�æmkm{Ue�d
â5dfnUxfeVc|k*ç1c|xf�Ëì�hUdfc>hDkTxavBäBi1ãùu5c|kIlEc|km{ÆofâIeMp)c|æIp)c|xfcKeVoVéOb�cKp�dfnThDd_d_h�}Eo1p�nUkTx_hUc|k*hUg|g�âInTofofcKu5g|e
#�ãùu5â$umc|kml5c|k5{¡ofc|xfeVo1áånUd!xf�me�ì�hUdfc>hDumg|e ��cKkmp æmkm{Ue�d<o!â:e�d_è�c|xÉx_eVl$xf�me¸÷^qIhDkTxfc|x_hDxfcKnUk�nDá�xf�5e
u5c|kIlEc|km{.oÉc|xfe�â5dfe�áåe�d_e�kmp�eVo
nDá�xf�5e�e�kTxfcKdfe�g|cKu5d<hDd_}Us5â:n\nUg>o1nDá ��cKkmpaæIk5{UeVd_oBp)nUd_d_eVofâIn^kmlEcKk5{
xfn�lEc|ïOe�d_e�kTxÒd_nUq5kmlmo�nDá`oÉeVg|eMpÏx_c|n^k�áåd_nUè xf�mcKoÒg|cKu5d<hDd_}UsUh^o�ç�eVg|gIhUo�cKkmlEcKì\cKlEqIhDgO~Oc�á � �76 ì�hDd_c�ã
hDkTx_o�xf�mhDx�çÂe�d_e¡c>oÉn^gKhDxfeMlHáådfn^è xf�5eÆg|cKu5d<hDd_}üu\}Hqmofc|km{üofâIeMp)c|æIp$v ä
iñofeV÷Tq5eVkmp)e^é�t!�5e
dfeMoÉq5g|x_o�lEeVè�n^kmoÉxfd<h�xfe.xf�5e$áåeVh^oÉcKu5cKg|c|x�}ÇnDá'qIoÉcKk5{HvBäBi èjc>p)d_n^hDd_d<h�}\o�áånUd�{Ue�kmnUèje)ãùç1cKl5e
cKlEeVkTxfc|æIp�hDxfcKnUkÆnDá�â5qEx_hDxfcKìUeax_d_hUkmofp�dfcKâEx_c|n^k¡á´hUp)xfn^dÉãùu5cKkmlEcKk5{ÌoÉc|xfeMo�é
t!�5e�}úqIoÉe*v ä
iöèjc>p)d_n^hUdfd<h�}Ëx_nÇe)ë5hDèjcKk5eÆxf�5e*ofâ:eVpÏx_dfqmè nDáau5cKkmlEcKk5{Dã�ofc�x_e*oÉâ:eVp�c�ã

æIp)c|xfcKeVojnUáBhüp�nUgKg|eMpÏx_c|n^kÈnDá�~:c�á � �76 è�qEx<hDkTx_ojofe�gKeVpÏx_eVlÈáådfn^è
hËâm�mhD{^e$lEc>oÉâmgKh�}ÇgKc|umd_hUdf}
nDá�xf�5e�oÉeMp)n^kml$æmk5{UeVdVé��BqmhDkTxfc|x_hDxfcKìUe�èjeVh^oÉqmdfeVè�eVkTx_o1nUá�èjn^dfe�x_�mhDk 2 ��� v äBíTãùâ5d_nDx_e�cKk
c|kTxfeVd_h^pÏx_c|n^kmo1çÂe�d_e�{^h�x_�5e�d_eVl$áåd_nUè�ò � lEc|ï:eVdfeVkTx
èjcKp�dfnThDd_d_h�}Tãùu5c|kIlEc|km{�h^ofo_h�}Eo�u\}Æqmofc|k5{
ç1c|g>l\ã»x�}Tâ:e�~:c|á � �&6 sTáånUq5d1è�qEx_hUkTx_o'hUkml$ofe�ì^e�kÆâIn\n^gKo!nUá�è�qEx_hUk^x<o�é
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o'çÂe¸èje�kTx_c|n^k5eVl�cKk�xf�me 
�kTxfd_n\l5qmpÏx_c|n^k`sIh � 
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Over the past few years radically new ways of computing and communi-
cation have been found that exploit quantum mechanical phenomena of
physical systems.. Quantum entanglement is one such phenomenon that
happens to be the heart of quantum computation and communication. We
review some of the very surprising consequences of entanglement for quan-
tum communication.

Man has always been discovering and inventing things to make many of his tasks in life simpler.
Computation is one such task that the human race has actively pursued over the past few years to
solve many problems that occur in real life. Over the past few decades there has been a phenomenal
progress in the power of computational devices using silicon based integrated circuits. This extraor-
dinary technological progress based on the laws of classical physics cannot continue indefinitely as
the size of the devices would reach atomic scales soon. At these extreme regimes of natures, the
functioning of these devices would be governed by quantum mechanics. Physicists and computer sci-
entists have come up with ideas that exploit quantum mechanical behaviour of these devices to show
radically new forms of computing and communication with quantum mechanical states of physical
systems. In this report we review quantum entanglement as applicable to quantum communications.

I. QUANTUM ENTANGLEMENT

The simplest example of an entangled state is a two-qubit entangled state. This state can be
mathematically represented as ψ = 1√

2
(|00〉 + |11〉) where |0〉 and |1〉 correspond to spin-up and

spin-down states of nuclei or horizontal and vertical polarization of photons respectively. The state
ψ is entangled as the probability that the first bit is measured to be |0〉 is 1/2 provided the second bit
has not been measured. However, if the second bit had been measured, the probability that the first
bit is measured as |0〉 is either 1 or 0, depending on whether the second bit was measured as |0〉 or
|1〉 respectively. Thus the probable result of measuring the first bit is changed by a measurement of
the second bit. Mathematically entangled states cannot be written as a tensor product of individual
states.

A The EPR Paradox

Einstein, Podolsky and Rosen proposed a gedanken experiment that uses entangled particles in a
manner that seemed to violate fundamental principles relativity. Imagine a source that generates
two maximally entangled particles 1√

2
|00〉+ 1√

2
|11〉, called an EPR pair, and sends one each to Alice

and Bob.
Alice and Bob can be arbitrarily far apart. Suppose that Alice measures her particle and observes

state |0〉. This means that the combined state will now be |00〉 and if now Bob measures his particle
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he will also observe |0〉. Similarly, if Alice measures |1〉, so will Bob. Note that the change of the
combined quantum state occurs instantaneously even though the two particles may be arbitrarily
far apart. It appears that this would enable Alice and Bob to communicate faster than the speed of
light. Further analysis, as we shall see, shows that even though there is a coupling between the two
particles, there is no way for Alice or Bob to use this mechanism to communicate.

There are two standard ways that people use to describe entangled states and their measurement.
Both have their positive aspects, but both are incorrect and can lead to misunderstandings. Let us
examine both in turn.

Einstein, Podolsky and Rosen proposed that each particle has some internal state that completely
determines what the result of any given measurement will be. This state is, for the moment, hidden
from us, and therefore the best we can currently do is to give probabilistic predictions. Such a theory
is known as a local hidden variable theory. The simplest hidden variable theory for an EPR pair is
that the particles are either both in state |0〉 or both in state |1〉, we just don’t happen to know which.
In such a theory no communication between possibly distant particles is necessary to explain the
correlated measurements. However, this point of view cannot explain the results of measurements
with respect to a different basis. In fact, Bell showed that any local hidden variable theory predicts
that certain measurements will satisfy an inequality, known as Bell’s inequality. However, the result
of actual experiments performing these measurements show that Bell’s inequality is violated. Thus
quantum mechanics cannot be explained by any local hidden variable theory.

The second standard description is in terms of cause and effect. For example, we said earlier that
a measurement performed by Alice affects a measurement performed by Bob. However, this view
is incorrect also, and results, as Einstein, Podolsky and Rosen recognized, in deep inconsistencies
when combined with relativity theory. It is possible to set up the EPR scenario so that one observer
sees Alice measure first, then Bob, while another observer sees Bob measure first, then Alice. Ac-
cording to relativity, physics must equally well explain the observations of the first observer as the
second. While our terminology of cause and effect cannot be compatible with both observers, the
actual experimental values are invariant under change of observer. The experimental results can be
explained equally well by Bob’s measuring first and causing a change in the state of Alice’s particle,
as the other way around. This symmetry shows that Alice and Bob cannot, in fact, use their EPR
pair to communicate faster than the speed of light, and thus resolves the apparent paradox. All that
can be said is that Alice and Bob will observe the same random behavior.

In the following sections on teleportation and dense coding, we show how EPR pairs can be used
to aid communication.

II. QUANTUM TELEPORTATION

Before we look into quantum teleportation, we review the No Cloning Theorem that states that
an unknown quantum state can not be perfectly cloned.

A The No Cloning Theorem

The unitary property implies that quantum states cannot be copied or cloned. The no cloning
proof is a simple application of the linearity of unitary transformations.

Assume that U is a unitary transformation that clones, in that U(|a0〉) = |aa〉 for all quantum
states |a〉. Let |a〉 and |b〉 be two orthogonal quantum states. Say U(|a0〉) = |aa〉 and U(|b0〉) = |bb〉.
Consider |c〉 = (1/

√
2)(|a〉+ |b〉). By linearity,

U(|c0〉) = 1√
2
(U(|a0〉) + U(|b0〉))

= 1√
2
(|aa〉+ |bb〉).
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But if U is a cloning transformation then

U(|c0〉) = |cc〉 = 1/2(|aa〉+ |ab〉+ |ba〉+ |bb〉),

which is not equal to (1/
√

2)(|aa〉 + |bb〉). Thus there is no unitary operation that can reliably
clone unknown quantum states. It is clear that cloning is not possible by using measurement since
measurement is both probabalistic and destructive of states not in the measuring device’s associated
subspaces.

It is important to understand what sort of cloning is and isn’t allowed. It is possible to clone
a known quantum state. What the no cloning principle tells us is that it is impossible to reliably
clone an unknown quantum state. Also, it is possible to obtain n particles in an entangled state
a|0000 . . . 0〉 + b|1111 . . . 1〉 from an unknown state a|0〉 + b|1〉. Each of these particles will behave
in exactly the same way when measured with respect to the standard basis for quantum computa-
tion {|00 . . . 0〉, |00 . . . 01〉, . . . , |11 . . . 1〉}, but not when measured with respect to other bases. It is
therefore impossible to create the n particle state (a|0〉+ b|1〉)⊗ . . .⊗ (a|0〉+ b|1〉) from an unknown
state a|0〉+ b|1〉.

B Telportation

Teleportation is a process of reproducing an unknown quantum state by the use classical com-
munication and EPR pairs. The objective is to transmit the quantum state of a particle using
classical bits and reconstruct the exact quantum state at the receiver. Since quantum state cannot
be copied, the quantum state of the given particle will necessarily be destroyed. Here is the protocol
for teleporting a quantum state.

Alice Alice has a qubit whose state she doesn’t know. She wants to send the state of ths qubit

φ = a|0〉+ b|1〉

to Bob through classical channels. Alice and Bob each possess one qubit of an entangled pair

ψ0 =
1√
2

(|00〉+ |11〉).

The starting quantum state is written as

φ⊗ ψ0 =
1√
2

(a|0〉 ⊗ (|00〉+ |11〉) + b|1〉 ⊗ (|00〉+ |11〉))

=
1√
2

(a|000〉+ a|011〉+ b|100〉+ b|111〉),

of which Alice controls the first two bits and Bob controls the last one. Alice now applies Cnot ⊗ I
and H ⊗ I ⊗ I to this state:

(H ⊗ I ⊗ I)(Cnot ⊗ I)(φ⊗ ψ0)

= (H ⊗ I ⊗ I)(Cnot ⊗ I)
1√
2

(a|000〉+ a|011〉+ b|100〉+ b|111〉)

= (H ⊗ I ⊗ I)
1√
2

(a|000〉+ a|011〉+ b|110〉+ b|101〉)

=
1

2
(a(|000〉+ |011〉+ |100〉+ |111〉) + b(|010〉+ |001〉 − |110〉 − |101〉))

=
1

2
(|00〉(a|0〉+ b|1〉) + |01〉(a|1〉+ b|0〉) + |10〉(a|0〉 − b|1〉) + |11〉(a|1〉 − b|0〉))
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where Cnot is the Controlled-NOT operator, I the identity operator and H is the Hadamard
Tranform. Alice measures the first two qubits to get one of |00〉, |01〉, |10〉, or |11〉 with equal
probability. Depending on the result of the measurement, the quantum state of Bob’s qubit is
projected to a|0〉+ b|1〉, a|1〉+ b|0〉, a|0〉 − b|1〉, or a|1〉 − b|0〉 respectively. Alice sends the result of
her measurement as two classical bits to Bob.

Note that when she measured it, Alice irretrievably altered the state of her original qubit φ, whose
state she is in the process of sending to Bob. This loss of the original state is the reason teleportation
does not violate the no cloning principle.

Bob When Bob receives the two classical bits from Alice he knows how the state of his half of the
entangled pair compares to the original state of Alice’s qubit.

bits received state decoding
00 a|0〉+ b|1〉 I
01 a|1〉+ b|0〉 X
10 a|0〉 − b|1〉 Z
11 a|1〉 − b|0〉 Y

Here X,Y , and Z are the Pauli operators. Bob can reconstruct the original state of Alice’s qubit,
φ, by applying the appropriate decoding transformation to his part of the entangled pair. Note that
this is the encoding step of dense coding.

III. SUPERDENSE CODING

Superdense coding uses one quantum bit together with an EPR pair to encode and transmit two
classical bits. Since EPR pairs can be distributed ahead of time, only one qubit (for example a
photon) needs to be physically transmitted to communicate two bits of information. This result is
surprising as only one classical bit’s worth of information can be extracted from a qubit. Superdense
Coding is the opposite of teleportation, in that it uses two classical bits to transmit a single qubit.

The key to both dense coding and teleportation is the use of entangled particles. The initial set
up is the same for both processes. Alice and Bob wish to communicate. Each is sent one of the
entangled particles making up an EPR pair,

ψ0 =
1√
2

(|00〉+ |11〉).

Say Alice is sent the first particle, and Bob the second. So until a particle is transmitted, only
Alice can perform transformations on her particle, and only Bob can perform transformations on
his.

A The Superdense Coding Protocol

Alice Alice receives two classical bits, encoding the numbers 0 through 3. Depending on this
number Alice performs one of the transformations {I,X, Y, Z} on her qubit of the entangled pair
ψ0. Transforming just one bit of an entangled pair means performing the identity transformation on
the other bit. The resulting state is shown in the table.

Value Transformation New state
0 ψ0 = (I ⊗ I)ψ0

1√
2
(|00〉+ |11〉)

1 ψ1 = (X ⊗ I)ψ0
1√
2
(|10〉+ |01〉)

2 ψ2 = (Y ⊗ I)ψ0
1√
2
(−|10〉+ |01〉)

3 ψ3 = (Z ⊗ I)ψ0
1√
2
(|00〉 − |11〉)
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Alice then sends her qubit to Bob.
Bob Bob applies a controlled-not to the two qubits of the entangled pair.

Initial state Controlled-not First bit Second bit
ψ0 = 1√

2
(|00〉+ |11〉) 1√

2
(|00〉+ |10〉) 1√

2
(|0〉+ |1〉) |0〉

ψ1 = 1√
2
(|10〉+ |01〉) 1√

2
(|11〉+ |01〉) 1√

2
(|1〉+ |0〉) |1〉

ψ2 = 1√
2
(−|10〉+ |01〉) 1√

2
(−|11〉+ |01〉) 1√

2
(−|1〉+ |0〉) |1〉

ψ3 = 1√
2
(|00〉 − |11〉) 1√

2
(|00〉 − |10〉) 1√

2
(|0〉 − |1〉) |0〉

Note that Bob can now measure the second qubit without disturbing the quantum state. If the
measurement returns |0〉 then the encoded value was either 0 or 3, if the measurement returns |1〉
then the encoded value was either 1 or 2.

Bob now applies H to the first bit:

Initial state First bit H(First bit)
ψ0

1√
2
(|0〉+ |1〉) 1√

2
( 1√

2
(|0〉+ |1〉) + 1√

2
(|0〉 − |1〉)) = |0〉

ψ1
1√
2
(|1〉+ |0〉) 1√

2
( 1√

2
(|0〉 − |1〉) + 1√

2
(|0〉+ |1〉)) = |0〉

ψ2
1√
2
(−|1〉+ |0〉) 1√

2
(− 1√

2
(|0〉 − |1〉) + 1√

2
(|0〉+ |1〉)) = |1〉

ψ3
1√
2
(|0〉 − |1〉) 1√

2
( 1√

2
(|0〉+ |1〉)− 1√

2
(|0〉 − |1〉)) = |1〉

Finally, Bob measures the resulting bit which allows him to distinguish between 0 and 3, and 1
and 2.

IV. QUANTUM ERROR CORRECTION

One fundamental problem in building quantum computers is the need to isolate the quantum state.
An interaction of particles representing qubits with the external environment disturbs the quantum
state, and causes it to decohere, or transform in an unintended and often non-unitary fashion.
Adding error correction protocols mitigates the effect of decoherence, quantum error correction is
going to be a key component of quantum computation and communications algorithms.

On the surface quantum error correction is similar to classical error correcting codes in that
redundant bits are used to detect and correct errors. But the situation for quantum error correction
is somewhat more complicated than in the classical case since we are not dealing with binary data
but with quantum states.

Quantum error correction must reconstruct the exact encoded quantum state. Given the impos-
sibility of cloning or copying the quantum state, this reconstruction appears harder than in the
classical case. However, it turns out that classical techniques can be modified to work for quantum
systems.

A Characterization of Errors

In the following it is assumed that all errors are the result of quantum interaction between a
set of qubits and the environment. The possible errors for each single qubit considered are linear
combinations of no errors (I), bit flip errors (X), phase errors (Z), and bit flip phase errors (Y ).
A general single bit error is thus a transformation e1I + e2X + e3Y + e4Z. Interaction with the
environment transforms single qubits according to

|ψ〉 → (e1I + e2X + e3Y + e4Z)|ψ〉 =
∑
i

eiEi|ψ〉.



6

For the general case of quantum registers, possible errors are expressed as linear combinations of
unitary error operators Ei. These could be combinations of single bit errors, like tensor products of
the single bit error transformations {I,X, Y, Z}, or more general multi-bit transformations. In any
case, an error can be written as

∑
i eiEi for some error operators Ei and coefficients ei.

B Recovery of Quantum State

An error correcting code for a set of errors Ei consists of a mapping C that embeds n data bits
in n + k code bits together with a syndrome extraction operators SC that maps n + k code bits to
the set of indices of correctable errors Ei such that i = SC(Ei(C(x))). If y = Ej(C(x)) for some
unknown but correctable error, then error SC(y) can be used to recover a properly encoded value
C(x), i.e. E−1

SC(y)(y) = C(x).
Now consider the case of a quantum register. First, the state of the register can be in a superpo-

sition of basis vectors. Furthermore, the error can be a combination of correctable error operators
Ei. It turns out that it is still possible to recover the encoded quantum state.

Given an error correcting code C with syndrome extraction operator SC , an n-bit quantum state
|ψ〉 is encoded in a n+ k bit quantum state |φ〉 = C|ψ〉. Assume that decoherence leads to an error
state

∑
i eiEi|φ〉 for some combination of correctable errors Ei. The original encoded state |φ〉 can

be recovered as follows:

1. Apply the syndrome extraction operator SC to the quantum state padded with sufficient |0〉
bits:

SC(
∑
i

eiEi|φ〉)⊗ |0〉 =
∑
i

ei(Ei|φ〉 ⊗ |i〉).

Quantum parallelism gives a superposition of different errors each associated with their respec-
tive error index i.

2. Measure the |i〉 component of the result. This yields some (random) value i0 and projects the
state to

Ei0|φ, i0〉

3. Apply the inverse error transformation E−1
i0 to the first n + k qubits of Ei0|φ, i0〉 to get the

corrected state |φ〉.

Note that step 2 projects a superposition of multiple error transformations into a single error.
Consequently, only one inverse error transformation is required in step 3.

C Error Correction Example

Consider the trivial error correcting code C that maps |0〉 → |000〉 and |1〉 → |111〉. C can correct
single bit flip errors

E = {I ⊗ I ⊗ I,X ⊗ I ⊗ I, I ⊗X ⊗ I, I ⊗ I ⊗X}.

The syndrome extraction operator is

S : |x0, x1, x2, 0, 0, 0〉 → |x0, x1, x2, x0
⊕
x1, x0

⊕
x2, x1

⊕
x2〉,

with the corresponding error correction operators shown in the table. Note that Ei = E−1
i for this

example.
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Bit flipped Syndrome Error correction

none |000〉 none
0 |110〉 X ⊗ I ⊗ I
1 |101〉 I ⊗X ⊗ I
2 |011〉 I ⊗ I ⊗X

Consider the quantum bit |ψ〉 = 1√
2
(|0〉 − |1〉) that is encoded as

C|ψ〉 = |φ〉 =
1√
2

(|000〉 − |111〉)

, a three qubit entangled state and the error

E =
4

5
X ⊗ I ⊗ I +

3

5
I ⊗X ⊗ I.

The resulting error state is

E|φ〉 = (
4

5
X ⊗ I ⊗ I +

3

5
I ⊗X ⊗ I)(

1√
2

(|000〉 − |111〉))

=
4

5
X ⊗ I ⊗ I(

1√
2

(|000〉 − |111〉)) +
3

5
I ⊗X ⊗ I(

1√
2

(|000〉 − |111〉))

=
4

5
√

2
X ⊗ I ⊗ I(|000〉 − |111〉) +

3

5
√

2
I ⊗X ⊗ I(|000〉 − |111〉)

=
4

5
√

2
(|100〉 − |011〉) +

3

5
√

2
(|010〉 − |101〉)

Next apply the syndrome extraction to (E|φ〉)⊗ |000〉 as follows:

SC((E|φ〉)⊗ |000〉)

= SC(
4

5
√

2
(|100000〉 − |011000〉) +

3

5
√

2
(|010000〉 − |101000〉))

=
4

5
√

2
(|100110〉 − |011110〉) +

3

5
√

2
(|010101〉 − |101101〉)

=
4

5
√

2
(|100〉 − |011〉)⊗ |110〉+

3

5
√

2
(|010〉 − |101〉)⊗ |101〉

Measuring the last three bits of this state yields either |110〉 or |101〉. Assuming the measurement
produces the former, the state becomes

1√
2

(|100〉 − |011〉)⊗ |110〉.

The measurement has the almost magical effect of causing all but one summand of the error to
disappear. The remaining part of the error can be removed by applying the inverse error operator
X ⊗ I ⊗ I, corresponding to the measured value |110〉, to the first three bits, to produce

1√
2

(|000〉 − |111〉) = C|ψ〉 = |φ〉.

V. CONCLUSIONS

Quantum computing and communications are novel ways of engineering quantum systems and
are proving to dramatically change the way we think about computation, complexity, information,
and communication. Quantum entanglement is one of the most important consequences of quantum
mechanics and ,as we have seen, introduces a new dimension to computation and communications.
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Abstract

We suggest several assembly strategies for creating a col-
lagen substrate capable of supporting a self-assembling car-
bon nanotube based circuit. Several strategies are explored
and their strengths and weaknesses highlighted. A novel
structure consisting of yeast-generated flat collagen strands
with ’sticky ends’ which tile to form a flat lattice structure is
proposed as the support for a carbon nanotube circuit. The
nanotubes are affixed to the collagen base by a double-sided
molecule consisting of a pyrenoid moiety that binds carbon
nanotubes and an antibody-functional tail that binds to col-
lagen.

1 Collagen Introduction

Collagen, the most abundant protein in the body, pro-
vides structure and resilience to tissues. Collagen has a right-
handed triple helical framework, and its composition is char-
acterized by an abundance of two amino acids, glycine and
proline. Glycine is essential for the right-handed triple he-
lix structure, and collagen is typically composed of a three
amino acid chain that consists of glycine and two other amino
acids. Collagen’s rigid yet flexible structure makes it a suit-
able construction material. The ability to choose from the 20
amino acids in the other two amino acid chains of the struc-
ture gives additional flexibility in designing specific collagen
strands. Similarity to nanotubes in size is another factor in
favor of using collagen as a building material for nanocir-
cuits. A typical collagen molecule is 300 nm long and 1.5
nm in diameter, quite similar to the 1.1 nm diameter of a car-
bon nanotube. Another major advantage of using collagen in
the molecular framework is its strength, which is due to the
hydrogen bonds chaining the triple helix together. [2][1] Re-
searchers have recently reported electrospinning of collagen
nanofibers and in-vitro development of collagen. In order

to produce the carefully engineered collagen necessary for
this scheme, the best production choice would be using liv-
ing cells as factories. Yeast is being explored as a collagen
producer, and perhaps simpler organisms can be employed in
this manner. [3]

Using collagen as the molecular scaffold may hold some
potential problems attributable to its molecular framework.
At high temperatures, particularly above 40C, the triple-helix
unwinds and the collagen molecule denatures. New studies
are currently targeting improvements in the thermal stability
of collagen. Potentially problematic changes in collagen’s
strength and rigid structure over time demand further inves-
tigation.

2 Nanotube Introduction

Carbon nanotubes are single cylindrical molecules in the
fullerene molecular family that exhibit the same closed struc-
ture as buckyballs; nanotubes extend into long strands rather
than forming a spherical structure. Nanotubes are extremely
resistant to stress. They form as single walled nanotubes
(SWNT) or multiwalled nanotubes (MWNT). Both SWNT
and MWNT share the exciting electrical properties which
make them attractive for use in nanoelectronics. The single
walled nanotubes are considered here due to their smaller
size and simpler structure.

There are three types of nanotubes that differ in the an-
gle at which they are rolled. Depending on this angle, nan-
otubes can function either as semiconductors or conductors.
The types include armchair, zigzag, and chiral. The ’arm-
chair’ type exhibits metallic conductivity and resistance that
increases with heat [5][19]. The chiral type produces semi-
conducting nanotubes. The architecture considered later in
this paper requires both metallic and semiconducting nan-
otubes. There are several known production methods such as
chemical vapor deposition[7] and arc discharge[12] among
others [10]. However, there is no known method for grow-
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ing a particular type of nanotube nor for separating one type
from another.

3 Collagen Assembly Strategies

3.1 Overlap Strategies

The construction of a self-assembling carbon nanotube
lattice with a collagen substrate naturally begins with sub-
strate assembly. In nature, collagen triple helix strands bond
together in parallel rows, head to tail, with a gap between the
head of one and the tail of the next and an offset between the
parallel rows.

With this structure in mind, several design strategies were
considered. The first and most obvious was to construct a
grid of single collagen strands (see figure 1). The obvious
defects in this model are the limited binding surface avail-
able where the two strands meet at a 90 degree angle and the
existence of gaps between the head of one strand and the tail
of the next. Creating a good bond with this structure is prob-
lematic because the diameter of a single collagen strand is
1.1 nm, providing a limited surface area for bonding.

Figure 1. Strategy 1: Simple crossover

Figure 2. Head to tail collagen assembly illus-
trating gaps and offsets. Note: Not to scale

A second strategy seeks to take advantage of the offset

when parallel collagen strands bond to one another. See fig-
ure 2. In this strategy, junctions present at the parallel fiber
overlaps would contribute significantly to the strength of the
resulting structure by providing multiple points of contact
for the perpendicular strands, and the presence of multiple
strands eliminates the potential problem of gaps between the
head of one fiber and the tail of the next. Two types of col-
lagen strands would be required, one with suitable binding
sites for nanotubes and the other without (figure 3).

Figure 3. Strengthen structure with multiple
overlaps

This strategy can be scaled up to include multiple strands
with proportionally greater contact area, perhaps with alter-
nating types of collagen strands (figure 4).

Figure 4. Scale up multiple overlap approach

Collagen strands designed to form a single 90 degree bend
might lend themselves to an assembly strategy using tiling
(figure 6).

One of the ways to construct regular grids out of collagen
is to join collagen triple helices to form the vertices of a grid.
Several grid types can be envisioned, depending upon how
many helices can be joined in a knot (figure 7). Note that
it is not possible to join 3 helices, since the number of indi-
vidual strands to be joined is odd. It is possible, however, to
design a tile containing a node of 4 collagen helices, which,
if assembled into a sheet would form a regular grid.



Figure 5. Increase binding surface area

Figure 6. Tiling with single 90 degree bends.

Figure 7. Grid configurations considered.

The design of a tile is governed by two major factors:
strand orientation within each helix must coincide and it
should be possible to arrange tiles side by side as to cover
the plane. The first of the following tiles (figure 8) has the
problem that the three sequences in each helix do not have
the same orientation. The second tile cannot be used either
because the direction of the helices do not allow for sequen-
tial tiling. The last of these tiles permits the construction of
a grid as shown in figure 3.1. Note that the junction needs to
be flat in order to avoid rigidity problems.

As an aside, one might reasonably question whether this
structure already exists in nature. If it could be constructed
in vitro, a binding antibody could be found and employed to
search for the identical structure in vivo.

The first step in the self-assembly of the collagen grid is

Figure 8. Tiles A and B

Figure 9. Tile C

Figure 10. Grid made of type C tiles

to engineer the strands needed to form a tile. Yeast cells have
demonstrated the expression of collagen. Using bacterial cul-
ture for the manufacturing of collagen would be optimal be-
cause of the possible simplicity of the cell which would al-



low better control over the production process. Current DNA
production techniques must be extended for specifically en-
gineering collagen. Care must be taken to ensure that there is
a unique way for the engineered strands to bind to each other
(six are required). This can be achieved by using appropriate
amino acids to differentiate all binding sites. In order to con-
struct the collagen lattice, the utilization of a seed tile as well
as edge tiles will be required. As in DNA-tiled structures, an
assembled sheet may be prone to errors involving tiles twist-
ing and binding incorrectly if tiles are not sufficiently rigid
(for discussion of tiling see for instance [17][9]). A rein-
forcing mechanism may be necessary to provide additional
rigidity.

3.2 Molecular Lashing

Molecular lashing, utilizing a molecule such as rotax-
ane to attach to and reinforce the juncture, is an example
of such an approach. Such a scheme involves searching
for molecules that could bring about binding equivalent to
rope lashing. The molecule pictured in figure 11 is a didac-
tic example that demonstrates the likely nature of the four
”arms” desired for reinforcing a four-way collagen junction,
in which two such molecules come together and fuse over
the collagen intersection.

Figure 11. Conventional (diagonal) rope lash-
ing and a molecule that could (theoretically)
do the equivalent when two come together and
react over the intersection.

4 Glues

4.1 Antibodies

Various possibilities exist for attaching nanotubes to col-
lagen. Antibodies, which are ”Y-shaped” immunoglobulins
that bond to epitope sites on antigens, are a useful tool. An
epitope site is a sequence of typically six or fewer amino
acids. Bonding between antibodies and antigens is non-
covalent [13]. Figure 12 shows a typical antibody, which
consists of two heavy chains and two light chains. The vari-
able region is the portion of the antibody that binds to the

antigen. Recall that proteins can be conjugated to antibod-
ies and that secondary antibodies can bind to the constant
regions of other antibodies.

Figure 12. Typical antibody

In order to avoid interfering with the electrical proper-
ties of the nanotubes, no covalent bonds may come in con-
tact with them. A team at Stanford presents a non-covalent
method for immobilizing biomolecules on the surfaces of
carbon nanotubes [4]. This method creates several options
for attaching nanotubes to collagen, and since the bonds be-
tween antibodies and antigens are non-covalent, antibodies
could also be directly attached to nanotubes without affecting
their behavior. Two examples have been shown in Figure 13
to illustrate possibilities for attaching nanotubes to collagen.
In the first example, the method presented in [4] would be
used to immobilize streptavidin on the surface of nanotubes.
Streptavidin is a tetramer capable of irreversibly binding bi-
otin molecules. Thus, a biotin conjugated antibody that binds
to collagen can be used to link collagen to the streptavidin on
the nanotube. In the second example, ferritin is immobilized
on the nanotube surface. A protein having both a binding
site for ferritin and a binding site for collagen could be engi-
neered, possibly by linking two antibodies, to attach the nan-
otube to the tile. Other options are available [8][16][20][18].

4.2 Nanotube Functionalization

We must address the question of how to functionalize –
and hence bind, manipulate, and assemble – nanotube molec-
ular wires. The problem at hand is not to be considered
within the paradigm of traditional chemical functionaliza-
tion, as we have to be exceedingly careful not to disrupt
the delocalized electronic system in each nanotube molecule.
One extremely attractive solution consists of employing the
molecule pictured in figure 14, with delocalized aromatic
groups that can bind non-covalently and irreversibly to nan-
otubes, providing an ideal ligand that can easily be attached
to collagen substrates through traditional chemical synthesis



Figure 13. Possibilities for attaching nan-
otubes to collagen

and reactivity.

Figure 14. Structure of the ligand (1-
Pyrenebutanoic Acid, Succinimidyl Ester)
used by the Dai group at Stanford in or-
der to functionalize nanotubes and anchor
proteins[4].

5 Architecture

From the standpoint of building useful circuits out of
the established molecular toolkit, the circuit architecture be-
comes very limited. Only single-walled nanotube (SWNT)
intersections will be considered. Charles Lieber (et al.) has
demonstrated a termed electrostatic switch using nanotubes,
which requires nothing more than a SWNT cross-point. If
placed with lithography techniques, the nanotubes will sepa-
rate in the z-dimension to approach a mechanical minimum.
The resistance between these nanotubes is finite and very
large. However, if the nanotubes are held at opposite electri-

cal polarities, they can be effectively doped in a non-volatile
but still reversible manner. This will cause the nanotubes to
attract, and the z-dimension distance between them will be
held at a van der Walls minimum (ON state). The resistance
here is still finite, but it is orders of magnitude less than the
mechanical minimum (OFF state). Both switch states are
shown in Figure 15.

Figure 15. Electrostatic switch

The resistance difference between states spans 5 orders
of magnitude. It is important to note that this device can be
made with any combination of semiconducting and metallic
nanotubes; however, implanting diode characteristic (essen-
tial for wired logic) into an intersection requires a lower layer
of semiconducting wires (not necessarily nanotubes) and an
upper layer of metallic nanotubes [11] [14]. Unfortunately,
there is no current way of separating semiconducting from
metallic nanotubes, but it must be presumed this will soon
be possible. To construct a RAM, which could be done at
present, a crossbar grid is most convenient. To be defect tol-
erant, a good addressing scheme must be considered. On a
nano-scale, work done by Phil Kuekes HP Labs and sepa-
rately by Andre DeHon [6] proposes solutions to addressing
large crossbar architectures. More importantly, this applies
to logic. If a 5 nm separation between parallel nanotubes is
achieved, informational density is comparable to 10

1
2/cm2,

and switch speed can approach 200 GHz [11]. For large-
scale crossbar logic architecture and a demonstration of fault
tolerance, the Teramac can be considered a reference point
[15]. Because the scaffolding is not intolerant to heat, power
dissipation must be considered. If each device operates as
Lieber outlines, a 0.3V supply and 3 microA current per de-
vice is reasonable [11]. Applying this to one device at each
row continually operating at one time, the overall power con-
sumption is near 3W, which may eventually become signifi-
cant. Additionally, this architecture is susceptible to transient
failure from radiation or, potentially, other external effects.
Error correction and detection may be difficult to accomplish
because the structure is intentionally left as simple as possi-



ble for tiling reasons. It should also be noted that the stress
on a nanotubes in the ON state is within bounds, but addi-
tional stress in the tiled product may become a factor.

6 Other

6.1 Final Assembly

The creation of a collagen lattice and a method of attach-
ing carbon nanotubes to the collagen structure has been pre-
sented. The final step involves positioning a second layer of
nanotubes,perpendicular to the first, to form a crossbar archi-
tecture

Figure 16. X and Y sandwich components

These layers are combined so the two nanotube layers are
both inside the collagen layers which would be secured to-
gether with a molecule that bonded to each of the collagen
lattices. This molecule would need to be designed carefully
to control the distance between the nanotube layers. The
two layers need to be near enough to allow the formation
of switches at the nodes.

6.2 Future Possibilities

Recall why collagen has been suggested as a material for
the nanotube support structure. Precise collagen strands can
be manufactured by cells, and the resulting structures will
be quite rigid and strong. The collagen used in this lattice
will be carefully engineered. Knowledge of the makeup of
collagen and the form which it should ultimately take, i.e.
a lattice, along with mechanisms available in nature for re-
pairing and replacing collagen can be exploited. Since it
is known what the structure should be, a mechanism can
be designed to recognize faults in this structure and mark
them for replacement or repair. Since the collagen will be
on the outside of the nanotube ”sandwich,” perhaps organ-
isms can be created that will actively seek out these collagen
lattice faults. While faults and errors are expected in a self-
assembled structure, the existence of an active fault detection
and correction mechanism may decrease the number of per-
manent faults and increase the overall lifetime of a system
by repairing the lattice when it begins to succumb to natural
predators in the environment such as stray particles and un-
wanted chemical reactions. This self-repairing property will

demand a more versatile architecture adapted to these inter-
mittent faults.
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Using Biological Systems as an Analog-to-Digital Converter 
David Lee, Robert Lin, Yolanda Zhang 

 
Abstract 

Biological systems can create complex structures from very simple systems. To do this, there must 
be a method to differentiate different regions where identical systems create different structures, such as the 
abdomen and the head of a fruit fly. Because the differentiation methods in real biological systems are not 
fully understood, we decided to create a differentiation method based on an analog-to-digital converter 
using bacterial cells in a concentration gradient. By creating a biological circuit in the bacteria that act as 
threshold detectors, we can determine the concentration of a chemical at a given distance away from the 
point source. Then using another biological circuit, we can produce a new concentration gradient that has 
twice the frequency. If 1 is represented by a concentration of the chemical within the threshold, and a 0 is 
represented by a concentration outside the threshold, then we can represent any two digit binary number. 
Thus, we can differentiate separate regions at certain distances away from a point source.  
 
1.0 Introduction 

Biological systems have the immense capability to generate complex structures 
from very simple systems. With simple rules and few inputs, a biological system can 
grow from a single cell to a multicellular organism in a relatively short amount of time. 
The sophisticated underlying framework of these systems is extremely powerful, but 
unfortunately is also beyond anything we can construct with our current technology. 
However, instead of constructing a complex system, we can tailor the biological system 
to fit our needs. To show that these systems can be useful, we will build a biological 
analog to digital converter. 
 There are many applications for this technology. The scale of technology has been 
steadily decreasing, and conventional methods of fabrication and production are facing 
obstacles that are insurmountable. Physical manipulation of substrates will no longer be 
able to satisfy our need for nanoscale accuracy. Biological systems, however, have been 
accurately synthesizing nanoscale machines for millions of years. By studying the genetic 
regulatory pathways and the interactions between proteins, we hope to gain an 
understanding from an engineering point of view that will allow us to progress towards 
fully exploiting the potential of biological systems in an engineering process. 
 
2.0 Background 
 The Drosophila (Drosophila melanogaster or the Fruit Fly) is one of the most widely 
studied systems in terms of its development. The larvae have been studied extensively in 
an attempt to understand the complex cellular differentiation processes that give rise to 
the various body parts and organs. Even though we have only very basic understanding of 
these processes, some of the fundamental ideas have been elucidated from the numerous 
studies performed.  
 Segmentation, the development of segments in the body of the larvae, is perhaps 
the most significant process because the underlying structure of the fly is defined at this 
stage. However, the input for this complicated process is not complicated at all. The 
initial input consists of only two inputs: two chemical gradients that have sources located 
at opposite ends of the larvae [1]. That is, one gradient comes from the anterior end, and 
the other comes from the posterior end. Transcription factors that are already present in 
the larvae respond to the varying concentrations of these two signaling chemicals and 
begin the differentiation process by initiating the transcription of the first level control 
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genes. These gap genes then in turn activate or repress the expression of what is known 
as the pair-rule genes. 

 
Figure 1: A photograph of the staining of two gene products in a Drosophila larva. The distinct 

pattern of the two different proteins can be easily seen. (Source: P. A. Lawrence. The Making of a 
Fly: The Genetics of Animal Design. Blackwell Science Inc, Boston, MA: 1992) 

 
 The pair-rule genes have a very interesting expression pattern. These pair-rule 
genes are not expressed in a conventional gradient pattern, but rather in an alternating 
pattern with distinct borders (see Fig. 1). We decided to study this pattern of expression 
as the basis for our project in designing a biological analog-to-digital converter.  
 However, when we investigated this system further we realized that this is not an 
ideal system for us to manipulate. For each of the stripes present in the larvae, there is a 
unique locus that controls the expression at that particular stripe. That is, to generate the 
expression pattern in figure 1, there are fourteen regions in total that are involved in the 
control of this particular pattern. This is simply too complicated and impractical for us to 
attempt to manipulate. The problem with scaling is one of the many challenges that this 
system cannot overcome. With each location requiring a singular control region, as the 
desired number of stripes increase, the number of controlling regions grows linearly. We 
decided to engineer a simpler solution for our construction of the biological analog-to-
digital converter. 

 

 

 

Figure 2: E. coli Cells in a point source chemical gradient 
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3.0 Bacterial Cells in a Concentration Gradient 
3.1 The Setup  

For this biological system, Escherichia coli bacteria cells on a set plane are 
introduced to a point-source chemical gradient (see Fig. 2).  The chemical causes the cells 
to produce a protein when the concent ration is above a certain threshold. The goal is to 
produce a sigmoidal curve such that two states, specified 0 and 1, are distinguishable [2].  

 

Figure 3: Genetic Circuit for Chemical Concentration Band Detector 
(Source: R. Weiss. Cell-Cell Communication. In Computing Beyond Silicon Conference, Pasadena, 

CA, July 2002) 

 
 Each E. coli cell is engineered to be a chemical band detector based on Ron 
Weiss’s work. In general, the genetic circuit detects the concentration of a chemical 
within a specified range and produces a new protein. The mechanism for the circuit is as 
follows: Chemical 1 diffuses from the point source into the cells and binds with a 
cytoplasmic protein, allowing the protein to dimerize (see Fig. 3) [3]. The dimer binds to 
the DNA and activates the P(R) promoter, which produces protein X and protein Y. 
Protein X will then bind to P(X) and repress the production of protein Z1. Protein Y will 
bind to P(Y) and repress the production of protein W, a protein which represses the 
production of Z2 at the P(W) site. The production of Z1 sets the lower threshold and Z2 
sets the higher threshold. When the concentration of chemical 1 is within the threshold 
region, protein α is produced. The concentration of protein α will produce a sigmoidal 
curve. 
 From the concentration of protein α and chemical 1, another genetic circuit 
(gradient-creation circuit) in the E. coli cell creates a new concentration gradient of 
chemical 2 with twice the frequency of the sigmoidal curve. Ideally, the concentration of 
chemical 2 equals the concentration of Chemical 1 subtracted by the concentration of 
protein α ([C2] = [C1] – [Pα]). To achieve this, protein α must inactivate chemical 1 at a 
linear rate.  Chemical 1 then dimerizes and binds to P(S), which produces chemical 2.  
 From chemical 2, a similar genetic circuit based on the chemical band detector 
will produce protein β . Similar to the interaction between protein α and chemical 1, 
Protein β  inactivates chemical 2 to create the next concentration gradient with double the 
frequency of the expression of β . As long these main circuit elements are created for each 
sigmoidal curve, the bacterial cells in a concentration gradient can produce more 
sigmoidal curves with double the frequency of the previous level.  
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Figure 4: Approximation of a sigmoidal curve (green curve) from an approximated chemical 

gradient (red curve) 

3.2 Creating the Digital Abstraction from Analog Signals  
 From the basic genetic circuits described above, a bacterial cell can be 
programmed to produce the sigmoidal curves necessary in our A-D converter based on a 
simple threshold detector. The importance of the sigmoidal curve is that it provides a 
sharp transition between two states (see Fig. 4). Because of the sharp transition, the two 
states, 0 and 1, can be easily distinguished (see Fig. 4). The presence of two distinct states 
allows for a straightforward digital abstraction from the sigmoidal curves.      
 Starting with an initial concentration gradient of chemical 1 from the point source, 
the bacterical cells create a sigmoidal concentration curve of protein a using the band 
detection circuit (see Fig. 4) (refer section 3.1). A gradient-creation circuit then utilizes 
both chemical 1 and protein a to produce a new concentration gradient of chemical 2 (see 
Fig. 5). Using a second band detection circuit that will detect the presence of chemical 2, 
the bacterial cells create a sigmoidal concentration curve of protein ß which has double 
the frequency of protein a’s curve (see Fig. 6). 
 

 
Figure 5: Creating a concentration gradient of chemical 2 from chemical 1 and protein a.  

Chemical 2 = Chemical 1 - Protein a 
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Figure 6: Creating a sigmoidal curve of protein ß from chemical 2’s concentration gradient 

Each sigmoidal curve represents a specific digit in a binary number. Curves with a 
lower frequency represent more significant digits, and curves with a higher frequency 
represent less significant digits (see Fig. 7).  Thus three sigmoidal curves will represent 
all the 3-digit binary numbers. 

 
Figure 7: Representation of all three digit binary numbers using the sigmoidal curves 

4.0 Work In Progress 
 With the basic layout for the analog-to-digital converter explained above, it 
should be possible to build an arbitrarily large converter that can represent any binary 
number with the necessary number of digits. To do this, there must be a list of all the 
chemicals and proteins that can be detected by the band detection and the gradient-
creation circuits. The chemicals cannot be overly reactive with each other, or else there 
will be lots of noise in the system, compromising the clarity of the binary representation. 
Similarly, the proteins cannot counteract each other. The size of the biological A-D 
converter will thus be limited by this restriction.  
 The thresholds for the chemical band detection must be determined. If the 
thresholds are set correctly, we can then have sigmoidal curves that double in frequency 
between each level. The doubling of frequency is crucial to representing all the possible 
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binary numbers with a given number of digits in this system. Otherwise, if the thresholds 
are set incorrectly, the sigmoidal curves will oscillate at unexpected frequencies, caus ing 
the analog-to-digital converter to fail to be useful because the resulting curves are 
undeterministic.  
 
5.0 Summary 

We have described a basic framework for building an analog-to-digital converter 
using a point-source chemical gradient and E. coli bacteria. By designing the bacterial 
cell to act as a chemical band detector and a chemical gradient creator, we can in theory 
create an arbitrary large digital system from the analog chemical gradients in the system. 
We will in reality be limited by the amount of interference between chemicals and 
proteins, but hopefully with further refinement to the circuits, the amount of interference 
will be reduced.     
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Abstract

Intercellular communication occurs through exchange of small molecules
such as ions, second messengers and small metabolites. This exchange is
carried out by clusters of intercellular membrane channels called gap junc-
tions. Structurally, these channels are composed of two subunits, called con-
nexons, which span the plasma membranes of two adjacent cells and interact
to form a complete gap junctional channel, thus linking the cytoplasm of one
cell to another. We discuss some of the relevant properties of connexins and
suggest the use of gap junction channels in nanotechnology and nanoscale
circuits.
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1 Introduction

Cells communicate with each other in a variety of ways. One such method of com-
munication involves the inter–cellular transmission of molecules through channels
in a specialized structure in the cell membrane, the gap junction. Gap junctions
provide a regulated pathway linking the cytoplasms of attached cells, and con-
tribute towards ensuring the integration of metabolic activities by setting up net-
works of directly communicating cell assemblies.

Gap junctions exist between two cells and therefore they differ from other
channels in being relatively non-specific and allowing movement of molecules
through the channel by passive diffusion. They allow the movement of small
molecules such as Ca �

�
, cyclic AMP and inositol triphosphate. The selectivity

appears to be based on molecular size and allows the movement of molecules
smaller than 1000

���
but preventing the movement of larger molecules such as

proteins and nucleic acids [10].
Co–ordination of cellular activity by gap junctions occurs through a variety

of mechanisms which can be classified as follows: speed, synchrony, switch-
ing, symbiosis and stimulus/suppression. In the heart, for example, gap junc-
tions permit the rapid cell–to–transfer of action potentials, ensuring coordinated
contraction of cardiac muscle cells [1]. In the nervous system, gap junctions
allow changes in electric potential to be transmitted from one cell to its neigh-
bors [13]. This is significant because electrical synapses function in neuronal
pathways requiring maximum speed, synchronous firing of neurons and rapid
switching between neuronal pathways. In non–excitable cells, such as those of
the eye, gap junctions allow symbiotic exchanges between highly differentiated,
functionally compromised cells and more active, renewable cells. Gap junctions
can also act to suppress mutations in key metabolic and signaling enzymes by
delivering junction–permeable intermediaries which will allow for the survival of
mutant cells with blocked enzymes. This may permit gap junctions to act as tumor
suppressors.

1.1 Nomenclature of gap junctions

Connexins are a multi-gene family of proteins, currently believed to have approx-
imately 20 isoforms. The isoforms have approximately 40% overall sequence
identity, with much greater identity in the transmembrane and extracellular do-
mains. Some isoforms are restricted to specific species and others exhibit tissue-
specificity. Most cells express more than one isoform. These different isoforms
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Greek N. Molecular N. Mass (kDa) Organs with Expression
��� Cx43 43.0 Heart
��� Cx38 37.8 Embryo
��� Cx46 46.0 Lens
��� Cx37 37.6 Lung
��	 Cx40 40.4 Lung
��
 Cx45 45.7 Heart
��� Cx33 32.9 Testis
��� Cx50 49.6 Lens

 � Cx32 32.0 Liver

 � Cx26 26.5 Liver

 � Cx31 31.0 Skin

 � Cx31.1 31.1 Skin

 	 Cx30.3 30.3 Skin

Table 1: Connexin Multigene Family [10]

compose channels with widely varying unitary conductances, permeabilities, volt-
age sensitivities and sensitivity to modulatory agents [7].

In invertebrates, gap junctions are formed by a family of proteins known as
innexins [11]. Although their gene structure is very different from that of connex-
ins, they remarkably exhibit similar channel properties in terms of regulation by
pH, voltage and lipophiles and in terms of permeability.

Two major alternative nomenclatures have been proposed for connexin pro-
teins. One is based on the molecular mass of the polypeptide while the other is
based on evolutionary considerations.

1.2 Gap junction structure

Gap junction channels are composed of membrane proteins called connexins.
These proteins are organized into hexameric structures known as connexons. An
individual connexon on one cell docks with a corresponding connexon on a neigh-
boring cell to form a complete gap junctional channel. Multiple channels then
aggregate to form gap junctional plaques. Refer fig 1.

Each connexin has four predominantly hydrophobic, membrane–spanning re-
gions (M1–M4) as shown in fig 2. For Cx43 these domains have been shown to
be � –helical. By analogy, the corresponding domains in the other connexins are
presumed to be � –helical as well. The carboxy– and amino–domains (CT and NT,
respectively) are accessible from the cytoplasm, as is the hydrophilic cytoplasmic
loop (CL) domain between M2 and M3. The hydrophilic domains between M1

3



Figure 1: Section view of gap junction channels [7]

Figure 2: Membrane topology of a connexin monomer [7]

and M2 and between M3 and M4 are accessible from extracellular space and from
extracellular loops E1 and E2. The length of the CT varies among connexins and
is responsible for most of the differences in molecular mass [7].

The three–dimensional structure of a recombinant gap junction has been de-
termined at a resolution of 7.5 A � in the membrane plane and 21 A � in the perpen-
dicular direction as in Fig 3. The outer diameter of the connexon is � 70 A � and
narrows at the extracellular domain to about 50 A � . The channel pore narrows
from an apparent � 40 A � diameter at the cytoplasmic side to � 15 A � at the extra-
cellular side of the bilayer and then widens to � 25 A � in the extracellular region.
Since amino acid side chains were not visualized at a resolution of 7.5 A � , the
functional diameter of the pore is expected to be only 5 A � .

This study also confirms the � –helical nature of the four transmembrane do-
mains of each connexin subunit.In the connexon structure, the � –helices pack in
a left–handed bundle, but a single right–handed packing interaction is observed
for one of the two possible helix pairs that line the pore. Two of the transmem-
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Figure 3: 3 dimensional structure of gap junctions [18]

brane � –helices are strongly tilted and one of these is positioned directly next to
the pore. This tilting causes one of the other three helices to be exposed to the
channel, creating a criss–cross arrangement of two of the four helices. In addi-
tion, computer modeling studies have shown that the formation of an intercellular
channel requires a 30 � rotation between hemichannels for proper docking.(See
[18] and [4]).

1.3 Types of Gap Junction Channels

The different connexin isoforms may associate with each other in many different
combinations. The simplest type of subunit is homotypic, where the entire con-
nexon is composed of a single connexin. Two such connexons will form a homo-
meric channel. A heteromeric connexon is composed of more than one connexin
isoform, and two such connexons will dock to form a heterotypic channel.

2 Properties

Gap junctions exhibit a variety of properties. We will discuss those which might
allow the use of gap junctions as basic building blocks for communications and
circuits.
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Figure 4: Scheme of the Ca �
�

and IP � dynamics [16]

2.1 Calcium Wave Propagation and Intercellular Communica-
tion

Calcium signals provide a mechanism for the integration and transmission of of
information. For example, the astrocytes, neurons and glia of the central ner-
vous system exhibit Ca �

�
signals in response to neurotransmitters such as acetyl-

choline, noradrenaline, glutamate and adenosine nucleotides. These can travel
as intercellular Ca �

�
waves over several hundred micrometers and may thus pro-

vide a basis for a long–range signaling pathway [16]. These waves can propagate
through gap–junctional channels.

Gap junction channels allow the diffusion of signaling molecules from cell to
cell, thus sustaining the propagating event. These molecules are now generally
believed to be inositol triphosphate (IP � ) and Ca �

�
, although cyclic ADP ribose

and other intercellular molecules could fulfill the size requirements and might also
trigger regenerative Ca �

�
mobilization [2]. The neurotransmitters (or agonists)

would bind to receptors on the cell membrane, causing activation of the enzyme
phospholipase C



. The subsequent rise in IP � levels within the cell causes re-

lease of Ca �
�

from intracellular stores (Refer Fig 4). IP � can also be generated
in downstream cells by PLC activation, thus forming a regenerative step in the
propagation mechanism.
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Figure 5: Agonist response in the model of a single cell [16]

Thus intercellular communication can be achieved by controlling the levels of
the agonist (activator) which ultimately influences the concentration of Ca �

�
in

the neighboring cells. This behavior is also dependent upon the relative receptor
density. It is seen that saturating doses of varying agonists evoke responses of
different magnitudes, which may be attributed to differences in overall density
and distribution of the receptors for these agonists. In the single–cell model of
Hofer et al [16], the Ca �

�
amplitudes computed for different relative receptor

densities reproduce this behavior, as in Fig 5. Similar ideas are also discussed
in [12].

Fig 6 depicts the intercellular Ca �
�

waves. These Ca �
�

waves could be used
to form patterns as in [8] and in Amorphous Computing [5], which is about engi-
neering prespecified, coherent behavior from the co–operation of vast numbers of
unreliable parts that are interconnected in unknown, irregular, and time–varying
ways.

In [14], intra–cellular genetic circuits are used for cellular communications.
Genetic circuits were engineered with the ability to send a controlled signal from
one cell, diffuse that signal through the intercellular medium, receive that signal
within a second cell, and activate a remote transcriptional response. In contrast
to this work, Ca �

�
wave propagation through gap junctions can be used, which

uses non–genetic cellular processes as those described earlier to achieve similar
communication. A possible benefit of this method could be that Ca �

�
wave prop-
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Figure 6: A: Model for agonist evoked intercellular Ca �
�

waves. The average
wave speed in the model for signal propagation through the first three rows of
cells is in the same range as the speed computed from experimental data. B: Time
courses of [Ca �

�
] and IP � in the cells as labelled in the last frame [16]
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agation happens within an order of seconds, whereas genetic circuits might take
an order of minutes to react.

2.2 Gating Mechanisms

Gating of a gap junction channel refers to the phenomenon of the opening or clos-
ing of the channel due to some stimulus. There are at least three different gating
mechanisms associated with gap junction channels—a docking gate, a chemical
gate, and a

���
–sensitive gate. [6]

Although the characteristics of voltage–dependent closure of gap junctions
have been well studied, the molecular mechanisms involved and even the precise
physiological role remain unclear. Channel closure in response to

���
may uncou-

ple a dying cell from its neighbors. Furthermore, mutations that affect voltage
gating of Cx32 are linked to a neurodegenerative disease. Knowledge of gating
mechanisms is important for identification and classification of connexin proteins
as well as in the study of connexin structure and interactions [6].

Connexin channels have several voltage–sensitive processes. The most promi-
nent and well–characterized is the sensitivity of macroscopic junctional conduc-
tance to the magnitude of transjunctional voltage (

���
) as shown in fig 7. The

conductance is typically maximal at
�������

and relaxes symmetrically and slowly
(over hundreds of milliseconds to seconds) for hyperpolarizations and depolariza-
tions of either cell [7].�	�

–gating (fig 8 (A,B,C,D))involves rapid voltage–sensitive transitions be-
tween a primary open state and one or more subconductance states, but not to
a fully closed state. In addition to

���
–gating, a second gating process dependent

on junctional voltage is seen in single–channel currents. Unlike
���

–gating, it in-
volves slow transitions into and out of a fully closed state, and is termed loop
gating [7].

Several connexin mutants with altered voltage sensitivity show a “reversed”
response to

�
�
in that junctional currents activate rather than inactivate when

���
is

applied. This “reverse gating” phenomenon was first reported for Cx26 mutants
lacking a conserved proline in M2 [6]. The proline is thought to play an essential
role in the transduction of a conformational change essential for voltage gating.
Amino acid substitutions at a number of sites in M1 of Cx32 influence gating in a
similar way.

In [3], it was found that the Cx43 cell–cell channel is not permeable to mono-
valent positively and negatively charged dyes, which are readily permeable through
the fully open channel. These data indicate that a narrowing of the channel pore
accompanies gating to the residual state. Consequently, the fast

���
–sensitive gat-

ing mechanism can serve as a selectivity filter, which allows electrical coupling
but limits metabolic communication.

9



Figure 7: Macroscopic steady state G–V relations for homomeric Cx26, ho-
momeric Cx32 and heterotypic Cx26/Cx32 junctional channels expressed in
oocytes [7]
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Figure 8: A, B, C and D show voltage gating in homotypic Cx26 and Cx32 in
paired N2A cells and Xenopus oocytes. E and F show show voltage gating for the
heterotypic channel, and show time– and

���
–dependent decay only for positive

���

steps. [7]

2.3 Rectification

The functional diversity of gap junction intercellular channels arising from the
large number of connexin isoforms is significantly increased by heterotypic inter-
actions between members of this family. In [17], a model of electrodiffusion of
ions is developed, which predicts that asymmetries in the conductance/permeability
properties of hemichannels (refer to fig 7) will produce either an accumulation or
a depletion of ions within a channel, depending on voltage polarity, that will result
in rectification. Such a property could be exploited while constructing nanoscale
circuits.
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Table 2: Heterotypic functional compatibilities in mammalian connexins [7]

26 30 30.3 31 31.1 32 33 36 37 40 43 45 46 50 57
+ + - - - + - - - - - + + - 26

+ + + - + + + + - 30
+ - - - - + + + - + 30.3

+ - - - - - - - 31
- - - - - - - 31.1

+ - - - - - - + + - 32
- - - 33

+ - - - - - 36
+ + + + + 37

+ + + - - - 40
+ + + - + 43

+ - 45
+ + - 46

+ - 50
+ 57

Legend: +: forms heterotypic channels, -: does not form heterotypic channels,
and blank: not reported.

Group A Group B
Cx30.3 Cx26
Cx37 Cx32
Cx40 Cx46
Cx43 Cx50
Cx45
Cx57

Table 3: Heterotypic functional compatibility groups [7]
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Cell B

Output

DyeA DyeB

GJ−F GJ−R

CxS1

CxS2 CxR

CxA

Cell SCell A

Figure 9: Experimental setup of the 1–bit multiplexer

2.4 Cell–Free Synthesis and Assembly of Gap Junctions

One of the reasons why gap junctions could be attractive in nanotechnology is that
it is possible to synthesize and assemble them in vitro. In [9], synthesis and assem-
bly of a gap junction connexon was done in microsomal membranes. These were
reconstituted into synthetic lipid bilayers. Single channel conductances recorded
from these lipid bilayers were similar to those measured for these connexons pro-
duced in vivo. Further results on synthesis and assembly of connexins in vitro into
homomeric and heteromeric functional gap junction hemichannels can be found
in [15]. However, yields of connexin proteins from in vitro assembly are currently
low, being about 15 %.

3 Constructing a 1–bit cellular multiplexer

Different connexins can be made to interact in different ways within the cellu-
lar environment to produce a combinatorial connexin library. Table 2.4 gives a
connexin interaction matrix.

We will now propose a thought experiment to construct a 1–bit multiplexer
using gap junction channels, as shown in fig 9. Our setup consists of 3 cells ��� ,
��� and ��� . We will call cell ��� the select cell and the cells ��� and ��� the input
cells. The output of the multiplexer will also be in ��� . ��� expresses 2 connexins,
one showing normal gating behavior and one showing reverse gating behavior.
We will label the connexin with normal gating behaviors as CxF, CxS1, CxS2 and
the one with the reverse gating behavior as CxR. ��� expresses a connexin CxF
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such that it docks only with CxS1 and not with CxS2. ��� expresses a connexin
CxR such that it docks only with CxS2 and not with CxS1. A desirable property
for CxS1 and CxS2 would be that they form distinct plaques on the cell surface.
The gap junction between ��� and ��� is ����� and the gap junction between ���
and ��� is ����� . The input at � � is specified by a certain dye dye � and that at ���
is specified by a dye dye � .

In the resting state, ����� is open, and there is transfer of dye dye � from ���
to ��� . When ��� is raised to a higher potential as compared to ��� and ��� , �����
begins to close. On the other hand ����� begins to open and transfer of dye dye �
from � � to ��� should be observed.

Hence, by setting the state of ��� , we have been able to successively select dye
transfer from ��� or ��� , and thereby demonstrated the working of a 1–bit cellular
multiplexer.

Selective formation of heterotypic channels in mammalian connexins is docu-
mented in Table 2.4. Therefore it is theoretically possible to select a combination
of connexins that displays suitable experimental behavior. For example, connex-
ins 26 and 43 do not interact, and are known to form distinct and separate plaques
when co–expressed in the same cell. Furthermore, reverse gating behavior has
been observed in proline mutants of Cx26 and Cx32 mutants where the mutation
occurs in the M1 domain of the protein. These reverse gaters are closed in a rest-
ing state, and open upon the application of current, this behavior being the exact
opposite of that displayed by wild–type connexins. In our thought experiment, the
select cell ��� would express both Cx43 and Cx26. Cell ��� would express Cx45,
which interacts with Cx43 but not 26, while cell ��� would express a reverse–
gating mutant of Cx26. These conditions should satisfy the parameters outlined
initially. Based on observed heterotypic interactions, ocnnexins can be classified
into two groups that preferentially interact among themselves, as in Table 3. Such
behavior can be used to generate a combinatorial connexin library as mentioned
earlier.

However this design of a 1–bit multiplexer exhibits some limitations. One
problem is that the ��� also acts as the output cell, and hence the output has to
be measured in ��� . An extra cell could be attached for measuring output, but
would make the experiment complicated. Also, when the state is changed more
than once, both the dyes from the input cells will be present in ��� , and one needs
a mechanism to eliminate this interference.

4 Conclusion

Hence, we have discussed various properties of gap junctions that make them
suitable as basic building blocks for circuits and for use in nanotechnology. How-
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ever many practical and technical issues need to be resolved before experimental
realization of the aforementioned ideas is possible. Nonetheless the potential ap-
plication of gap junctions in these areas remains a novel and interesting idea.
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