
2004Computing Beyond Silicon Summer School

CBS3 2004 has been made possible by the generous support of the Gordon and Betty
Moore Foundation and the Division of Computing and Communication Foundations
of the National Science Foundation, Award No. CCF-0431767. 

Final Reports
w w w . c s . c a l t e c h . e d u / c b s s s

CALIFORNIA INSITUTE OF TECHNOLOGY
Pasadena, California

July 14 - July 9, 2004

http://www.cs.caltech.edu/cbsss/


Computing Beyond Silicon Summer School

table of contents
Speakers 3

Student Papers 4-190

Stabilizers and Simulating Entanglement 4
Mark Howard

Efficient Simulation of Stabilizer States Using the Graph State Approach 25
Ekaterina Taralova, David Butler, and Albert Chang

• Valid Input & Error Detection, Group Theory and its Relation to Quantum States, and Error Detection on Input 30
David Butler

• A Program for Graph States 33
Albert Chang

• Efficient Simulation of Stabilizer States Using the Graph State Approach 39
Ekaterina Taralova

Quantum Computing with Quantum Dots 44
Joon Ho Baek, Happy Hsin, Joshua LaForge, and Daniel Nedelcu

Branching in Biological Models of Computation 66
Bethany Andres-Beck, Vera Bereg, Stephanie Lee, Michael Lindmark, and Wojciech Makowiecki

Four Steady State Switch Using Transcriptional Logic 85
Jessie Hsu, Wen Tao Luo, and Khang Tran 

• Modeling Multiple Steady States in Genetic Regulatory Networks 95
Khang Tran

Novel Designs for Nano-scale Inductors 100
Mary Pack, Rob Figueiredo, Ben Gojman, Nikil Mehta, Eric Rachlin, and Dom Rizzo

• Adiabatic Logic 105
Benjamin Gojman

• Reducing Power Dissipation in the Sublithographic Crossbar Architecture 110
Robert Figueiredo

Towards Biomimetic Computing in Machine Vision 116
Tara Chowdhury, Emmanouela Filippidi, Chris Friel, Varun Ganapathi, Jenny Liu, and Vikash Mansinghka

DNA Directed Construction of High Yield 2-D Nanowire Arrays 136
Armand Vartanian, Dave Kromrey, Jeremy Pett, Maya Lowell, and Axar Kharebov

Large-scale Nano-PLA Meshes with Efficient Logic Mapping 143
Kumar Jeev, Paolo Codenotti, Vivek Rajkumar, and Akhsar Kharebov

• Large-scale Nano-PLA Meshes with Efficient Logic Mapping: Architecture and Max-Clique Partitioning Algorithm 147
Kumar Jeev

• Introduction and Architecture 156
Akhsar Kharebov

• Efficient Programming of Nanowire-based Sublithographic PLAs: A Multilevel Algorithm for Partitioning Graphs 158
Vivek Rajkuma

• Repeated Min-Cut 163
Paolo Codenotti

Y-Junctin Carbon Nanotube Implementation of Intramolecular Electronic NAND Gate 167
Benjamin Gojman, Happy Hsin, Joe Liang, Natalia Nezhdanova, and Jasmin Saini

Student Index 191



Computing Beyond Silicon Summer School

speakers

Dave Bacon 
Caltech, Institute for Quantum Information (IQI)
Postdoctoral Scholar

Yaakov Benenson
PhD student, Depts. of Computer Science & Applied
Mathematics and Biological Chemistry, Weizmann
Institute of Science, Israel

Marc Bockrath
Caltech, Assistant Professor of Applied Physics

Isaac Chuang
MIT, Associate Professor of Media Arts and Sciences

André DeHon
Caltech, Assistant Professor of Computer Science

Raissa D'Souza
Microsoft Research

Michelle Effros
Caltech, Associate Professor of Electrical Engineering 

Michael Elowitz
Caltech, Assistant Professor of Biology and Applied
Physics Bren Scholar

Chris Fuchs
Bell Labs

Péter Gács
Boston University, Professor of Computer Science

James R. Heath
Caltech, Elizabeth W. Gilloon Professor of Chemistry

Poul Jessen
University of Arizona, Professor of Optical Sciences

Thomas F. Knight, Jr.
MIT, Senior Research Scientist at the MIT Artificial
Intelligence Laboratory

Dietrich Leibfried
National Institute of Standards and
Technology(NIST)/Boulder

Hideo Mabuchi
Caltech, Associate Professor of Physics 

Alain Martin
Caltech, Professor of Computer Science

David Meyer
Math faculty, UC San Diego

John Preskill
Caltech, John D. MacArthur Professor of Theoretical
Physics

John Savage
Brown University, Professor of Computer Science 

Thanos Siapas
Caltech, Assistant Professor of Computation and
Neural Systems; Bren Scholar

Greg Snider
Hewlett Packard

Paul Sternberg
Caltech, Professor of Biology 

Chris Umans
Caltech, Assistant Professor of Computer Science

Deli Wang
Materials department at UC Santa Barbara

Erik Winfree
Caltech, Assistant Professor of Computer Science and
Computation and Neural Systems

Bernard Yurke
Bell Labs, Lucent Technologies

Chongwu Zhou
Assistant Professor of Electrical Engineering, USC

 

http://www.cs.caltech.edu/~dabacon/
http://www.wisdom.weizmann.ac.il/~kobi/
http://www.aph.caltech.edu/people/bockrath_m.html
http://www.media.mit.edu/people/bio_ike.html
http://www.cs.caltech.edu/cspeople/faculty/dehon_a.html
http://research.microsoft.com/users/raissa/
http://www.ee2.caltech.edu/Faculty/effros/
http://www.cs.bu.edu/fac/gacs/
http://netlib.bell-labs.com/who/cafuchs/
http://www.aph.caltech.edu/people/elowitz_m.html
http://www.its.caltech.edu/~heathgrp/HeathBio/heathbio.htm
http://www.optics.arizona.edu/Faculty/Resumes/Jessen.htm
http://www.ai.mit.edu/people/tk/tk.html
http://www.boulder.nist.gov/
http://minty.caltech.edu/hmabuchi/
http://www.cs.caltech.edu/cspeople/faculty/martin_a.html
http://math.ucsd.edu/~dmeyer/
http://www.theory.caltech.edu/people/preskill/
http://www.cs.brown.edu/people/jes/
http://biology.caltech.edu/Members/Siapas
http://www.trimaran.org/car_group/greg_snider.html
http://www2.chem.ucsb.edu/~bazangroup/deli.html
http://www.cs.caltech.edu/cspeople/faculty/umans_c.html
http://www.its.caltech.edu/~wormlab/index.html
http://www.cs.caltech.edu/cspeople/faculty/winfree_e.html
http://www.bell-labs.com/org/physicalsciences/profiles/yurke.html
http://ee.usc.edu/faculty_staff/bios/zhou.html


Stabilizers and Simulating Entanglement

Mark Howard
(National University of Ireland, Maynooth)

CBSSS - Summer 2004
e-mail: mhoward@thphys.may.ie

Abstract

The boundary between classical information and quantum infor-
mation is investigated. More specifically, the stabilizer formalism and
the simulation of entangled states are considered. It is shown that
Bell state correlations arising from measurements from the Pauli group
can be simulated using local hidden variables. An explicit protocol for
simulating GHZ state correlations using local hidden variables and two
classical bits of communication is derived.

1 Introduction

Historically, fundamental physics was originally concerned with matter -
what it was and how it moved. Later the emphasis switched to energy and
how it was transformed and expressed. We know now that there can be no
such thing as information without its physical representation, be it encoded
as ink on a page, as 1’s and 0’s in a digital computer or as qubits in a
quantum mechanical system. In short: information is physical. As more
is learned it seems reasonable to wonder if physics is informational - if an
information-theoretical framework is more fruitful in terms of generating
new laws and principles.

Classical information theory is now seen to be part of the more general
theory of quantum information. The building block of Q.I.T. is the qubit.
Qubits have the states |0〉 and |1〉 corresponding to the classical 0 and 1 but
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they also have a continuum of states in between. We can write the state of
the qubit as |Ψ〉 = α|0〉+β|1〉 where α and β are complex numbers. However
when we observe or measure the state of the qubit it only ever gives 0 or 1
probabilistically (0 with probability |α|2, 1 with probability |β|2). Because
probabilities must sum to one we have the constraint |α|2 + |β|2 = 1. It is
obvious that all the possible states of a qubit can be depicted as the surface
of a unit sphere:

Figure 1: The Bloch Sphere

By convention |0〉 and |1〉 correspond to +1 and−1 of the z-axis; 1√
2
(|0〉+

|1〉) and 1√
2
(|0〉−|1〉) correspond to +1 and−1 of the x-axis and 1√

2
(|0〉+i|1〉)

and 1√
2
(|0〉 − i|1〉) correspond to +1 and −1 of the y-axis.

When more than one qubit is involved the overall state is calculated
by using the tensor product. For example; if |Ψ〉1 = α1|0〉 + β1|1〉 and
|Ψ〉2 = α2|0〉 + β2|1〉 then the overall |Ψ〉 = |Ψ〉1 ⊗ |Ψ〉2 = α1α2|00〉 +
α1β2|01〉 + α2β1|10〉 + β1β2|11〉. The resulting state |Ψ〉 is separable back
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into two one-qubit states. Because of the very many degrees of freedom in
the quantum mechanical arena (Hilbert space) the majority of states are
non-separable or entangled e.g.

1√
2
(|00〉+ |11〉).

This is a Bell state. When the first qubit is measured it will return an
answer of either 0 or 1 with equal probability and will also collapse the wave
function to |00〉 or |11〉 respectively. A measurement of the second qubit
always gives the same result as the measurement of the first qubit. In fact
the measurement correlations of a Bell state are stronger than
could ever exist between classical systems.

It is interesting to examine situations where classical and quantum in-
formation can be compared quantitatively. In the case of superdense coding
two classical bits of information can be sent for the cost of measuring a
(2-qubit) Bell state shared between Alice and Bob. Using teleportation one
(possibly unknown) qubit can be sent from Alice to Bob for the cost of two
classical bits of information and a shared (2-qubit) Bell state.

Results like Shor’s factoring algorithm and the Deutsch-Jozsa algorithm
clearly show that important and exploitable differences exist between quan-
tum and classical information. The stabilizer formalism, however, and the
Knill-Gottesmann theorem which results from it depict the surprisingly large
extent to which quantum evolution and measurement can be efficiently sim-
ulated on a classical computer. This is the subject of Section 2.

It has been shown experimentally that nature is not locally realistic i.e.
that either one or both of the classical assumptions of locality (a measure-
ment here will not affect a measurement elsewhere) and realism (that phys-
ical properties have definite values independent of observation) are wrong.
John Bell predicted this by showing that quantum correlations can violate
an inequality which encapsulates the maximum allowable correlation by a
locally realistic theory. The violation, therefore, of a Bell inequality indi-
cates that something intrinsically quantum is going on. In order to quantify
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just how much, one can ask the question: “ What classical resources are
required to achieve the same correlations as this quantum state ? ”. This
question is answered for two specific cases in Section 3.

2 Stabilizer Formalism

The stabilizer formalism allows for an unusual but often very compact way
of representing quantum states and processes.

Stabilizer : An operator O stabilizes the state |ψ〉 if O|ψ〉 = |ψ〉.

Group theory: A group is a set G (with elements gi ) in addition to
an operation • which together satisfy certain properies like closure.

The Pauli Group on one qubit is the set { ±1, ±i, X, Y , Z} combined
with the operation Matrix Multiplication where

X = σx =
(

0 1
1 0

)
, Y = σy =

(
0 −i
i 0

)
, Z = σz =

(
1 0
0 −1

)
.

X2 = Y 2 = Z2 = I

Y = iXZ.

The Pauli group on n qubits is the set containing all the different possible
tensor product combinations of n Pauli operators e.g for two qubits: {±1,±i,
X ⊗X, X ⊗ Y , . . . , Z ⊗ Y , Z ⊗ Z }.
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The Stabilizer S is a subgroup of the Pauli Group which satisfies:
(a) The elements of S commute ...g1g2 = g2g1

(b) -I is not an element.

As an explicit example consider the Bell state:

|ψ〉 =
|00〉+ |11〉√

2

which can also be described by the Stabilizer generated by

< X ⊗X, Z ⊗ Z > .

There are other operators which stabilize this state (the identity, I, being
an obvious example) but these can all be formed by multiplication using
X ⊗ X and Z ⊗ Z. Instead of writing out the state in its computational
basis (e.g. |0〉 and |1〉), we can identify this state uniquely by listing the
operators which stabilize it or, even more compactly, listing the generators
of the operators which stabilize it

The Clifford Group contains the single-qubit Hadamard transform R:

R =
1√
2

(
1 1
1 −1

)

the phase gate P:

P =
(

1 0
0 i

)

and the controlled-NOT (CNOT) gate, also known as the XOR:

CNOT =




1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


 .

The Clifford group also contains other gates (e.g. Z) but these can be
formed using just the three gates above (P 2 = Z). We say the Clifford group
is generated by controlled-not, Hadamard and Phase gates.
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R X → Z
Z → X

R

P X → Y
Z → Z

P

CNOT X ⊗ I → X ⊗X
I ⊗X → I ⊗X
Z ⊗ I → Z ⊗ I
I ⊗ Z → Z ⊗ Z

s
g

Table 1: Generators of the Clifford group

There are two different but equivalent ways of looking at how a quantum
process occurs. One can consider the state |Ψ〉 being acted on by a unitary
(satisfies UU † = 1) operator so that the state changes to |Ψ〉′. Alternatively
one can consider the operators which have that state as an eigenvector being
changed to new operators: operator M becomes M ′ = UMU † (note that
the new operator M ′ has |Ψ〉′ as an eigenvector). The latter viewpoint is
adopted in the stabilizer formalism. Table 1 shows how the Pauli operators
are changed (or conjugated) by the Hadamard, Phase and CNOT operators
respectively.

Note: The Clifford group operators conjugate Pauli operators
to Pauli operators.

To specify a state using its representation in the computational basis
requires specifying 2n−1 coefficients where n is the number of qubits in the
state. For example a 3-qubit state has 8 basis vectors: |000〉, |001〉, |010〉, |011〉,
|100〉, |101〉, |110〉 and |111〉 with the normalization constraint specifying the
8th coefficient. There is a result from group theory which states that the
generating set for an n-qubit stabilizer state is of size n (recall that the gen-
erating set for the 2-qubit Bell state had 2 elements). Each generator takes
2n+1 bits to specify; each Pauli requires two bits to specify and it takes one
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bit to specify a coefficient of ±1 (±i is excluded because iX, for example,
multiplied by itself produces −I in the stabilizer which is against the rules).
Not only can the state be specified with 2n + 1 bits it can also be updated
after a Clifford gate or Pauli measurement in O(n2) time. Using this re-
sult it is clear that a quantum computation (with these gate/measurement
constraints) of m steps can be performed in O(mn2) time on a classical
computer. This was the result found by Daniel Gottesman and Emanuel
Knill.

Theorem 1 (Knill-Gottesman theorem) Any quantum computer per-
forming only: a) Clifford group gates, b) measurements of Pauli group op-
erators, and c) Clifford group operations conditioned on classical bits, which
may be the results of earlier measurements, can be perfectly simulated in
polynomial time on a classical computer.

It is surprising to note that these gates are sufficient to produce entan-
glement:

• Start with an initial state |00〉

•Apply the Hadamard gate:



1 1 0 0
1 −1 0 0
0 0 1 1
0 0 1 −1







1
0
0
0


 =

1√
2




1
1
0
0




• Now apply a CNOT:



1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0




1√
2




1
1
0
0


 =

1√
2




1
0
0
1
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This is the maximally entangled Bell state:

|ψ〉 =
|00〉+ |11〉√

2

Again, it can be described by the Stabilizer generated by < X ⊗X,
Z ⊗ Z >.

It is now clear that the presence of entanglement doesn’t automatically
bestow extra computational power. Amazingly, the Clifford gates and Pauli
measurements are also sufficient to perform teleportation.

Two very important gates which lie outside the Clifford Group are the
Toffoli gate and π/8 rotation of the Bloch sphere. One of these is required
for universal computation. In fact, any other gate outside the Clifford
group would do but these two are in a particularly convenient and useful
form already.

3 Simulating Entanglement

If Alice and Bob share the entangled state 1√
2
(|00〉 + |11〉) then standard

QM tells us:

If Alice performs a projective measurement on her qubit (in the Z
direction) she will obtain the result |0〉 (spin-up) with probability 1

2 or |1〉
(spin-down) also with probability 1

2 .

If Bob then performs a measurement in the same basis he will obtain
either spin-up or spin down with 100% probability depending on Alice’s
result i.e. there is a total correlation between their results.
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Using the normal convention for X,Y and Z measurement axes (see pic-
ture of Bloch sphere above) we can list the transformations from one basis
to another (ignoring normalization factors):

|+〉 ≈ |0〉+ |1〉
|−〉 ≈ |0〉 − |1〉
|0〉 ≈ |+〉+ |−〉
|1〉 ≈ |+〉 − |−〉
|p〉 ≈ |0〉+ i|1〉
|m〉 ≈ |0〉 − i|1〉
|0〉 ≈ |p〉+ |m〉
|1〉 ≈ −i(|p〉 − |m〉)
|p〉 ≈ α∗|+〉+ α|−〉
|m〉 ≈ α|+〉 − α∗|−〉
|+〉 ≈ α|p〉+ α∗|m〉
|−〉 ≈ α∗|p〉+ α|m〉

Note: {|0〉, |1〉},{|p〉, |m〉} and {|+〉, |−〉} are the basis vectors for Z,Y
and X respectively. Also, α = 1− i and α∗ = 1 + i.

Because this Bell state can be rewritten in the X basis as

|ψ〉 =
|+ +〉+ | − −〉√

2

an equivalent correlation occurs if Alice and then Bob both measure in
the X basis ... either they both measure the state |+〉 or they both measure
|−〉.

If the state is written in the Y basis then it is clear that if Alice and Bob
both measure in the Y basis they will obtain opposite results i.e. results are
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completely anti-correlated:

|ψ〉 =
|pm〉+ |mp〉√

2

However if Alice and Bob use different measurement bases e.g. XAlice

and ZBob (written XZ in the table below) or ZAlice and XBob then their
measurement outcomes are completely uncorrelated.

It is easy to check the correlations between Alice and Bob for all pos-
sible measurement choices (these correlations are derived explicitly in the
appendix for the GHZ state).

Measurements Alice’s Result Bob’s result % Correlation
XX +1 +1 100%
XX -1 -1 100%
XY +1 ±1 50%
XY -1 ±1 50%
XZ +1 ±1 50%
XZ -1 ±1 50%
YX +1 ±1 50%
YX -1 ±1 50%
YY +1 -1 0%
YY -1 +1 0%
YZ +1 ±1 50%
YZ -1 ±1 50%
ZX +1 ±1 50%
ZX -1 ±1 50%
ZY +1 ±1 50%
ZY -1 ±1 50%
ZZ +1 +1 100%
ZZ -1 +1 100%
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But this state of affairs can be achieved by using three shared random
bits of classical information and the following protocol:

• Label the random, independent bits (i.e. from {0, 1}) b1 , b2 and b3.

• If measuring along the X axis then output the the digit b1.

• If measuring along the Y axis then Alice outputs the digit given by b2

and Bob outputs the opposite, b2.

• If measuring along the Z axis then output the the digit b3.

The rules of the game, then, are as follows:
The parties all have access to a random (arbitrarily long) string of bits.

Obviously any two bits will be correlated, on average, 50% of the time.
These bits can be thought of as local hidden variables. The parties also are
given a list of instructions to follow (the protocol).

In general, if a number of parties share an entangled quantum state,
quantum correlations are apparent in the joint probability distribution of
the parties’ measurement outcomes.

If this probability distribution can’t be reproduced using local hidden
variables (LHVs) (the shared bits of the above example) and a protocol
then it is a purely quantum effect.

It is necessary, therefore, to use some classical communication (bits)
between parties to reproduce the probability distribution.

In this paper measurement options have been restricted to X, Y or Z ba-
sis projective measurements. In general, a full analysis requires considering
all measurements of the Von Neumann type. In that case LHV’s would not
suffice to reproduce Bell state correlations and 1 bit of classical communi-
cation is necessary.
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In the literature there are two main models used to try to quantify
the amount of classical communication required, the bounded (worst-case)
communication model and the average communication model. Here the
worst-case model will be considered.

The previous example above did not require any classical communication
to simulate but others (e.g GHZ state) do.

GHZ =
1√
2
(|000〉+ |111〉)

Einstein believed in locality and realism. The following argument
(called the GHZ paradox) refutes local realism (i.e LHV models):

It is easy to check that the GHZ state 1√
2
(|000〉+ |111〉) is an eigenstate

of the following operators (note that XY Y is an abbreviation of X⊗Y ⊗Y ):

XY Y |GHZ〉 = −|GHZ〉 (1)
Y XY |GHZ〉 = −|GHZ〉 (2)
Y Y X|GHZ〉 = −|GHZ〉 (3)
XXX|GHZ〉 = |GHZ〉 (4)

Also note that

(XY Y )(Y XY )(Y Y X) = −(XXX)

Inspecting the first 3 eigenvalue equations (1-3) above implies that the
spin along the x direction of one particle may be ascertained with certainty
by measuring the y spin component of the other two particles (i.e. if the
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outcomes along y are both + 1 or both - 1 then the outcome along x must
be -1 otherwise if the outcomes are + 1 and -1 then the outcome along x
must be 1).

If one assumes that a measurement on one particle doesn’t affect the
other 2 particles (locality) then the reality implies that there exist 6 ele-
ments of physical reality corresponding to the measurement results (±1) of X
and Y on each of the three qubits. For clarity we should label the qubits A,B
and C and denote the elements of reality mx(A),mx(B),mx(C),my(A),my(B)
and my(C).

From (1-4) the elements must satisfy

mx(A)my(B)my(C) = −1
my(A)mx(B)my(C) = −1
my(A)my(B)mx(C) = −1
mx(A)mx(B)mx(C) = 1

but this gives rise to a contradiction because

(mx(A)my(B)my(C))(my(A)mx(B)my(C))(my(A)my(B)mx(C)) = mx(A)mx(B)mx(C) = −1

4 An explicit protocol for simulating the GHZ state
using two bits of classical communication

It is possible to analyze every possible set of outcomes arising from X,Y and
Z measurements on the GHZ state (the measurement schemes resulting in
correlations are worked out explicitly in the appendix). Listed in the table
below are all the resultant correlations. These are only the measurement
schemes that result in correlations. The majority of measurement schemes
(e.g. YYZ) resulted in 50% correlatons between all parties (i.e. no mean-
ingful correlation). These have been omitted.
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Measurement A’s outcome A-B A-C B-C
Scheme Correlation Correlation Correlation
XXX +1 50 50 100
XXX −1 50 50 0
XYY +1 50 50 0
XYY −1 50 50 100
XZZ +1 50 50 100
XZZ −1 50 50 100
YXY +1 50 50 100
YXY −1 50 50 0
YYX +1 50 50 0
YYX −1 50 50 100
YZZ +1 50 50 100
YZZ −1 50 50 100
ZXZ +1 50 100 50
ZXZ −1 50 100 50
ZYZ +1 50 100 50
ZYZ −1 50 100 50
ZZX +1 100 50 50
ZZX −1 100 50 50
ZZY +1 100 50 50
ZZY −1 100 50 50
ZZZ +1 100 100 100
ZZZ −1 100 100 100

One protocol to simulate these correlations is as follows:

• If any of the parties measures along the Z axis, they output b1.

• Alice sends Bob a bit which tells him whether she performed an X
measurement or a Y measurement. If no bit is received then this indicates
that Alice has performed a Z measurement. Regardless of whether she chose
to do an X or Y measurement she outputs b2.

• Bob performs his measurement and tells Charlie what to output. If Bob

14



measures in the X basis then he outputs b3; if he measures in the Y basis he
outputs b3 In the cases where Bob has chosen to do the same measurement
as Alice he sends the bit 0 to Charlie which tells him:
“If you measure X output (b3 + b2)mod2. If you measure Y output b4”.
In the cases where Bob decides to perform an X when A has measured Y or
he performs a Y when A has measured X then he sends the bit 1 to Charlie
which tells him:
“ If you measure X output b4. If you measure Y output (b3+b2)mod2.” If no
bit is sent (this happens when either Alice or Bob has decided to do a Z basis
measurement) then Charlie outputs b4 for either an X or Y measurement.

Two classical bits have been communicated in order to recreate
the correlations of the GHZ state.

This protocol is somewhat convoluted and doubtless can be improved
upon. The fact that Z measurements lead to not communicating a bit
suggests that the average communication cost is lower than two bits.

Any state that can be arrived at by using gates from the Clifford Group
and the initial state |0〉⊗n is called a stabilizer state. The GHZ state and
many other highly entangled states are stabilizer states. The stabilizer for-
malism allows for measurements in the X,Y or Z direction only. It is an
interesting question, then, to consider the simulation of entangled states in
the context of the stabilizer formalism. In that context it might be possible
to formulate a generic protocol for the simulation of any stabilizer state.

5 Conclusion

Methods of quantifying the differences between quantum and classical in-
formation have been discussed. It has been shown what quantum processes
and measurements can be efficiently simulated on a classical computer. Two
protocols for simulating entangled states using local hidden variables have
been derived; one of which requires classical communication between parties.
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7 Appendix: Explicit Calculation of GHZ corre-
lations

Note: |Ψ〉3 is a 3 qubit state; |γ〉2 is a 2-qubit state etc. If Alice performs
a measurement and obtains the outcome +1 (−1) then this is denoted ⊕A

(ªA). Likewise when Bob performs a measurement we denote the outcome
⊕B or ªB (N.B. These symbols are purely to denote measurement outcomes
and have no relation to the operation of tensor addition).

Take |Ψ〉3 = |+ ++〉+ |+−−〉+ | −+−〉+ | − −+〉. If Alice measures
in the X basis then this collapses the state to one of two possible states,
depending on her outcome: If she gets +1 then the state collapses to |α〉2 =
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| + +〉 + | − −〉; if she gets -1 then it collapses to |β〉2 = | + −〉 + | − +〉.
These new states will, in turn, be measured by Bob, again with possible
outcomes ±1 and again collapsing the wavefunction to one of four possible
1-qubit states: γ, δ, ε and φ.

To keep track of all possible sets of outcomes (and hence any possible
correlations), the measurement schemes will be written out as follows:

Measurement Scheme: XXX
Initial State In X Basis: |Ψ〉3 = |+ ++〉+ |+−−〉+ | −+−〉+ | − −+〉

Alice Measures: ⊕A|α〉2 ªA|β〉2
New State In X Basis |+ +〉+ | − −〉 |+−〉+ | −+〉

Bob Measures: ⊕A ⊕B |γ〉 ⊕A ªB |δ〉 ªA ⊕B |ε〉 ªA ªB |φ〉
New State In X Basis |+〉 |−〉 |−〉 |+〉

A-B Correlations A-C Correlations B-C Correlations
50% 50% 100%(⊕A), 0%(ªA)

Using a grid like that above it is obvious from the state’s position in
the grid what the previous measurement results were (e.g a state arrived at
by Alice obtaining a +1 measurement and collapsing the wavefunction will
always be on the left hand side of the central dividing line). It can therefore
be written simply as:

Measurement Scheme: XXX
Initial State In X Basis: |+ ++〉+ |+−−〉+ | −+−〉+ | − −+〉

Alice Measures: |+ +〉+ | − −〉 |+−〉+ | −+〉
New State In X Basis |+ +〉+ | − −〉 |+−〉+ | −+〉

Bob Measures: |+〉 |−〉 |−〉 |+〉
New State In X Basis |+〉 |−〉 |−〉 |+〉

A-B Correlations A-C Correlations B-C Correlations
50% 50% 100%(⊕A), 0%(ªA)
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Measurement Scheme: XYY
Initial State In X Basis: |+ ++〉+ |+−−〉+ | −+−〉+ | − −+〉

Alice Measures: |+ +〉+ | − −〉 |+−〉+ | −+〉
New State In Y Basis |pm〉+ |mp〉 |pp〉+ |mm〉

Bob Measures: |m〉 |p〉 |p〉 |m〉
New State In Y Basis |m〉 |p〉 |p〉 |m〉

A-B Correlations A-C Correlations B-C Correlations
50% 50% 0%(⊕A), 100%(ªA)

Measurement Scheme: XZZ
Initial State In X Basis: |+ ++〉+ |+−−〉+ | −+−〉+ | − −+〉

Alice Measures: |+ +〉+ | − −〉 |+−〉+ | −+〉
New State In Z Basis |00〉+ |11〉 |00〉 − |11〉

Bob Measures: |0〉 |1〉 |0〉 |1〉
New State In Z Basis |0〉 |1〉 |0〉 |1〉

A-B Correlations A-C Correlations B-C Correlations
50% 50% 100%(⊕A), 100%(ªA)

Measurement Scheme: YXY
Initial State In Y Basis: α∗|ppp〉+ α|ppm〉+ α|pmp〉+ α∗|pmm〉

+α|mpp〉+ α∗|mpm〉+ α∗|mmp〉+ α|mmm〉
Alice Measures: α∗|pp〉+ α|pm〉 α|pp〉+ α∗|pm〉

α|mp〉+ α∗|mm〉 α∗|mp〉+ α|mm〉
New State In X Basis α∗|+ +〉+ α|+−〉 α|+ +〉+ α∗|+−〉

α| −+〉+ α∗| − −〉 α∗| −+〉+ α| − −〉
Bob Measures: α∗|+〉+ α|−〉 α|+〉+ α∗|−〉 α|+〉+ α∗|−〉 α∗|+〉+ α|−〉

New State In Y Basis |p〉 |m〉 |m〉 |p〉
A-B Correlations A-C Correlations B-C Correlations

50% 50% 100%(⊕A), 0%(ªA)
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Measurement Scheme: YYX
Initial State In Y Basis: α∗|ppp〉+ α|ppm〉+ α|pmp〉+ α∗|pmm〉

+α|mpp〉+ α∗|mpm〉+ α∗|mmp〉+ α|mmm〉
Alice Measures: α∗|pp〉+ α|pm〉 α|pp〉+ α∗|pm〉

α|mp〉+ α∗|mm〉 α∗|mp〉+ α|mm〉
New State In Y Basis α∗|pp〉+ α|pm〉 α|pp〉+ α∗|pm〉

α|mp〉+ α∗|mm〉 α∗|mp〉+ α|mm〉
Bob Measures: α∗|p〉+ α|m〉 α|p〉+ α∗|m〉 α|+〉+ α∗|m〉 α∗|p〉+ α|m〉

New State In X Basis |−〉 |+〉 |+〉 |−〉
A-B Correlations A-C Correlations B-C Correlations

50% 50% 0%(⊕A), 100%(ªA)

Measurement Scheme: YZZ
Initial State In Y Basis: α∗|ppp〉+ α|ppm〉+ α|pmp〉+ α∗|pmm〉

+α|mpp〉+ α∗|mpm〉+ α∗|mmp〉+ α|mmm〉
Alice Measures: α∗|pp〉+ α|pm〉 α|pp〉+ α∗|pm〉

α|mp〉+ α∗|mm〉 α∗|mp〉+ α|mm〉
New State In Z Basis |00〉+ i|11〉 |00〉 − i|11〉

Bob Measures: α∗|p〉+ α|m〉 α|p〉+ α∗|m〉 α|+〉α∗|m〉 α∗|p〉+ α|m〉
New State In Z Basis |−〉 |+〉 |+〉 |−〉

A-B Correlations A-C Correlations B-C Correlations
50% 50% 0%(⊕A), 100%(ªA)
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Measurement Scheme: ZXZ
Initial State In Z Basis: |000〉+ |111〉

Alice Measures: |00〉 |11〉
New State In X Basis |+ +〉+ |+−〉 |+ +〉 − | − −〉

| −+〉+ | − −〉 −| −+〉+ | − −〉
Bob Measures: |+〉+ |−〉 |+〉+ |−〉 |+〉 − |−〉 −|+〉+ |−〉

New State In Z Basis |0〉 |0〉 |1〉 |1〉
A-B Correlations A-C Correlations B-C Correlations

50% 100%(⊕A), 100%(ªA) 50%

Measurement Scheme: ZYZ
Initial State In Z Basis: |000〉+ |111〉

Alice Measures: |00〉 |11〉
New State In Y Basis |pp〉+ |pm〉 −|pp〉+ |pm〉

|mp〉+ |mm〉 +|mp〉 − |mm〉
Bob Measures: |p〉+ |m〉 |p〉+ |m〉 −|p〉+ |m〉 |p〉 − |m〉

New State In Z Basis |0〉 |0〉 −i|1〉 i|1〉
A-B Correlations A-C Correlations B-C Correlations

50% 100%(⊕A), 100%(ªA) 50%

Measurement Scheme: ZZX
Initial State In Z Basis: |000〉+ |111〉

Alice Measures: |00〉 |11〉
New State In Z Basis |00〉 |11〉

Bob Measures: |0〉 |1〉
New State In X Basis |+〉+ |−〉 |+〉 − |−〉

A-B Correlations A-C Correlations B-C Correlations
100%(⊕A), 100%(ªA) 50% 50%
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Measurement Scheme: ZZY
Initial State In Z Basis: |000〉+ |111〉

Alice Measures: |00〉 |11〉
New State In Z Basis |00〉 |11〉

Bob Measures: |0〉 |1〉
New State In Y Basis |p〉+ |m〉 −i(|p〉 − |m〉)

A-B Correlations A-C Correlations B-C Correlations
100%(⊕A), 100%(ªA) 50% 50%

Measurement Scheme: ZZZ
Initial State In Z Basis: |000〉+ |111〉

Alice Measures: |00〉 |11〉
New State In Z Basis |00〉 |11〉

Bob Measures: |0〉 |1〉
New State In Z Basis |0〉 |1〉

A-B Correlations A-C Correlations B-C Correlations
100%(⊕A), 100%(ªA) 100%(⊕A), 100%(ªA) 100%(⊕A), 100%(ªA)
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Abstract: Currently, the way we represent stabilizer states is
by hand. However, this method is neither efficient nor productive.

Several algorithms have been proposed to address the issue of
efficient simulation of stabilizer states, but no one has

implemented them yet. This paper discusses how the graph state
approach method is used to develop a software application that will

make quantum state visualization fast and convenient. 

1. Background theory
1.1 Quantum gates and stabilizers
The set of gates that each stabilizer group comprises of is shown in Table 1.

A stabilizer (S) of a quantum state |Φ> is a unitary transformation such that when
applied to a state, it does not change it: S  |Φ>  =  |Φ> . For example, the state

1

2
∣01 02 〉∣1112 〉  is stabilized by the set of operators {II, X1X2, Z1Z2}, where X1

operates on qubit 1, transforming the initial state to 
1

2
∣11 02 〉∣0112 〉  , and X2

operates on qubit 2, transforming it to 
1

2
∣1112 〉∣01 02 〉  , which is the starting





state. By definition, the operators II do not change the initial state.

1.2 Group Theory and its Relation to Quantum States

An n-qubit quantum state may be compactly represented using its generators. In group
theory, the generators of a group is the subset of a group, the members of which can be
used to generate all the other members of the group. Group theory is used in quantum
mechanics to compactly represent quantum states. This is done by representing the
quantum state as a group of unitary operators. (If quantum states are thought of as unit
length vectors in complex Hilbert space, unitary operators may be thought of as matrices
which rotate quantum states.) The group may be of arbitrary size, but is most compactly
represented using the generating group. The members of such a group are termed
generators. Most commonly, members of the Pauli group are used as the generators to
describe a quantum state:

{±[i]I, ±[i]X, ±[i]Y, ±[i]Z}

where the brackets [] indicate optional components. In principle, therefore, there are 16
possible generators in the Pauli group. Any composition of these could serve as valid
basic input to the program. In practice, however, there are extra conditions imposed by
the limited purpose of our program. For example, the multiplicative factors (±[i]) are
ignored for the purposes of graphing the generators. Additionally, the operator -I is not
allowed. Y can be generated using X and Z, so it is not used. Therefore, for our program,
the only valid input is a composition of the following operators:

{I, X, Z}

1.3 Problem statement.
A quantum state comprised of 1 quantum bit (qubit) has two amplitudes: α| 1 > + �  |

0 >. Therefore, to describe a n qubit pure state we need O(2n) complex amplitudes. It
looks impossible to describe the state concisely and even well-defined measures like
entropy of entanglement are hard to compute. Proposed algorithms for qualifying
entanglement using the Schmidt measure are considered computationally intractable.
Overall, lack of efficiently computable entanglement measurements limits our
understanding of the properties of entangled quantum states shared between more than
two parties. However, Hein et al. proposed a study of the entanglement of stabilizer states
using the graph state approach.

2. Approach
The graph state approach utilizes stabilizers states and makes it possible to generate

efficient descriptions of a quantum state, since it requires only O(n) bits to specify a n
qubit state. In addition, the states are easily computed, and the number of elementary
operations scales polynomially with the log of the size of the Hilbert space. 

Each state has a list of stabilizer elements, which can be reduced to a minimal
number. For example, suppose we have the stabilizer list G = {II, XX, ZZ}. The
minimum number of operations required to describe this list is {XX, ZZ}. This subset is



called the generators of the stabilizer group. Every set of n generators describes a unique

n-qubit quantum state, and in this example, this is the Bell state 
1

2
∣01 02 〉∣1112 〉  .

For example, for the five qubit code, in order to perform single bit error correction,
we have the following states:

|0L>  = 1/4 [  |00000)
           + |11000) + |01100) + |00110) + |00011) + |10001)
           - |10100) - |01010) - |00101) - |10010) - |01001)
           - |01111) - |10111) - |11011) - |11101) - |11110) ]

|1L> = 1/4 [  |11111)
           + |00111) + |10011) + |11001) + |11100) + |01110)
           - |01011) - |10101) - |11010) - |01101) - |10110)
           - |10000) - |01000) - |00100) - |00010) - |00001) ]

This representation does not allow for the user to quickly determine any
characteristics of the quantum state. However, using stabilizer states, we can represent
this quantum state in terms of its generators elements:

g1 = XZZXI
g2 = IXZZX
g3 = XIXZZ
g4 = ZXIXZ
~Z = ZZZZZ

This description of the state still does not allow us to extract knowledge quickly and
efficiently. Thus, we propose a software application that would be capable of efficiently
simulating the stabilizer state using graphs, as shown on Figure 1. 





3. Implementation
Computational part.
The computational part of the software application, named qssv (quantum stabilizer

state visualization), is developed in the programming language C and it is open source,
and it is published under the GNU license. 

Currently, the application accepts a stabilizer generators list as its input. The input is
checked for validity to ensure that the generators meet the requirements for stabilizing a
state (see David Butler's paper for input checking). Afterwards, the N qubit input is
inserted in a Nx2N matrix, called the “check matrix.” After the check matrix has been
populated, a variety of already developed (the algebra package from the Gandalf open
source library) and of custom developed algebra routines are applied.

For the purpose of our application all linear algebra routines must perform binary
arithmetic instead of addition and subtraction of decimal numbers. For this reason, all
computational routines were developed and customized to perform the XOR operation. 

Finally, the algorithm computes a Nx2N matrix with the following properties:
• the NxN part of the matrix is the identity matrix
• the other part of the matrix correlates the relationship between the stabilizer

generators in the given state – the identity part corresponds to the operation X,
while the second part of the matrix corresponds to the operator Z

• the correlation allows us to efficiently simulate the quantum state through a graph

The last property allows us to display a graph that is easy to interpret - there are only
three key points to remember when analyzing the graph that simulates a stabilizer state: 

• a vertex (qubit) denotes the X operator
• an edge denotes the Z operator
• no edge denotes the I operator

Graphical User Interface.
The information computed from the check matrix is then used by the graphical user

interface module1 to create a graph of the quantum state. This module is developed in Perl
and GTK.

4. Future work
The following features are in their state of research:
• the application should take as an input a quantum state, be able to generate the

stabilizer list, reduce it to the minimum number of generators required, and
perform the computations – this will require a firm understanding of stabilizers,
quantum gates and how to efficiently apply them to a quantum state.

• the application should be able to compute the degree of entanglement and display
it in a manner that is easy to extract from the drawn graph state – this will require
further research in quantum entanglement and ways of characterizing the strength
of an entangled quantum state.

 



• once the state is displayed, be able to apply local and global gates through the user
interface, compute the result and display it

• all updates and the software application (including the source) will be published at
http://cbsss2004.tajinc.org/ 

We would like to thank all the people who helped us during our research,
especially Isaac Chuang (MIT), Dave Bacon (Caltech) and Panos Aliferis (Caltech).
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Valid Input & Error Detection 
 
.Any computer program expects certain kinds of input, and given the right type of input, needs to 
check that this input is valid for the purposes of the program. For example, a program that parses 
a file might expect a file name as input, and given a valid string, needs to check that the string 
refers to an existing file that can be opened. The purpose of our program is, given a set of 
generators, to output them in graphical form. To understand what constitutes valid input to our 
program, it is necessary to understand a little bit of group theory. 
 
Group Theory and its Relation to Quantum States 
 
.An n-qubit quantum state may be compactly represented using its generators. In group theory, the 
generators of a group is the subset of a group, the members of which can be used to generate all the 
other members of the group. In other words, by successive applications of the generating elements 
in a group, you can generate all the elements present in the larger group. 
 
.Group theory is used in quantum mechanics to compactly represent quantum states. This is done 
by representing the quantum state as a group of unitary operators. (If quantum states are thought 
of as unit length vectors in complex Hilbert space, unitary operators may be thought of as matrices 
which rotate quantum states.) The group may be of arbitrary size, but is most compactly 
represented using the generating group. The members of such a group are termed generators. Most 
commonly, members of the Pauli group are used as the generators to describe a quantum state: 

 
{.[i]I, .[i]X, .[i]Y, .[i]Z} 

 
where the brackets [] indicate optional components. (Please see the references for material that 
explains in more detail the definition and meaning of the operators X, Y, and Z.) In principle, 
therefore, there are 16 possible generators in the Pauli group. Any composition of these could 
serve as valid basic input to the program. In practice, however, there are extra conditions imposed 
by the limited purpose of our program. For example, the multiplicative factors (.[i]) are ignored for 
the purposes of graphing the generators, for reasons that will become clear later. Additionally, the 
operator -I is not allowed (for another reason which will be explained later). Y can be generated 
using X and Z, so we don't use it. Therefore, for our program, the only valid input is a composition 
of the following operators: 
 

{I, X, Z} 
 
Error Detection on Input 
 
.Given an arbitrary group of generators, how do we know that such a group will actually work? It 
is not enough that we be given generators composed of members of {I, X, Z}. We also require that 
the generators actually generate a valid, nontrivial quantum state. That is to say, we need to check 



 
whether well-formed generators actually generate something. It turns out that there are only three 
simple conditions that need to be imposed on a generating group S to guarantee this: 
 
 
1..-I must not be an element. 
2..The elements of S must commute. 
3..The elements of S must be linearly independent. 
 
Condition number one is guaranteed by our restriction on the input to {I, X, Z}. Conditions two 
and three are easily checked by using what we call a check matrix. Given n generators of size n, the 
check matrix is of size n x 2n (n rows and 2n columns). The matrix can be thought of as two halves. 
The left half contains information about where the X operators are located in the generators. The 
right half contains information about where the Z operators are located in the generators. A 1 in the 
left half of the matrix indicates an X operator in that position, a 1 in the right half indicates a Z in 
that position. A zero in both halves of the matrix indicate an I operator in that position. For 
example: 
 
 
 
The second condition specifies that the elements of S must commute. This means that, for example, 
that S1S2|k>=S2S1|k>. This can be checked using the check matrix. Suppose that the check matrix 
of S is g. Then, the elements of S commute if and only if: 
 

gLgT=0 
 
where T indicates the transpose of a matrix, and L is defined as follows: 
 

L=  ⎥
⎦

⎤
⎢
⎣

⎡
0

0
I

I

 
The third condition holds if and only if the rows of the check matrix are linearly independent. 
 
Implementation 
 
.While the GUI of our program was written in Perl, the mathematical portion was written in C. We 
used a library called Gandalf in order to utilize its built-in linear algebra functions. Input to our 
program is in the form of a matrix. Each row is one generator, and each column is a position in the 
generator. Only characters in the set {i,I,x,X,z,Z} are allowed. Once inputted, the generators are 
converted into a check matrix. This check matrix is passed to a function that checks its validity. 
This is the function that I wrote. Valid input characters are guaranteed by the Perl GUI, which only 
allows valid input characters. From there, a well-formed check matrix is guaranteed by a function 
in the C code. This well-formed check matrix is passed to my function, and the generators checked 
for validity. 
 
.Conditions two and three are the only conditions that actually need to be checked. Condition three 



 
is not vital, and Gandalf had no functions to check the linear independence of the rows of a matrix. 
I therefore chose not to perform this check. Condition two is therefore the only condition my 
function checks. 
 
.The first step is to generate the nxn L matrix. The only way to fill a matrix with values in Gandalf 
is to either put the same value in all slots, or enumerate what specific value ought to go in each slot. 
I had to use the second method to create a general-size L matrix. Given n, the height of the check 
matrix, my function uses two nested for loops to iterate over all slots in the L matrix. Every slot has 
a value of zero unless we are on the diagonal of the lower left or upper right of the matrix. 
 
.Once the L matrix is generated, the program uses Gandalf to perform matrix multiplication and 
transposition. The result of these operations is an nxn matrix. If this matrix is filled with zeros, 
then the test passes. Otherwise it fails. The program must iterate through all slots in the matrix to 
check that they are all zero. 
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I. GRAPH STATES? 
 
What is a graph state? A graph state is another 
way to represent a vector space so that it will 
be easier for us to visualize the vector space. 
For our purposes, we use graph states to 
visualize our quantum states. But how? 
 
First, we find a set of generators which 
stabilize the quantum state.  Each generator 
will be a stabilizer of the quantum state with 
eigenvalue +1.  For any n-qubit quantum state, 
we can find n linearly independent generators 
to describe the vector space.  
 
After we find all the generators for that 
quantum state, then we will transform those 
generators into a matrix, which we call it 
CHECK MATRIX.  The check matrix will 
have 2 parts, the X operator’s part (on the left 
side, which indicate where X operators are 
located in the generators) and the Z operator’s 
part (on the right side, which indicate where Z 
operators are located in the generators).  If we 
see an X, then we will put a 1 on the left side 
according to its position in the generator; if we 
see a Z, then we will put a 1 on the right side 
according to its position in the generator; if we 
see an I, then we will put 0 on both sides; if we 
see a Y, then we will put 1 on both sides. Here 
is an example: 
 
Let’s say we have these 3 generators: 
 
g1=X1X2X3,   g2=Z1Z2I3,   and g3=I1Z2Z3 
 
then the check matrix will look like: 
 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

110000
011000
000111

M

M

M

 

(one row is one generator) 
 

After we make the check matrix, we have to 
change it to standard form (standard form: the 

left part of the matrix must be an identity 
matrix).   
 
If there is any row which doesn’t include X, 
then we need to apply Hadamard gate to 
switch column.  For instance, the 2nd and the 
3rd row don’t have X in it, so we apply H(2) and  
H(3) to switch it. The resulting matrix will look 
like: 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

000110
001010
110001

M

M

M

 

After this, we can do the row operation: 
 
ADD THE 2ND ROW TO THE THIRD ROW, 
we get: 
 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

001100
001010
110001

M

M

M

 

 
Now, we have the check matrix in standard 
form. We can start graphing it. The 3 new 
generators after the transformation is 
 
g1=X1Z2Z3,   g2=Z1X2I3,   and g3=Z1I2X3 
 
This is a 3-qubit state, so first we draw 3 dots: 

                        
X means the qubit; and Z indicates if it is 
connected or not. 
 
The first generator says X1Z2Z3: X1 means 
qubit one; Z2Z3 means qubit one is connected 
to qubit two and qubit three. 
 
Z1X2I3 means qubit two is connected to qubit 
one but not qubit three. 

1 

3 
 

2 

AFTER 
H(2) and H(3)

AFTER 
H(2) and H(3)



 
 

 2

Z1I2X3 means qubit three is also connected to 
qubit one but not qubit two. 
 

So the final graph will be: 
 

                        
 
II. Valid INPUTs? 
 
Are all inputs valid?  We can’t assume it is, 
because we are designing a program for 
someone who might have no idea how it works.  
As a result, before the inputs go into the actual 
program, we must check if the inputs are valid 
or our program may go into infinite loop or 
give us some incorrect results.   
 
First, we have to check if the input generators 
are linearly independent, because we require a 
minimum group of generators which can 
generate all the other members in the vector 
space. If we have a linearly dependent 
generator in our group, then while we try to 
change our check matrix into standard form, it 
will produce a zero row which means we loose 
a generator in the process.  As a result, we 
can’t make a graph for it (because we loose 
some information about one of the qubits). 
 
The way we use to check “linearly 
independent” in our program is doing our 
matrix transformation until we encounter a 
zero row then we will stop the process and 
return an error signal.  If we do not encounter 
a zero row, then we will keep processing until 
we reach the standard form. 
 
Second, we must check if all the generators 
commute with each other or not. Why do they 
need to commute with each other? The proof is 
as follows: 
 

1g  and  are two generators (or stabilizers) 
for quantum state 

2g
>ϕ| , and  and  

anticommute with each other: 

1g 2g

1221 gggg −= . 
We will say the quantum state >ϕ|  is not zero 
state or there is no point talking about it. Here 
is the contradiction: 
 

>>==>>= ϕϕϕϕ ||)|(| 12121 ggggg  
>−=>−=>>== ϕϕϕϕ |)|()|(| 21121 ggggg

 

>−>= ϕϕ || , 0| >=ϕ  ……………. (X) 
 
So we need to have each generator commute 
with all other generators. 
 
The way we check it is really easy.  We need 
to have the check matrix G ready. Then we 
just do the following matrix multiplication: 
 

0=Λ TGG , where Λ  is a  matrix 

. 

nn 22 ×
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⎡
=Λ
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0
I
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With this, we can easily check if the 
generators commute with each other or not. 
 
For example, if we have 3 generators: 
g1=X1X2X3,   g2=Z1Z2I3,   and g3=I1Z2Z3 

G = ; G
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⎥
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010000
001000

 
0=Λ TGG  (modulo two arithmetic: 1+1=0) 

 
In real implementation, we use Gandalf for our 
linear algebra library so we can do any matrix 
operations easily.  
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3 
 

2 
 



 
 
III. Apply Unitary Gates to Graph State: 
 

 

We have been able to use the stabilizer 
formalism to describe our quantum state. For 
an n-qubits quantum state, we will need n 
stabilizers to include the whole vector space. 
Then, we can graph the quantum state using 
the stabilizers. We will call the resulting graph 
the graph state of the original quantum state.  
Now, we are thinking about how to apply 
unitary quantum gates to our graph state, as we 
do to our quantum state.  Unitary gate plays an 
important role in our quantum computations 
and future applications.  For example, if we 
want to simulate a quantum circuit, we may 
need to put a unitary gate in our circuit to 
represent the unavoidable noise in real 
application. 
 
At the first glance, we think we should first 
convert our stabilizers back into the quantum 
state representation. For example, if we have 
the following three stabilizers (or generators): 
 
g1=X1X2X3,   g2=Z1Z2I3,   and g3=I1Z2Z3 
 
and we want to apply Hadamard Gate to the 
second qubit.  First, we convert it to our 
standard quantum state representation: 

2
111|000| >+> ; Then, apply Hadamard Gate 

to the second qubit. The resulting quantum 

state will be 
2

11|00| >−+>+  with three 

generators: g1=X1Z2X3, g2=Z1X2I3, and 
g3=I1X2Z3.  After we find out the all generators 
of the resulting quantum state then we can 
graph it using the rule we stated in the 
previous section. 
 
It may be quite inefficient if we convert the 
generators back to standard representation, 
apply the unitary gates, find a new set of 
generators, and then graph it.  Is there any way 
we can apply the unitary gates directly to 
every single generator instead of converting it 
back to the standard form?  It might seem just 
a few more steps, but converting the 

generators back to the standard form is a really 
expensive computer procedure. We did not 
find any efficient methods to do the 
computation, so we must have a way to apply 
the unitary quantum gates directly to those 
stabilizers (or generators) as follows: 
 
Let’s say we want to apply unitary gate P to a 
quantum state |φ> and let g be one of the 
generators of quantum state |φ>. As a result,  

P |φ> = Pg|φ> =  >ϕ|PPgPt

We can tell that  becomes the new 
generator for new quantum state P |φ>, so we 
can do the same thing to every single 
generators of the quantum states, and we will 
get a new set of generators for the new 
quantum state after applying the unitary gate. 

tPgP

 
Let’s go back to the quantum state with three 
generators g1=X1X2X3,   g2=Z1Z2I3,   and 
g3=I1Z2Z3 in the last example and use our new 
approach to solve the problem. 
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So g1 becomes X1Z2X3, g2 becomes X1Z2X3 and 
g3 becomes I1X2Z3 (same as the 3 generators 
we predict before). 
 
Let’s say now we want to apply control-NOT 
on qubit one (control) and qubit two. 
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The three generators will become 
 

g1 = (X1X2) X2 X3 = X1 I2 X3; 
g2 = Z1 (Z1Z2) I3  = I1 Z2 I3; 
g3=I1 (Z1Z2) Z3  =  Z1 Z2 Z3.
 

Here is the summery: 
 

Operation Input Output 
control-NOT X1 

X2 
Z1 
Z2

X1X2 
X2 
Z1 

Z1Z2
H X 

Z 
Z 
X 

S X 
Z 

Y 
Z 

X X 
Z 

X 
-Z 

Y X 
Z 

-X 
-Z 

Z X 
Z 

-X 
Z 

IV. Doing Measurement: 
 
Till now, we let the closed quantum system 
evolve itself according to the unitary 
operations.  It might be good if our quantum 
system does not interact with the rest of the 
universe because it will be easier for us to 
control.  But many times, we want to find out 
what actually happens in our quantum system, 
so we may need to use some external tools to 
observe the system.  After the observation, the 
system will no longer be closed and we will 
learn some details about the inside world.  We 
call this doing measurement on the systems. 
 
Let’s review the three basic operators which 
we will use here to do measurement: X, Y, and 
Z operators.  
 

X Operator: ;  ⎥
⎦

⎤
⎢
⎣

⎡
01
10

Y Operator: ; ⎥
⎦

⎤
⎢
⎣

⎡ −
0

0
i

i

Z Operator:  ⎥
⎦

⎤
⎢
⎣

⎡
−10
01

and 
 

>+>=+ ||x ,  >=> -|-  -|x  

2
1|0|

2
1|0| >+>

=
>+> iiY , 

2
1|0|

2
1|0| >−>

−=
>−> iiY  

>=> 0|  0|z , >=> 1|-  1|z  
 
So we use X operator to measure  or >+| >−| ; 

Y operator to measure 
2

1|0| >+> i or 

2
1|0| >−> i ; and Z operator to measure  

or . 

>0|

>1|
 
Let’s do one example: 
 
If we want to do Z measurement on qubit one 
of the following quantum state: 
 

 4



 
 

2
111|000| >+>

 

 
Then, the result will be either  or 

 with both 50% chance. The new set of 
generators will be {Z

>000|
>111|

1I2I3,  I1X2I3, I1I2X3}. 
 
Now, if we want to do X measurement on 
qubit one of the same quantum state, then: 
 

2
111|

2
000|

2
111|000| >

+
>

=
>+>  

2
11|11|

2
00|00| >−−>+

+
>−+>+

=  

2
11|00|

2
11|00| >−−>−

+
>++>+

=  

 
Then, the measurement will be either 

2
11|00| >++>+  or 

2
11|00| >−−>−  with 

50% chance each. The new set of generators 
will be {I1Z2Z3,  I1X2X3,  X1I2I3}. 
 
But same as before, we don’t want to transfer 
it back to the standard quantum state 
representation.  So we should find a way to 
directly apply to our graph states.   
 
Now let’s try to graph the first example: 
Before Z-Measurement on qubit one: 

2
111|000| >+>

>000| >111|
 

ere are some rules to follow (if we want to 

:      

After Z-Measurement on qubit one: 

 or :  

 
H
do measurement on qubit a: G is the vector 
space of the graph state, and E(a, b) means 
point a and point b are connected): 
 

Measurement HOW 
X 1. Pick a ne b 

tween b 

3.  in the set  

r ges between Na 

ighbor 
2. Invert edges in be

and Na\{b} 
Invert edges

     Na ∩  Nb
4. Inve t ed

and Nb 
Y  E(Na,Na): 

Na )} 

G −
Invert Na
={b:E(a,b

Z 
Remove vertex a and all its 

G − {a}: 

edges. 
 

et’s follow the rule and do another example: 

e want to do y-measurement on qubit one of 

efore Y-Measurement on qubit one: 

                    

fter Y-Measurement on qubit one 

                     

L
 
W
the following graph state: 
 
B
 

 
 
 
A
(inverting Na):
 

 

3 
 

2 

1 
 

3 
 

2 

1 
 

3 
 

2 
 

1 
 

1 
 

3 
2 
 

1 
 
H(2) and H(3)

H(2) and H(3)
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Abstract: Currently, the way we represent stabilizer states is
by hand. However, this method is neither efficient nor productive.

Several algorithms have been proposed to address the issue of
efficient simulation of stabilizer states, but no one has

implemented them yet. This paper discusses how the graph state
approach method is used to develop a software application that will

make quantum state visualization fast and convenient. 

1. Background theory
Quantum gates.
The set of gates that each stabilizer group comprises of is shown in Table 1.

Stabilizers.
A stabilizer (S) of a quantum state |Φ> is a unitary transformation such that when

applied to a state, it does not change it: S  |Φ>  =  |Φ> . For example, the state
1

2
∣01 02 〉∣1112 〉  is stabilized by the set of operators {II, X1X2, Z1Z2}, where X1

operates on qubit 1, transforming the initial state to 
1

2
∣11 02 〉∣0112 〉  , and X2

operates on qubit 2, transforming it to 
1

2
∣1112 〉∣01 02 〉  , which is the starting

state. By definition, the operators II do not change the initial state.





Problem statement.
A quantum state comprised of 1 quantum bit (qubit) has two amplitudes: α| 1 > + �  |

0 >. Therefore, to describe a n qubit pure state we need O(2n) complex amplitudes. It
looks impossible to describe the state concisely and even well-defined measures like
entropy of entanglement are hard to compute. Proposed algorithms for qualifying
entanglement using the Schmidt measure are considered computationally intractable.
Overall, lack of efficiently computable entanglement measurements limits our
understanding of the properties of entangled quantum states shared between more than
two parties. However, Hein et al. proposed a study of the entanglement of stabilizer states
using the graph state approach.

2. Approach
The graph state approach utilizes stabilizers states and makes it possible to generate

efficient descriptions of a quantum state, since it requires only O(n) bits to specify a n
qubit state. In addition, the states are easily computed, and the number of elementary
operations scales polynomially with the log of the size of the Hilbert space. 

Each state has a list of stabilizer elements, which can be reduced to a minimal
number. For example, suppose we have the stabilizer list G = {II, XX, ZZ}. The
minimum number of operations required to describe this list is {XX, ZZ}. This subset is
called the generators of the stabilizer group. Every set of n generators (G) describes a
unique n-qubit quantum state, and in this example, this is the Bell state

1

2
∣01 02 〉∣1112 〉  .

For example, for the five qubit code, in order to perform single bit error correction,
we have the following states:

|0L>  = 1/4 [  |00000)
           + |11000) + |01100) + |00110) + |00011) + |10001)
           - |10100) - |01010) - |00101) - |10010) - |01001)
           - |01111) - |10111) - |11011) - |11101) - |11110) ]

|1L> = 1/4 [  |11111)
           + |00111) + |10011) + |11001) + |11100) + |01110)
           - |01011) - |10101) - |11010) - |01101) - |10110)
           - |10000) - |01000) - |00100) - |00010) - |00001) ]

This representation does not allow for the user to quickly determine any
characteristics of the quantum state. However, using stabilizer states, we can represent
this quantum state in terms of its generators elements:

g1 = XZZXI
g2 = IXZZX
g3 = XIXZZ



g4 = ZXIXZ
~Z = ZZZZZ

This description of the state still does not allow us to extract knowledge quickly and
efficiently. Thus, we propose a software application that would be capable of efficiently
simulating the stabilizer state using graphs, as shown on Figure 1. 

3. Implementation
Computational part.
The computational part of the software application, named qssv (quantum stabilizer

state visualization), is developed in the programming language C and it it is open source,
according to the GNU license. 

Currently, the application accepts a stabilizer generators list as its input. The input is
checked for validity to ensure that the generators meet the requirements for stabilizing a
state (see David Butler's paper for input checking). Afterwards, the N qubit input is
inserted in a Nx2N matrix, called the “check matrix,” with the following algorithm:

for each input generator, i
check first operation, j

X: insert 1 in check_matrix(i, j), 0 in 
   check_matrix(i, j+n)
Z: insert 1 in check_matrix(i, j+n), 0 in
   check_matrix(i, j)
I: insert 0 in check_matrix(i, j) and 
   check_matrix(i, j+n);

end
end





After the check matrix has been populated, a variety of already developed (algebra
package from the Gandalf open source library) and of custom developed algebra routines
are applied. To reduce the matrix to the desired format, the following method is applied:

k = n:
analyze the k-th rows and columns of the check_matrix

if the columns are linearly independent:
extract the orthogonal and the upper triangular
matrix (custom functions);
perform QR factorization (customized Gandalf library);

end
if columns are not linearly independent:

swap column k with column k+n from check_matrix;
k = n-1; 
repeat;

end

In this algorithm, the QR factorization routine in the Gandalf library was not suitable
for our needs, since it performs only decimal arithmetic operations (addition and
subtraction of decimal numbers only). For our application, a binary arithmetic is
needed,and thus the routine was customized to perform the XOR operation, instead of
addition and subtraction of decimal numbers. For the same reason, all computational
routines were developed to perform the XOR operation. 

The algorithm mentioned above computes a Nx2N matrix with the following
properties:

• the NxN part of the matrix is the identity matrix
• the other part of the matrix correlates the relationship between the stabilizer

generators in the given state – the identity part corresponds to the operation X,
while the second part of the matrix corresponds to the operator Z

• the correlation allows us to efficiently simulate the quantum state through a graph

The last property is used in the following algorithm:

for each row,col (i,j) pair in check_matrix
while j less than N:

if j = 1
draw a vertex
else j++;

if j + N = 1
draw an edge between vertices j and j+N

end
i++; j = 0;
end



Since the graph is generated in this way, there are only three key points to remember
when analyzing a graph that simulates a stabilizer state: 

• a vertex (qubit) denotes the X operator
• an edge denotes the Z operator
• no edge denotes the I operator

Graphical User Interface.
The information computed from the check matrix is then used by the graphical user

interface module1 to create a graph of the quantum state. This module is developed in Perl
and GTK.

4. Future work
The following features are in their state of research:
• the application should take as an input a quantum state, be able to generate the

stabilizer list, reduce it to the minimum number of generators required, and
perform the computations – this will require a firm understanding of stabilizers,
quantum gates and how to efficiently apply them to a quantum state.

• the application should be able to compute the degree of entanglement and display
it in a manner that is easy to extract from the drawn graph state – this will require
further research in quantum entanglement and ways of characterizing the strength
of an entangled quantum state.

• once the state is displayed, be able to apply local and global gates through the user
interface, compute the result and display it

• all updates and the software application (including the source) will be published at
http://cbsss2004.tajinc.org/ 

This research was made possible with the help of Isaac Chuang (MIT), Dave
Bacon (Caltech) and Panos Aliferis (Caltech).
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Abstract

Our time at the Computing Beyond Silicon Summer School, hosted by Caltech, gave
us a unique opportunity to explore new concepts and learn about advances in modern
information processing that interest us. We chose to study quantum computation using
quantum dot systems because of their potential for bringing forth a solid-sate quantum
information processing system. Specifically we chose to investigate three questions: (1)
What physical properties of a quantum dot can be used to carry quantum information?
(2) How do we create quantum gates using these systems? (3) How do we create simple
quantum circuits using these systems? This paper presents what we have discovered
for three types of systems: exciton systems, electron spin systems, and nuclear spin
systems. We also investigate the role that polarons play in the decoherence of spin
systems.

1 Introduction

Interest in quantum computation was sparked when the algorithms of Shor [1] and Grover
[2] demonstrated that computational hard problems on a classical computer become feasible
on a quantum computer. Investigations into a physically realizable quantum computer have
been carried out on ion-trap systems [3, 4], as well as cavity quantum electrodynamic systems
[5], and in nuclear magnetic resonance systems [6].

While the knowledge gained from research is beneficial to our understanding of quantum
information processing systems, it is unclear if such systems will be able to scale up to
the large-scale systems that will be needed if quantum computers are ever to become more
than an academic curiosity, or highly specialized computational tool. It is speculated that
a scaleable, and economically feasible, quantum information processing will be created with
solid-state systems. It may be that solid-state quantum information processing will come to
dominate the field of quantum computation as it has with classical computational systems
with the microelectronic circuit.

For this paper we chose to investigate the potential applications that quantum dot sys-
tems, one class of solid-state systems, may have for quantum information processing. Specif-
ically we set out to investigate three questions:

1



• What physical properties of a quantum dot can be used to carry quantum information?

• How do we create quantum gates using these systems?

• How do we create quantum circuits using these systems?

As a corollary to answering these questions we will also explore how the systems we
study fulfill DiVincenzo’s requirements for an operable quantum computer [7]. These five
requirements are as follows: (i) identification of well-defined qubits, (ii) reliable state prepa-
ration, (iii) low decoherence, (iv) accurate quantum gate operations, and (v) strong quantum
measurements.

We chose to study three separate systems for information processing in quantum dots:
exciton systems, electron spin systems, and nuclear spin systems. What we have learned
about these systems will be reported in this paper.

1.1 Quantum Computation

Quantum computers store information in two-level quantum systems and manipulate infor-
mation by precisely controlling the system’s Hamiltonian. Typically, the fundamental unit
of information in a quantum computer is referred to as a qubit, despite attempts to point
out how grotesque a misuse of the english language this name is [8].

Information processing is performed on an array of qubits through a series of two-qubit
and single-qubit gates. This process is similar to how boolean bits are operated on by logic
gates in classical computing. There are several quantum logic implementations which have
been shown to provide a universal set of gates for computation, and these will be discussed
for the separate systems.

In order for the computation to proceed the system of qubit states must evolve coherently.
Therefore a fine balance between isolating the system from the environment to maintain
coherence, and coupling to the system to allow control of the evolution must be achieved.
Maintaining coherence of the qubit states has proven to be a difficult problem to solve, but
fortunately there are schemes of active quantum error correction that are able to maintain
the coherence of the qubits for a certain cost in computational overhead. It is estimated that
in order to maintain coherence using quantum error correction for larger arrays of qubits,
that the gate delay (or time it takes one gate to operate) must be on the order of 104 times
shorter then the decoherence times of the individual qubits [9].

1.2 Quantum Dots

The term quantum dot is usually used to describe a semiconductor nanocrystal. Quantum
dots are confined, zero-dimensional semiconductor systems created at the nanoscale. The
physical boundaries of the quantum dot confine charge carriers within the material. This
confinement results in properties that are not seen in the bulk form of the material. For
example, silicon, which is usually a poor light emitter in its bulk form because it has an
indirect-band gap, emits light when it is confined as quantum dots [10].
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Figure 1: Colloidally prepared CdSe quantum dots of different sizes, demonstrates how the
size of the quantum dot affects confinement and thus the optical properties of the material
[11].

The confinement of the charge carriers within the quantum dot can be adjusted, thereby
affecting some of the material’s properties, by varying the size of the quantum dot. This
effect is most spectacularly seen in the rainbow of colors that can be produced in colloidal
CdSe quantum dots by varying their sizes (Figure 1).

Typically the diameter of a quantum dot (D), and thus the level of confinement that it
produces, is characterized by its relation to the Bohr radius of an exciton (Hydrogenically
coupled electron-hole pairs) (aB). Strong confinement occurs when D < 2aB, intermittent
confinement when D ∼ 2aB, and weak confinement when D > 2aB [12]. The size of the
quantum dot can also be characterized by the Fermi wavelength inside the host material,
which is typically between 10 nm and 1 µm [13].

Quantum dots are prepared using several techniques including the following: lithography,
molecular beam epitaxy, and colloidal methods. All of these methods share a common
characteristic in that the quantum dot is created via a distinct material boundary. There are
other methods for creating quantum dots where electrical gating is used to confine electrons
in a two dimensional electron gas within a quantum well.

Systems contained within quantum dots are better isolated from the environment and
have fewer internal degrees of freedom than systems with more dimensions. Both of these
characteristics are useful for increasing the coherence times of the qubit states encoded
within the dot, and therefore interest in the potential applications that quantum dots have
for solid-state quantum computing has developed.

2 Excitons

When photons are pumped into a semiconductor, electrons are excited into the conduction
band, leaving behind holes in the valence band. Binding the electrons with their hole coun-
terparts result in bounded electron-hole pairs, or excitons. In this section, we demonstrate
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how a quantum computing (QC) system can be realized using localized excitons in QDs as
the elementary quantum bit. According to DiVincenzo, the five requirements that must be
satisfied in order to obtain a reliable QC system are: (1) a scalable system, (2) the ability to
initialize qubits (3) relatively long decoherence times (longer than the gate operation times),
(4) a qubit-specific read-out capability, and (5) a universal set of quantum gates [14].

We base our analysis on the simple physical system proposed by H.Kamada[15] where
a linear array of quantum dots is excited by a laser while sandwiched between two metal
electrodes as seen in (Figure 2). The system can easily be scaled up by adding more QDs to
the array. Quantum logic gates are performed by exciting the quantum dots with multi-color
lasers. In the absence of excitation and radiation, however, the QD system will fall back in
the ground state thus initializing the qubit states. One main obstacle is decoherence, or the
effects of uncontrollable coupling with the environment. The decoherence time for an exciton
typically ranges from 20ps to 100ps, which is considerably shorter than the decoherence times
of nuclear or electron spin. This is a problem since gate operations take approximately 40ps
to perform. However, implementing ultrafast (femtosecond) optoelectronics will enable us
to bypass this problem. Read-out on the QDs can be achieved by placing the excitation and
probe beam spots on a specific location where a number of qubits with different excitonic
frequencies can be accessed. The somewhat randomized distribution of the QD size and
composition allow qubits with different excitation frequencies to exist, making it easier to
identify specific qubits by singling out the different frequencies.

Finally, we attempt to find a universal set of gates for our system. Any universal quan-
tum computation is a unitary operator that can be decomposed into a series of single-qubit
operations and the two-qubit controlled-NOT gate [16]. Recent experiments have demon-
strated single-qubit operations in the form of Rabi oscillations [17]. Although a reliable
CNOT gate has yet to be developed, research has shown a high-fidelity controlled rotation
(CROT gate) to be equivalent to the CNOT gate [18]. Section 2.1 will discuss in further
detail the single-qubit operations, and Section 2.2 will address the theoretical CNOT gate
and the experimental implementation of the CROT gate.

2.1 Single-Qubit Operations

Single-qubit operations can be represented by single-qubit rotations [19]. As mentioned
before, single-qubit gates have been experimentally observed on QDs via Rabi oscillations.
Rabi oscillations are the sinusoidal time evolution of the population difference in a two-level
system that occurs at the Rabi frequency before the system decoheres. This population
flopping phenomenon using differential transmission techniques has been observed by T.H.
Stievater whose setup is outlined below [17].

2.1.1 Rabi Oscillations of Excitons in Single Quantum Dots

The QDs were first formed in a 4nm-thick GaAs layer sandwiched between two 25nm-thick
Al0.3Ga0.7As layers. Two-minute growth interruptions at each GaAs/Al0.3Ga0.7As interface

4



Figure 2: Linear array of quantum dots for all-optical computation. Individual QDs are
accessed and distinguished by positioning the tunable laser and probe. The statistical dis-
tribution of QD characteristics enables the identity of an exciton in a particular QD to be
recognized by frequency domain discrimination [15].
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Figure 3: The calculated DT signal vs. pulse area (pump power) for τ = 18.5ps and the
calculated DT signal vs. probe delay for difference pump powers that correspond to pulse
areas of π, and 2π [19].

created QDs with localized excitons in the GaAs layer [20, 21, 22]. The QDs were probed in
low temperatures around 6K.

The experimental setup consists of a 76MHz mode-locked laser that passes through a
Mach-Zehnder interferometer resulting in a pair of pulses: the pump pulse (E1) and the
probe pulse (E2). The pump pulse is used to excite a single QD exciton while the probe
pulse either increases or decreases the population depending on whether the phase of both
the pulses are in phase or not. Time-integrated homodyne detection of the probe field gives
rise to a differential transmission (DT) signal proportional to the level of excitation induced
by the pump. Rabi oscillations were observed by fixing the delay τ between the pump and
the probe and by taking the DT signal as a function of the pump power E1, or as a function
of the pulse area:

Θ(t) = µegε1

∫ t

−∞
E1t′dt′ (1)

where µeg is the electric dipole moment for the excitonic transition.

Assuming there is no dephasing, the Rabi oscillation follows sin2[Θ(t)
2

]. In reality, however,
quantum systems couple to the environment causing decoherence which decays the amplitude
of the oscillation (Figure 3). The DT signal of these individual QD excitons can also be
investigated by monitoring the population as a function of the probe delay, τ (Figure 3).

Depending on whether the probe pulse is in phase with the pump pulse, the population
of the QD will increase (brighter luminescence) or pull back to null (vanished luminescence),
thus establishing single-qubit rotations [15].
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Figure 4: The CNOT gate which flips the target bit only when the control bit is 1 [15].

2.2 Two-Qubit Controlled Gates

2.2.1 The CNOT and SWAP Gates

To fulfill the universality requirement of quantum gates, a working controlled-NOT (CNOT)
gate must be demonstrated. The principle of CNOT operation allows the second target bit
(t) to flip only if the first control bit (c) is in the state |1〉. Figure 4 shows the energy levels
for a two-qubit system. For two neighboring QDs, the presence of an exciton in one will
affect the exciton energy of the other, adding ∆Ect (the exciton-exciton correlation energy
between dots c and t) to the single-exciton energies. Hence, by exciting the system to the
state |1c, 0t〉, we can implement a coherent laser π-pulse (pulse with pulse area of π) with
energy Ec′(nc) = Ec + ∆Ectnc which will result in a π-rotation if and only if the control
qubit is in the state |nc〉 = |1c〉.

The calculation presented above is strictly for neighboring pairs of QDs. To perform the
CNOT operation on a remote pair of QDs, we implement the SWAP gate, which switches
the qubit state of one QD with the state in the adjacent QD. The SWAP gate can be
achieved by performing three CNOT operations. Figure 5 shows how the remote CNOT
gate is implemented. The control bit (blue) goes under the SWAP operation twice until it is
adjacent to the target bit (grey). The CNOT gate is then applied the pair of the neighboring
bits.
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Figure 5: The SWAP gate which swaps the two input qubits. SWAP can be realized by taking
three CNOT gates operations. This gate is essential when we want to perform operations
on remote qubits such as the CNOT gate shown above [15].

Figure 6: The CROT gate and the CNOT gate. The two operations are equivalent under
the universality requirement.

2.2.2 The Experimental Control-ROT Gate

The CNOT gate is essential for quantum computation and entanglement, however, reliable
proof of one has yet to exist. In 2003, a high fidelity (reliable) controlled-rotation (CROT)
gate was demonstrated [18]. The CROT gate is equivalent to the CNOT gate (except for
a sign difference) (Figure 6) and can replace the CNOT gate in the universality clause [23].
Unitary rotations like the CROT gate are much easier to realize than the CNOT gate.

In the experiment done by X.Li et al, the QDs were formed naturally in a 4.2nm-thick
layer of GaAs sandwiched between two 25nm-thick Al0.3Ga0.7As barriers [23]. Linearly po-
larized light was used to excite the state of the QDs to the excitonic states |0c, 1t〉 and |1c, 0t〉.
|1c, 1t〉 is denoted as the biexcitonic state. Measurements were conducted in 6K.

To study the biexciton, a laser was used to produce a strong pre-pulse (Epre) that could
tune into the exciton transition to prepare the qubit in the |10〉 state (Figure 7 b). A second
laser, in the usual pump and probe geometry mentioned in section 2.1, manipulated the state
and probed the result. When the pump and probe were scanned in frequency, a peak at the
lower energy end of the spectrum appeared (Figure 7 a). This peak resonance corresponds
to the biexciton transition related to the exciton that was excited by the pre-pulse.

Figure 8(a) shows one complete Rabi oscillation in the energy domain. The peak and the
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Figure 7: (a and b) The spectrum and experimental configuration with a pre-pulse tuned to
one exciton transition and the biexciton (BX) state appearing at the lower energy end [20].

Figure 8: Biexcitonic Rabi oscillations. (a) Measured differential transmission (DT) vs the
pulse area at fixed time delay τ 10ps, a sine-squared function with exponentially decaying
amplitude (b and c) DT vs. time delay at fixed pump powers. The target states that
follow the pump pulse are shown in the upper right, where the circles represent the exciton
population [20].
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trough correspond to pulse areas of ∼ π and ∼ 2π, respectively. Around these two points,
the pump power was fixed and the Rabi oscillation was observed this time as a function of
probe delay, τ . The quantum states that followed the pump pulse in Figure 8(b) and 8(c)
correspond to −|11〉 and −|10〉, respectively.

Thus, applying a π-pulse can be used as an operational pulse for the CROT gate from |10〉
to |11〉. If the input gate is |00〉, the operational pulse will be off-resonant and the output will
remain |00〉. If the input is |01〉, the operational pulse will have the wrong polarization and
the output will also remain the same [24]. However, when the input is |10〉, the operational
pulse rotates to −|11〉. Similarly, if the input is chosen to be |11〉, the operational pulse
stimulates it down to |10〉.

It is important to note that long pulses around 5 ps were used to avoid exciting multiple
excitons under the same aperture. However, smaller apertures or different samples with
more isolated QDs can be used to replace the long pulses with shorter ones. It is known
that short dephasing times and long operational pulses force the fidelity (F ) of the gate to
be less than 1 (F = 1 only for ideal gates). X.Li et al, have calculated the overall fidelity
of the CROT gate to be ∼ 0.7 [25]. This system, however, is not scalable for an arbitrary
number of qubits. Other schemes such as QDs attached to a linear support [25], or doped
QDs coupled through exchange interactions [26] are promising scalable systems that could
replace X.Li’s et al, high fidelity CROT gate.

3 Hydrogenic Spin Quantum Computing in Silicon

The Hydrogenic Spin Quantum Computer uses electron-nuclear spin pairs as qubits [27].
This model can be thought of as a hybrid between quantum dot and NMR computing. The
most promising feature of this proposal is that it uses the silicon-based solid state device.
This is very big advantage over other proposals because 50 years of silicon research gave us
a lot experience in manufacturing silicon so that this proposal is very realizable.

3.1 Implementation of quantum logic

As we can see from the Figure 9, phosphorus 31 P+ donors are located beneath the surface of
the silicon substrate. The electrode A and S control the voltage between Si substrate surface
and metal gates, which are separated by the barrier. We can also control the external
magnetic field, Bglobal.

The coupling between the electron and 31 P+ Donors are modulated by changing the
voltage on the A electrode. When there is a high voltage, electron is pulled toward the surface
of the silicon substrate. So, there is no coupling. But when the voltage is low, 31 P+ donors
couple strongly with electrons. When the nuclei spin couples with the electron spin, we can
observe the hyperfine interaction. Hyperfine interaction is the coupling between electron spin
and nucleus spin that leads to small perturbation to the basic atomic energy level because
of the coexistence of the nuclear spin and electron spin. The nuclear spin interacts with the
electron spins by dipole-dipole magnetic interaction. As the result, the evolution of nuclear
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Figure 9: Schematic of the proposed architecture [27].

Figure 10: Swapping channel quantum data path [29].

and electronic spins are intertwined together and the Hamiltonian equation, which describes
the time-evolution of the electron and nuclear spins, are governed by the external magnetic
field.

The single qubit operation can be implemented by (1) controlling the coupling between
the electron and donor nucleus which leads to the rotation of electron-nuclear paired qubit
through x axis on the Bloch sphere, and (2) applying the external static magnetic field which
leads to the rotation of paired qubit through z axis.

Two-qubit operations are done by electron shuttling between the adjacent A gates. S
gates modulate this electron shuttling. This electron shuttling is called Heisenberg interac-
tion , which allows us to build two qubit gates whose combination can make an universal
quantum gate. For the further detail about the quantum mechanical explanation about the
Heisenberg interaction [27, 28].
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3.2 Transportation of data

We can transmit the quantum information by using swapping operation. The data-path
is called the swapping channel. By controlling A and S electrode, we can implement the
swapping operation. In order to build very scalable computer using the swapping channel ,
we need to consider three factors: the manufacturing possibility, the scale of classical control
and the temperature. Following is the summary of these three technological challenge that
Chuang points out [30].

The critical technological challenge in manufacturing is to place 31 p donors in the ac-
curate position with 60nm interval with other donor below the metal gate. Current ion
implantation technology or DNA-based self assembly technique can be used to do this task.

The second challenge is the scale of the classical controller. Current silicon processing
technology does not reliably provide 10 nm width of controller line.

The third challenge is the heat. In order to preserve the coherence of the spin, we need to
lower temperature. However, this low temperature causes several problems in the classical
circuit. The classical circuit channel comes to shows the quantum mechanical characteristics
as it reaches the low temperature. So, currently there is active research on making a transistor
thats working in the low temperature, especially the single molecule transistor [29, 30]

Overall, the speculation of transporting data makes us think about what is really needed
to implement the real scalable quantum computer. To further read about the challenge and
analysis from the computer architecture point of view, read Chuang’s paper [30].

4 Electron Spin

When contemplating any information processing system, either quantum or classical, it is
first necessary to decide how information is going to be stored within the system, and how
the system will process that information to perform the desired computation. Today, clas-
sical computation is typically carried out on microelectronic circuits that store information
using the charge properties of electrons. Information processing is carried out by manip-
ulating electrical fields within semiconductor material in such a way as to perform useful
computational tasks.

Electrons possess a quantum physical property called spin; specifically electrons are spin-
1
2

particles, which means that they have two orthogonal spin states, either spin up (1
2
) or spin

down (−1
2
). This two level system is an obvious candidate for storing quantum information.

Experiments that have been conducted on quantum spin dynamics in semiconductor ma-
terials demonstrate that electron spins have several characteristics that appear promising
for electron spin applications in quantum information processing. The dephasing time of
electron spins in semiconductors has been reported to be as large as 100 ns [31]. This discov-
ery is quite promising because longer decoherence times relax constraints on the switching
speeds of quantum gates that is necessary for reliable error-correction. It is necessary that
the quantum gates are able to switch 104 times faster then the individual qubits lose coher-
ence [9]. Spin coherent transport over lengths as large as 100 µm in semiconductors have
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Figure 11: Theoretical proposal for defining quantum dots by using electrical gating. [33].
The magnetic fields shown in the diagram are representative of an ESR technique [35] for
single-spin rotation.

been reported [31], which creates the potential use of electron spins as mobile information
carriers in semiconductors.

4.1 Theoretical Proposals

Some of the initial theoretical work on electron spin quantum computation in quantum
dot systems was done by Loss and Divincenzo[32], their work has been continued and ex-
panded upon by Golovach and Loss [33]. Golovach and Loss’s proposed implementation
uses quantum dots that are defined within a two-dimensional electron gas (2DEG) by using
appropriate electrical gating of a semiconductor quantum well (Figure 11). Other proposals
using all-optical techniques have also been made, but will not be reviewed here [34].

4.2 Quantum gates

Quantum operations can potentially be performed using a variety of methods in this scheme.
One-qubit operations are executed through single-spin rotations. One method to achieve this
would be to expose a specific qubit to a time-varying Zeeman coupling [35]:

(gµBS · B)(t) (2)

The coupling can be controlled by varying the g-factor g or by manipulating the applied
magnetic field B (µB is the Bohr magneton). Only the relative phases of the spins matter
when using them to perform quantum computation so it would be possible to effect a single-
spin rotation by rotating all the spins (eg. by processing them around an external magnetic
field) but at different Larmor frequencies thereby causing the desired phase shift.

Another method for implementing a single-spin rotation in the Golovach-Loss proposal
is to develop a method for applying localized magnetic fields over specific quantum dots.
This could be achieved using an addressable array of current carrying wires. The dots would
have be separated by enough distance to insure that neighboring bits were not affected. A
magnetic disk writing head, or a magnetic scanning force microscope tip could also be used
to create the necessary localized magnetic fields, but these implementations will become less
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feasible as the number of qubits increases since the operation speed will be limited by the
positioning speed of the microscope tip, or magnetic head. There are other techniques for
inducing a single-spin rotation in the quantum dot, such as ESR techniques [35] where an
applied ac magnetic field with a resonant frequency matching the Larmor frequency of the
qubit that will be flipped is applied perpendicular to the static magnetic field, as shown in
Figure 11.

In order to form a universal set of gates our quantum computer will also need a two-qubit
gate as well as the single-qubit gate created by single-spin rotation [36]. To form a two-qubit
gate the exchange coupling between two adjacent quantum dots is employed. The low-energy
dynamics of this system can be described by the effective Heisenberg spin Hamiltonian [32]:

Hs(t) = J(t)S1 · S2 (3)

where J(t) is the exchange coupling between two spins denoted by S1 and S2. Appropri-
ately pulsing J(t) will interchange the qubits 1 and 2 [32], effectively performing the ’swap’
operator USW . The ’swap’ operator, while useful as we will see later on, is not sufficient to
form a universal set of gates, but the square root of ’swap’, U

1/2
SW is. The U

1/2
SW operator is

defined as follows:

U
1/2
SW |φχ〉 =

|φχ〉 + i|φχ〉
1 + i

(4)

The universality of U
1/2
SW can be demonstrated by constructing the known universal gate XOR

[37] by an appropriate sequence of U
1/2
SW and single-qubit operation [32].

Theoretical models of the exchange mechanism have been investigated [33] and it is
expected that J(t) can be sufficiently controlled by adjusting the tunneling barrier between
the quantum dots. By adjusting the depletion voltage, and bias voltage appropriately the
size of the quantum dots as well as the tunnel bias can be controlled in such a way as to
effect the necessary changes in J(t) [32, 33]. The experimental details of such control have
not yet been reported to our knowledge.

4.3 Quantum circuits

With a basic understanding of how a universal set of gates is formed in the Golovach-
Loss proposal we can now see how a simple, scalable, all-electrical quantum circuit could
be formed. The quantum dots could be aligned serially as shown in Figure 11. Although
computation can only be performed on neighboring qubits in this scheme, the ’swap’ operator
can be used to move any two qubits next to one another to perform computation. This serial
scheme is not as efficient as a parallel approach to quantum computing, but given the relative
simplicity in the serial scheme, and the current state of quantum computers it is a valuable
step towards the realization of a solid-state quantum computer.

Simply demonstrating how a gate operates is but one step in the design of a quantum
circuit. As DiVincenzo points out other requirements need to also be met [7]. Again these
five requirements are as follows: (i) identification of well-defined qubits, (ii) reliable state
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preparation, (iii) low decoherence, (iv) accurate quantum gate operations, and (v) strong
quantum measurements.

We have already explained how (i), and (iv) are implemented in the Golovach-Loss pro-
posal and hinted at (iii), but we have yet to discuss how to reliably prepare the states of the
and perform strong quantum measurements.

As explained above, the gate operations for the Golovach-Loss are performed electrically
through a use of a conversion through a spin-to-charge conversion, which is possible because
of the Pauli exclusion principle and the Coulomb interaction. This conversion allows for very
fast switching times on the order of picoseconds [33]. With gates speeds on the order of 101

picoseconds, and with spin coherence times of 100 ns [31] it looks promising that a electron
spin scheme would be able to achieve the 104ratio between coherence time and switching
speed necessary for reliable quantum error correction [9]. If these requirements can be met,
the computation in the Golovach-Loss scheme should be stable.

It should be noted that since the circuit is serial the amount of operations dedicated to
error-correction will require an increasing amount of computational overhead as the amount
of qubits increases. Eventually a parallel quantum circuit will be desirable in order to
decrease the computational load of error-correction.

To accurately prepare the initial states of the qubits the system need only be sufficiently
cooled in a uniform applied magnetic field [32]. From a completely polarized system, any
initial state can be reached by the appropriate application of single-spin rotation, as discussed
above.

Lastly we need to discuss how to make measurements. There are two methods for per-
forming single spin measurements, either through spontaneous magnetization, or by using
another technique that allows the quantum dot to act as a spin filter or read-out/memory
device.

Spontaneous magnetization is achieved by tunneling the electron to a supercooled param-
agnetic dot [32]. This should have the effect of creating a net magnetization in the direction
of the spin that can be read using conventional means. One problem with this form of mea-
surement is that since the direction of the magnetization is continuous measurements can
only be performed to 75% reliability [33].

The quantum dot can also be connected to two current carrying leads and operated as
either a spin filter or a read-out/memory device with information being stored on a single
spin [38]. The central idea to this scheme is to measure tunneling currents between the leads,
which will be affected by the spin state within the quantum dot.

In order to realize such a system materials with different g-factors must be used for the
leads and the quantum dot, so that the Zeeman splitting due to an external magnetic field
is different between the dot and the leads. Therefore Coulomb blockade peaks and spin-
polarized currents are uniquely associated with the spin state within the quantum dot. The
tunneling current is made of two distinct components, the sequential current and co-tunneling
current, in the Coulomb blockade regime that this technique operates within.

The spin filter operation is easier to explain so we will begin with that. In order to work
effectively the system must be subject to the following constraints [38]:
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Figure 12: This energy diagram which is taken from [38] represents the energy levels of a
quantum dot attached to two leads in the regime where the quantum dot contains an odd
number of electrons. The topmost single electron in the ground state is considered to be
spin up with energy E↑. The arrows depict a co-tunneling process where two possible virtual
states, the singlet ES and the triplet ET+ , are shown. By using a gate voltage ES − µ1 can
be tuned to get into the sequential tunneling regime, which is defined by µ1 ≥ ES ≥ µ2.
Thus the number of electrons on the quantum dot fluctuates between odd and even, during
the sequential tunneling regime. When the number of electrons on the quantum dot is even
the ground state contains a topmost single state with ES < µ1, µ2.

• Zeeman splitting within the leads is negligible (that is smaller then the Fermi energy)
while the quantum has Zeeman splitting given as ∆z = µB|gB|.

• There must be a small bias ∆µ = µ1 − µ2 > 0 between the two leads at chemical
potential µ1,2.

• Low temperature so that ∆µ, kT < δ, where δ is the characteristic energy-level distance
of the quantum dot.

Now consider the regime shown in Figure 12 where the quantum dot is in the ground state
with an odd number of electrons with total spin 1

2
and that the electron is | ↑〉 with energy

E↑ = 0. Now if an electron from one of the leads were to tunnel onto the quantum dot a
spin singlet with energy ES would be formed; the spin triplets are usually excited states with
energies ET± and ET0 . For sequential tunneling resonance, where µ1 ≥ ES ≥ µ2, the number
of electrons fluctuates between odd and even numbers. If ET+ − ES, ∆z > ∆µ, kT then
energy conservation will only allow ground state transitions. Therefore spin-up electrons are
not allowed to tunnel onto the quantum dot because is would require either state ET+ , or
| ↓〉. Thus all the sequential current tunneling from lead 1 to lead 2 through the quantum
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dot is spin polarized | ↓〉. A spin polarized | ↓〉 sequential current be achieved in a similar
fashion [38].

It should be mentioned that there is a small leakage current that arises from co-tunneling
processes, but this has been shown to be small when compared to the sequential current [38].

For spin read-out the leads should be fully spin polarized, and the Zeeman splitting on
the quantum dot should be much smaller. Experiments that have demonstrated that it is
possible to tunnel inject spin polarized currents into an unpolarized GaAs system [39, 40],
and tunnel injection could be achieved in a similar way here. The spin polarized currents
tunneling through the dot will vary with the spin state of the quantum dot, assuming that
there are an odd number of electrons on the dot. This phenomena occurs via a similar
method as explained above for the spin filter with minor changes to the mathematics that
describe the process [38].

To create a spin memory device ESR techniques [35] can be used to write the qubit inside
the quantum dot: that is orient the spin of the electron either up or down. The qubit can
be subsequently read and refreshed at a rate faster then the decoherence time.

5 Polarons - Phonon Mediated Decoherence

Physical implementations of qubits using Quantum Dots are fundamentally limited by the
interaction of the qubits with their environment and the dephasing. These interactions of
the qubits set the maximum time of coherent operation and an upper boundary for the
number of quantum gate operations to be applied on a single qubit; therefore understanding
the origin of decoherence is critical to control or reduce it, in order to implement quantum
logic gates. (see [41] for calculated spin relaxation rates) Because of their strong localization
in all directions, electrons confined in quantum dots are strongly coupled to longitudinal
optical (LO) vibrations of the underlying crystal lattice. If the coupling strength exceeds
the ”continuum width” the energy of keeping the LO phonons delocalized a continuous
Rabi oscillation of the electron arises, that is, an everlasting emission and absorption of one
LO phonon. As a result, electron-phonon entangled quasi-particles known as polarons form;
these play a substantial role in the rapid decoherence of the spin-based quantum dot qubits
[42].

According to Wikipedia [42], a phonon is a quantized mode of vibration occurring in a
rigid crystal lattice, such as the atomic lattice of a solid. Phonons account for many of the
physical properties of solid state materials, such as conduction of sound in all solids, or of
heat in insulators.

A crystal lattice is a rigid environment, in which atoms are kept around an equilibrium
position by the forces they exert on each other; the net force is a combination of Van
der Waals forces, electrostatic interactions and covalent bonds. Due to these almost-rigid
connections between atoms, the displacement of one or more atoms from their equilibrium
positions will give rise to a set of vibration waves propagating through the lattice.

Any vibration of a lattice can be decomposed into a superposition of normal modes of
vibration. These are special cases of resonance in which all parts of the system oscillate
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Figure 13: A longitudinal vibration (sound wave) propagating through a crystal lattice
(reproduced from Wikipedia.org)

with the same allowed frequency. In a quantum dot, these frequencies of the normal modes
determine two domains: the transverse (TO) and longitudinal (LO) optical modes.

The Q.M. treatment regards vibrational modes as phonons, particles with zero spin (hence
bosons); such particles exist in all crystal lattices, but are confined inside Quantum Dots,
much like electrons. Therefore, the interaction between phonons and electrons is the single
most abundant interference event inside Quantum Dots, and will account for the decoherence
of QD-based quantum logic systems. As mentioned before, error correction schemes require
the ratio of the decoherence time to the time needed for one elementary operation to be at
least 104.

Polarons themselves decohere very quickly (on the ps scale) because of the inelastic
scattering of their optical phonon component by acoustical phonons of the underlying semi-
conductor lattice. In a recent paper, Zibik et al. analyze the decay of polarons, and identify
the two distinct ways (channels) for such decay to occur: one involves the formation of two
longitudinal acoustical (LA) phonons, with an energy of h̄ω

2
each and with opposite momen-

tum; the other one involves the formation of one LA and one transversal acoustical (TA)
phonon. Their data suggests the former to be the case, while Jacak et al. (and [42]) assume
the latter to be valid in bulk GaAs QD systems [43, 44].

While individual phonons can not be directly observed, several successful attempts have
been made at characterizing the phonon modes inside Quantum Dots. Henderson et al [45]
describe a a simple non-destructive technique based on Far-Infrared Reflectance spectroscopy,
to identify the phonon modes. However, it is still immensely difficult to practically devise a
strategy as to minimize the interaction of electrons with phonons. Hohenester and Stadler
take a theoretical approach at the optimal control of phonon-mediated dephasing of quantum
dot systems, and conclude that appropriate tailoring of laser pulses allows to promote the
system from the ground state through a sequence of excited states back to the ground state
without suffering significant dephasing losses [46].

Although still a technological challenge, we expect an implementation of quantum logic
gates using Quantum Dots in the not-so-far future.
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Abstract 

 In this paper, we will look at DNA computing, in particular at different ways that 
branching can be done in the sticker model (Roweis et. al. 1996) and the solutions to the 
NP complete problems. We will refer to control structures that are used in programming 
languages, looping and “if else” statements, as branching. There are five sections to this 
paper.  

 The first section will describe the process of DNA transcription then suggest a 
way that branching can be implemented into this process through the use of an OR gate. 
The section will continue to discuss the pros and cons of this idea. 

 The second section will look at a series of approaches to DNA computing and 
how branching is implemented or could be implemented in them.  

 The third section will briefly review state automata then go on to explaining a 
recent success in DNA computing ─ “The smart drug” experiment, its conclusions and 
implications for branching in DNA computing. It will look at a possible combination of 
the “smart” drug and the sticker models. In conclusion, pluses along with the minuses of 
this combination will be explored.  

 The fourth section will continue to look at expanding the DNA Sticker Based 
model of computation to include looping and if - then branching instructions without any 
outside intervention.  Unfortunately in the process of adding these capabilities to the 
model, it gets complicated and very likely impractical.  However the model is still 
valuable from a theoretical standpoint as an example of the computational power of 
DNA.  



 The last section of the paper will give an overview of some basic concepts which 
are the key to understanding why it is so important to find new ways of building 
computers, define what it means for a problem to be NP-com(plete), then describe the 
SAT problem which belongs to NP-com class of problems. Further this section will 
present the Cook’s theorem which proofs SAT problem to be an example of NP-com 
problem and mention some examples of NP-com problems.  The common features 
between branching and NP-com problems will be pointed out along with a few examples 
of computations on DNA computer which are presently possible. In the end, the weak 
points of computing NP-com problems on DNA computers will be briefly discussed. At 
the end of the paper some common conclusions will be stated. 

 

Introduction 

 In this paper, we would like to take a look at DNA computing, in particular at 
different ways that branching can be done in the sticker model (Roweis et. al. 1996) and 
the solutions to the NP complete problems. We will refer to control structures that are 
used in programming languages, looping and “if else” statements, as branching. There are 
five sections to this paper.  

 There are many ways in which branching can be done. We have listed and 
described a number of them: transcriptional logic branching, sticker model branching, 
“smart” drug model branching, CPU branching incorporated into the sticker model, and 
branching in the solutions to the SAT problems. 

 Branching can be viewed as anything that supports different path taking, sort of a 
fork in the road where one can make a decision about which route to follow. Thus any of 
the control structures can be viewed as branching ones. An OR gate or a FOR loop that 
many of us who are familiar with programming know well, are control structures and 
thus have rudimentary branching. Branching exists in the decision trees and a path that a 
binary algorithm takes. Branching is when a doctor diagnoses a patient and decides on 
whether s/he is sick and what drug if any to prescribe. Branching is a world in its own. 
One can say that algorithm analysis and logic heavily relies on branching.  

 Another no less wonderful and magnificent world of its own is cellular biology 
and in particular, DNA. DNA is a code that the nature has came up with through trial and 
error way before any human being was capable of thinking of programming something, 
or even before Homo Sapiens exited. 

 The sections of this paper take you through all or most other above. We hope that 
you find this paper an interesting read.  

 



Branching in DNA Transcription 

By Stephanie Lee 

Introduction 
 

DNA has a lot of unique but 
simple properties which allow it to be 
easily programmable and also easy to 
use in experiments. In this part of the 
paper some of these properties will be 
explored and used to expand the 
capabilities of the physical limits of 
scientific experimentation by attempting 
to introduce branching to the process of 
DNA transcription. 
 

DNA and RNA basics 
 

 DNA is structured so that each 
piece is a sequence of DNA nucleotides, 
each of which is composed of a 
deoxyribose sugar, a phosphate, and a 
nitrogenous base. There are four bases in 
DNA: adenine (A), thymine (T), guanine 
(G), and cytosine (C). What allows for 
such variation in DNA is the length of 
the strands and the sequence of these 
nucleotides. The sugar and phosphate are 
the same in every nucleotide and the 
sugar attaches to the phosphate in the 
next nucleotide in such a way that 
together, the sugars and phosphates of 
the nucleotides create what is known as 
a sugar-phosphate backbone. This 
uniformity allows for DNA to assemble 
with any sequence of DNA nucleotides 
to form a strand, and consequently, a 
DNA sequence is usually noted by the 
sequence of the bases. One important 
property of these bases is their specific 
base pairing – the fact that that each base 
is only complementary with one of the 
other bases. Adenine and guanine are 
both purines, meaning that they both 
have two organic rings. Thymine and 

cytosine are both pyrimidines, meaning 
they each have one organic ring. To keep 
the width of double stranded DNA 
consistent, each purine can only bind 
with a pyrimidine. Two purines would 
make the width too large and two 
pyrimidines would make the width too 
small. In addition, the structure of each 
base only allows it to form two or three 
hydrogen bonds. Adenine and theymine 
can only form two while guanine and 
cytosine can form three. Therefore, 
adenine, with two organic rings, can 
only bind with thymine, which has one 
organic ring. Similarly, guanine, with 
two organic rings, can only bind with 
cytosine, which has one organic ring. 
The simple but specific structure of 
DNA allows each base to only have one 
other base with which it can pair. 
 RNA has a very similar structure 
to DNA. One o f the main differences is 
that its sugar is ribose instead of 
deoxyrisbose. However, RNA is still 
composed of sequences of various 
nucleotides. Another difference between 
DNA and RNA is in the bases. RNA has 
the base uracil (U) instead of thymine 
(T). Conveniently, uracil also binds to 
adenine, so there is no difference in 
which bases are compatible. 
 

The Process of DNA Transcription 
 
 DNA transcription is a process 
which results in the synthesis of RNA. 
There are three stages: initiation, 
elongation, and termination. 
 When a strand of DNA is aligned 
in the 5’ to 3’ direction, the beginning of 
the sequence, about the first 100 
nucleotides on the 5’ end, is called the 



promoter sequence. When the promoter 
finds the complementary sequence on 
another strand of DNA going in the 3’ to 
5’ direction, the complementary 
nucleotides at each position in the two 
strands will bind. With DNA 
transcription, this promoter sequence 
starts with what is called the “TATA 
box” because it is usually made entirely, 
or at least mostly, of thymine (T) and 
adenine (A) nucleotides, which means 
that the complement to the promoter, 
which would be found on the 
complementary DNA strand, is also 
made up entirely or mostly of thymine 
and adenine as well. 
 Subsequently, certain proteins 
called transcription factors bind to the 
promoter, including one which 
recognizes the “TATA box.” After the 
proper transcription factors are bound to 
the promoter, RNA polymerase, the key 
enzyme in DNA transcription, binds as 
well. Once the RNA polymerase binds, it 
unwinds the two strands of DNA, and 
using the one in the 3’ to 5’ direction as 
the template strand, gets the RNA 
nucleotides and base pairs them to the 
template strand. About 10 to 20 DNA 
bases are exposed at a time, and the 
DNA transcription process occurs at a 
rate of about 60 nucleotides per second.5 

 Thus the expression is turned on, 
meaning the following DNA is read and 
expressed as output, in the form of RNA. 
The specific output is based on the 
specific sequence of DNA nucleotides. 
This elongation phase continues as the 
RNA polymerase continues along the 
DNA until it reaches the terminator. 
 When the RNA polymerase 
encounters the terminator, the 
termination phase begins. The 
transcription of the specific DNA 
sequence – that is the RNA sequence 
AAUAAA – functions as the actual 

termination signal, prompting the 
enzyme to cut the RNA 10-35 
nucleotides later. A temporary double 
helix hairpin loop in the RNA forms and 
eventually the stress this causes in the 
RNA polymerase enzyme results in a cut 
in the RNA strand and the termination of 
the DNA transcription process. 

The rate of DNA transcription is 
controlled by the concentrations of the 
transcription factors and RNA 
polymerase, allowing for easy regulation 
of the expression of output. The 
concentration of a specific output is 
directly related to the concentration of 
the corresponding transcription factors 
since they are necessary for the 
instruction resulting in that output to be 
read. In addition, oftentimes, the 
concentration of a specific output is also 
related to the repression of the output, 
allowing for self-regulation. Once the 
proper concentration of the output is 
reached, there is enough of that 
instruction’s repressor to prevent that 
output from being promoted, and the 
instruction is essentially “turned off.” 
 

Programming DNA Transcription 
 
 The sequence of the nucleotides 
in the RNA strand resulting from DNA 
transcription is directly related to the 
DNA sequence which is read. Thus, the 
input can easily be programmed to 
perform a specific output. With modern 
technology, it is fairly easy to control the 
sequence of nucleotides in DNA, which 
therefore determines the sequence in 
both the complementary strand of DNA 
and the output strand of RNA. 
 

Definition of Branching 
 
 Branching allows for conditional 
if-else statements to be used. If the 



condition is true, then one instruction is 
executed, but if the condition is false, 
then a different instruction is executed. 
The program then continues, regardless 
of which instruction was followed. The 
pseudo code looks like this: 
 { 
  if (condition) 
   {output 1}; 
  else 
   {output 2}; 
 } 
 continuation … 
The continuation is important because it 
makes sure that the program does not die 
after the if-else statement in both cases – 
the case that the statement is true (the if 
case) and the case that the statement is 
not true (the else case). 
 

Implementing Branching in DNA 
Transcription 

 
 Branching can be implemented in 
DNA transcription using an OR gate,8 
which would allow for the continuation 
whether or not the condition is found to 
be true. If the condition is true, a specific 
transcription factor, 1a, is present, and 
will bind to the promoter region of the 
strands of DNA for which the condition 
is true. RNA polymerase will then bind 
to the promoter and the output indicating 
that the condition is true will 
subsequently be expressed. But the DNA 
sequence launching the construction of 
the transcription factor for the second 
instruction, 2, would also be executed. 
The promoter regions for those strands 
where the condition is false will have an 
affinity for a different transcription 
factor, 1b. This will result in a different 
output, indicating that the condition is 
false, but the same DNA sequence 
ordering the construction of 2 would also 
be present. The second instruction will 

be read if the condition is true and if it is 
false, allowing for the essential 
continuation. 
 

Pros and Cons 
 

 One of the pros of this process is 
that it is easy to program both the output 
and the speed. The output is controlled 
by the DNA sequences, which can easily 
be customized with today’s technology, 
and the speed can be controlled by the 
concentrations of the transcription 
factors and the RNA polymerase. It is 
also easy to track the progress by taking 
a sample and approximating the 
concentrations of each of the outputs. 
Another important benefit of this process 
is that it does not require assistance at 
every step [from a robot], which some 
DNA experiments such as the sticker 
model do. Since the basic if-else 
statement has been explain, the idea can 
also be expanded to implement if-else if 
statements as well. 
 One of the drawbacks of this 
process is that it does not allow for 
parallelism. In addition, it is somewhat 
inefficient and in reality would probably 
be fairly slow. 
 

Conclusion 
 

 The properties of DNA allow it 
to be used in a lot of different 
applications, and this section of the 
paper has explored a new one of these – 
branching in the process of DNA 
transcription. The rest of this paper will 
explore further into the new possibilities 
DNA presents, including looking further 
into the possibility branching with DNA. 
 



Figure 1. 

 
This figure gives a visual representation of the basic setup of DNA transcription. After the proper 
transcription factors have bound to the promoter, the enzyme RNA polymerase (RNAP) binds to the 
promoter region of the DNA as well. The expression is then turned on and RNAP proceeds until it 
reaches the terminator, shortly after which the process terminates. 
 

Figure 2. 

 
This figure demonstrates the OR gate which allows for the implementation of branching in DNA 
transcription. If the condition is true for a sample of DNA, then a specific transcription factor will be 
present, and a specific programmable output will be expressed, as well as the transcription factor for 
the next instruction, allowing for continuation. If the condition is false, a different transcription factor 
will be present and a different programmable output will be expressed in addition to the transcription 
factor for the next instruction. Since the transcription factor for the next instruction is present 
regardless of whether or not the condition is true, continuation is possible. 



Branching using existing instructions in the Sticker model of DNA computation 
Bethany Andres-Beck 

The sticker model (Roweis et. 
al. 1996) performs computation by 
manipulating two types of single 
stranded DNA: memory strands and 
complementary stickers.  The stickers 
will adhere to exactly one position on 
the memory strand, representing one 
bit of data. (See Figure 1.) 
 

Many memory strands are 
acted on in parallel, which provides the 
power of DNA computation.  A single 
vial can have one of four operations 
performed on it.  Set adds a 
complementary sticker for a bit, setting 
it to one, clear eliminates a 
complementary sticker, setting that bit 
to zero, separate divides the strands 
into two vials based on a condition, 
and combine recombines tow vials that 
had been separated. (See Figure 2.) 
 

Using these existing 
commands, branching is already 
possible.  We take branch instructions 
to be in the form 
“IF…THEN…ELSE”, where IF is the 
condition, THEN is to be performed on 
those strands where the condition is 
true and ELSE on those where it is 
false.  To perform a branch operation 
based on a condition separated the 
DNA by that condition.  On the vial for 
which the condition is true, perform 
the THEN instructions.  On the other 
perform the ELSE instructions.  Then 
recombine them.  To test for more 
complex conditions, multiple separates 
may be performed and the strands that 
fail combined into an ELSE vial.  
Since an instruction set can always be 
empty, this covers all branch 
instructions. 

To perform looping, we need 
the ability to test for a condition 
without disrupting the DNA.  One way 

of doing this is to use fluorescent 
markers.  These are single stranded 
complementary markers which will 
adhere if the bit they complement to is 
zero and won’t if it is one.  After 
adding them careful measures must be 
taken to assure that non-adhered 
fluorescents remain.   

These have several advantages.  
First, they can be detected by a robotic 
assistant, eliminating the need for 
human interaction or lengthy testing 
procedures to establish the presence of 
strands that fulfill a condition.  Second, 
they are reversible.  Clearing the bit 
they are complementary to will clear 
them.  Third, acceptance conditions are 
variable, and a level of fluorescents 
that constitutes a “true” can be set 
according to need and the level of 
experimental error.  Finally, the robotic 
assistant can detect different types of 
fluorescence, allowing for multiple 
markers to be present at once and 
enabling nested looping. 

We will take loops to be in the 
form “LOOP WHILE…END LOOP”.  
When it reaches the END LOOP 
instruction, the robotic assistant 
performs a separate based of the loop 
condition, adds a fluorescence marker 
to the tube that would fulfill that 
condition.  It must be a positive test; 
that is, it must test for the presences of 
the marker not the absence, since the 
absence could also indicate an absence 
of strands and would lead to operations 
being performed on an empty vial.  
This can easily be accomplished in 
cases where the condition is a positive 
by performing a clear operation on a 
bit and adding a marker 
complementary to that bit.  If the 
WHILE condition is true, the robotic 
assistant goes through the loop 
instructions again with that vial.  If it is 



false, it recombines the vials and 
continues on to the remainder of the 
instruction set. 

This method does have some 
problems.  First, it relies on 
intervention from outside the model by 
the robotic assistant.  This complicates 
the model, adds additional room for 
error and is less desirable than a fully 
contained model.  The second is the 
variable levels of fluorescence.  
Experimental error is likely to mean 
there will always be some fluorescence 
present, but there may be times we 
wish to loop if there is a single strand 
present that fulfils the condition.  We 

sacrifice that ability when we use this 
method of loops. 

Finally, both the branching and 
the looping described here are slow.  
They involve separate operations, 
which are difficult, although not 
impossible to perform accurately 
(Roweis et. al. 1996).  This is a 
particular disadvantage of the sticker 
model, but branching and looping 
operations increase the complexity and 
use more of these slower operations.  
However, this jump in complexity also 
allows for easier mapping of 
conventional algorithms on to the 
massively parallel structure of DNA. 

 
 
 
 
 

Figure 1 
 

 



Figure 2 

 

 
 
 



Incorporating branching from the “Smart” drug6 model with the Sticker model 

by Vera Bespamiatnykh (Bereg) 

Introduction 

 The basic idea of this section is 
to use the “if else” statements from the 
“smart” drug model with stickers 
instead of drugs. This way some of the 
robotic operations from the sticker 
model may be eliminated and it might 
even be possible to consider a model 
where no robotic intervention is 
necessary. This is a very simple and 
yet powerful idea, which in the end 
might require less than or equal to the 
original sticker model computation 
time per a given problem. Thus the 
objective is to get rid of as many 
mechanical operations proposed in the 
sticker model as possible, while trying 
to ensure that the advantages of the 
sticker model are preserved. 

 

 In the heart of the “smart” drug 
model is the finite state automaton, a 
concept very familiar to a computer 
scientist. Automata are devices that 
convert information from one form 
into another according to a definite 
procedure. Thus they have states, one 
of which is marked as an initial state, 
some terminating/accepting states and 
rules that have a starting and a 
destination states, plus an action that 
occurs when this rule is being 
executed. 

 

This example illustrates a rule, which 
can be interpreted as “when we go 
from state zero to state one, append 
letter ‘b’ to our string of characters 
(which is initially zero)”. Here is a 
graph representation of an automaton 
from which this rule could be inferred: 

 

 

 

This is a machine that accepts strings 
over an alphabet {a,b} that are in its 
language L. Language L, in this case, 
has a special feature, all its words can 
contain only a zero or an even number 
of b’s. At any given moment when 
machine is running, it can be in one of 
its finite number of internal states. The 
computation terminates on processing 
the last string (input) symbol. An 
automaton accepts a string if it 
terminates in an accepting final state.  

 

 The programmable and 
autonomous computing machine that 
Benenson et all did used biomolecules 
as its hardware and software4. In 
particular, the hardware consisted of a 
restriction nuclease and ligase, whereas 
the software and input were encoded 



by the double-stranded DNA (ds 
DNA). The programming part 
amounted to choosing appropriate 
software molecules. Once the solutions 
with these components were mixed the 
automaton started to processes the 
input molecule via a sequence of 
restriction, hybridazation and ligation 
cycles. In the end, a detectable output 
molecule that encoded the automaton’s 
final state, and thus the computation 
result was produced.   

 This was the concept that 
Benson and his colleges have tested 
out in the laboratory with florescent 
light as output of the computation. 
However, later on they have thought of 
an even more interesting idea: “local 
diagnosis and drug administration”, 
that is the diagnosis of sickness and 
drug administration (or its suppression) 
was transferred into the cell. Thus, 
they were still using an automaton, but 
its computation was viewed as a series 
of steps in a diagnosis of a sickness 
(prostate cancer), while its output was 
an action of administrating the drug or 
a drug suppressor. 

 

 In the “smart” drug model3, 
hardware and software were used just 
like in the previous automata 
experiment. First a FolkI cleaves the 
input molecule and exposes the sticky 
ends. Then transition molecules 
(double stranded DNA) try to bind to 
the input, if they can, then a 
hybridization occurs and a ligation 
follows. The FolkI binding and 
cleaving off yet another piece off the 
input molecule forms the next 
configuration. Thus, there is a series of 
“if-then” statements that gets 
evaluated. If they all evaluate to “true”, 
then the drug or an anti-drug will be 
released (depending on what the 
evaluation is supposed to signify, is the 

cell cancerous, or not?). Note that it is 
possible for the evaluation to get stuck 
at some intermediate step and never 
reach the release of the drug/anti-drug. 

 

 The following is a 
representation of the states that the 
final state automata had to go through 
in the “smart” drug experiment: 

 

 

Ellipses represent states. The blue is 
the initial state. The green states 
represent “true” states, the red states 
represent the “false” states (evaluation 
of the “if” statement). The light green 
state is where the drug or the drug 
repressor is being released. 

 

 The design of this automaton 
incorporates the idea of molecular 
Turing machines. Therefore programs 
that are being run on the conventional 
computers are in theory computable by 
the drug model. The “smart” drug 
model has “if-else” statements and thus 
branching is possible. Another thing 
that captures the imagination is that 
there was no need for any robotic 
intervention, and the computation was 
done in parallel. The timing was 
reasonable and this has already been 
tested out in the laboratory (as opposed 
to the sticker model). Unfortunately, 
for the “smart” drug model it has been 
implemented in vitro and has not been 
tried in vivo yet. However this should 
not affect the sticker model as it was 
meant to be used in vitro anyway. It is 
true that the sticker model uses no 
costly-to-manufacture enzymes, 



however, in the “drug” model they are 
only used as hardware and thus are 
reusable. 

 

 Here is how the two models 
can be combined: we use stickers and 
anti-stickers (ie those that peel a 
sticker off the memory strand) instead 
of the drug generating single stranded 
molecules. Therefore, in the test tube 
we would have our memory strand 
from the sticker model and the final 
state automata from the drug model 
with its input, hardware and software. 
Thus we need to manufacture the 
appropriate single stranded DNA, 
which will be used as the input that 
would fold on itself. It should have its 
ends complimentary to one another, so 
that they would be able to bind easily 
leaving the sticker/anti-sticker in a 
hairpin loop (input molecule), and put 
in the “rules” (or software) that we 
would like to use in this computation.  

 

 

1. FolkI enzyme that cleaves the DNA 
molecule exposing the sticky ends 
(hardware) 

2. Transition molecules (software) 

3. Input molecule (with a hairpin in 
red—sticker/anti-sticker) 

4. Output (sticker/anti-sticker) 

 By manipulating the software 
and the input molecule’s code, I 
believe it is possible to model the 
behavior of random setting/unsetting 
of bits on given memory strands in the 
sticker model. It could be true that the 
separation/set bit/clear bit operations 
could be eliminated all together. This 
would mean that there would be no 
need for any intervention and the 
sticker model would become more 
feasible and robust. 

 

 It is easy to see how an SISD 
model could be done with the 
combination of sticker and “smart” 
drug models. In order to be able to do a 
MIMD, we need to answer the 
following question: How do we ensure 
that each sequence of “if-then” 
statements operates on its specific 
memory strand? Or better yet, do we 
need to ensure this?  It is conceivable 
that we might not need to ensure this at 
all, since we are trying to model 
random setting of bits. 

 

 In conclusion, it is true that 
there are other things that one needs to 
consider before finalizing this model 
and trying it out in the laboratory. For 
example: Would the environment that 
the “smart” drug model requires be 
suitable for the sticker model? Would 
the time taken by the robotic assistant 
to carry out the procedure, plus the 
time that it takes the chemical changes 
to take place (ie stickers binding to 
memory strand, and being peeled off 
by an anti-sticker) be equivalent to the 
time it takes to carry out the “if-else” 
statements in the vile/tube (ie the 
binding of FolkI, it cleaving off a piece 
of the code, until the sticker/anti-
sticker is released). It is conceivable 
that the time taken by the original 



sticker model to carry out the 
procedure would be larger than that of 
the combination of the two, as long as 
the sequence of the “if-then” 
statements is not too long (as when a 
lot of binding of the FolkI and it 
cleaving the code is required it might 
take a while).  

Conclusion 

 The length of the sequence 
allowed in the hairpin part of the input 
to the “smart” drug model, however, 
could be up to 21 bases. This is the 
length or a sticker that he sticker model 
proposed (around 20 nucleotides). 
Therefore this part seems to fit. Once 
the other concerns are taken care of, I 
believe that this branching model could 
be quite powerful. 



Further Expanding the Sticker-Based Model 

By Michael Lindmark 

 
Introduction 

 
In this section we continue to look at 
expanding the DNA Sticker Based 
model of computation to include 
looping and if - then branching 
instructions without any outside 
intervention.  Unfortunately in the 
process of adding these capabilities to 
the model, it gets complicated and very 
likely impractical.  However the model 
is still valuable from a theoretical 
standpoint as an example of the 
computational power of DNA. 
 

Changes to the standard model 
 
This extension makes a few changes to 
the strands used in the basic model.  To 
add branching we need to have 
selective operations, operations that are 
only applied to certain data.  This 
model accomplishes this by borrowing 
a few ideas from computers.  In effect, 
it introduces a program that is written 
in DNA and uses a DNA version of a 
program counter which keeps track of 
which instruction the program is 
currently running.  To implement this 
in DNA we introduce an instruction 
strand, a couple types of helper strands 
to run the program counter and a 
number of solid-bound DNA chambers 
like those used for the separate 
operation in the original model. 

 

The instruction strands consist of a 
head region followed by the string of 
instructions and end with the data 
connector.  The head region provides 
the start location of the program.  Each 
instruction is divided into two pieces, 
the instruction code and the operand 
code.  The instruction code specifies 
which operation is to be performed: 
set, clear, if, end-if, loop-if-not, and 
exit.  Notice that the separate and 
combine operations from the original 
model are no longer part of the 
operation set.  For all operations the 
operand code specifies on which bit 
the operation is performed. 
 
The DNA program counter is 
implemented by four types of strands 
working together.  The first of these is 
the start strand 
which enables 
the program to 
start by 
pointing to the first instruction.  It is 
simple, consisting of a sequence 
complementary to the head marker and 
the next sequence, which is the pointer 
signifying that the following 
instruction should be performed next. 
 
The next type of strand performs the 
primary function of the counter; 
incrementing.  The pc strands contain a 
toehold region, the complement of the 

next marker, the 
complement of one 
instruction, and the 
next2 marker.  The 
toehold is used by the 
anti-pc strands, which 
are complete 
complements of pc 
strands, for removing 

pc strands from the instruction strands.  



The next marker ensures that only the 
current instruction is covered by the 
complement instruction region.  The 
next2 marker signifies that the next 
instruction is ready, but will not allow 
another pc strand to bind, ensuring that 
the pointer is only incremented by one 

instruction regardless of the number of 
pc strands around. 
 
The last type 
of strand, the 
step strand, 
performs the 
simple 
operation of converting a next2 marker 
to a next marker.  It is part of the 
system that prevents more than one 
instruction from being covered every 
cycle. 
 
The key part of the operation 
selectivity 
that this 
model 
requires is 
achieved by 
using solid-
bound operation selectors.  The 
selectors work exactly like the 
separation tubes in the original model, 
except instead of being complements 
of the bit tags they complement the 
next marker and the instruction marker 
that it is selecting for. 
 
The only change that needs to be made 
to the data strand is the addition of the 

instruction-data connector at one end. 
 
 

The execution cycle 
 
To run a program on the extended 
model the instructions are first 
translated into an instruction strand.  
This strand is duplicated and then 
added to a mixture of randomly set 
data strands.  Once connected the start 
strands are added to initialize the 
program counter, and then the strands 
enter the compute cycle.  All of the 
strands pass through a series of 

operation selector chambers, each of 
which bind a specific instruction 
marker and the next tag from the pc 
strands.  After all of the strands are 
selected into different chambers they 
are sealed away and the selected 
operation is performed.  The series of 
operation chambers include those for 
the operations set bit 1, 2  ...  n, clear 
bit 1, 2 ... n, if bit 1, 2 ... n, loop-if-not 
bit 1, 2 … n, and exit.  After all of the 
individual operations have been 
performed the strands are released 
from the selectors and collected.  All 
of the various pc strands are then 
added to the collected strands, so that 
one strand binds to each instruction 
strand.  Then the rest of the pc strands 
are removed and step strands are 
added, preparing the instructions for 
the next cycle.  This two step process 
is required to ensure that the counter 
can only increment by one instruction 
every cycle.  After removal of the step 
strands the cycle is repeated.  The 
computation ends when an exit 
instruction is reached.  The strands that 
are sorted into the exit selector are 
removed from the system and the 
answer of the finished computation is 

ready.  One could easily extend the 
one exit instruction into an exit-true 
and an exit-false and then only the 
exit-true strands would need to be 
read.  Once the computation is 

completed all of the strands can then 
be sorted, separated, and all strands 



except the instruction strands can be 
reused in another computation. 
 

New extension if - then branching 
 
Branching is achieved by slightly 
altering the design of the if operation 
selectors and directing the selected 
strands into a separate sub cycle.  The 
if selector chambers contain specially 
weakened selectors that are not strong 
enough to bind an instruction strand 
without further help.  That help comes 
from other solid-bound DNA that 
complements the operand bit.  So 
instruction-data strands in which if bit 
one is the next instruction and bit one 
is clear are the only strands that bind in 
the if bit one selector.  All of these 
selected strands enter a sub-cycle to 
skip all instructions until the next end-
if bit one instruction.  This is done by 
adding an excess of all of the pc and 
step strands except for the pc strand 
that corresponds to end-if one 
operation.  The strands are then 
selected by the end-if selector chamber 
to guarantee that the counter has 
incremented enough.  Those strands 
which fail to bind remain in the sub-
cycle while the bound ones are 
returned to the main cycle.  The extra 
end-if operation is required to allow for 
nested branching by providing 
different return points based on the if 
condition. 
 

New extension looping 
 
For looping the model takes advantage 
of branching help instead of trying to 
address instructions individually.  The 
loop-if-not instructions are selected in 
the same way if selectors work, 
requiring a clear operand bit in 
addition to the next and instruction 
tags.  The selected strands are then 
cleared of pc strands by adding all of 
the anti-pc strands.  The toehold region 

allows the anti-pc strands to pull off 
the pc strands and leave the instruction 
strand with only the start strand bound.  
This idea of looping could be more 
intuitively called start-over-if-not.  
With a little extra branching help 
traditional looping can be attained.  
The following pseudo code 
demonstrates. 
 

if (stage1) { 
… 
if (NOT done) { 

loop; 
} 
… 
stage1 = false; 

} 
 

Complexity 
 

The extensions to the model and the 
added requirement of no outside 
intervention while the computation is 
running force this model to be much 
more complicated than the Sticker 
Based Computing Model on which it 
was based.  Assuming that n is the 
number of data bits the complexity in 
terms of unique strands is 16n + 7 = 
O(n).  The number of chambers as 
currently set up is 5n + C = O(n).  A 
majority of the complexity is in finding 
the correct design and binding lengths 
to get energy differences between the 
various strands correct. 
 

Problems and issues 
 
This model suffers from the same 
difficulties as the original Sticker 
Model.  There is a tradeoff between the 
error rates and the compute cycle 
speed.  The time consuming selecting 
process and lost strands are the major 
drawbacks.  Possible solutions may 
include using lots of duplicate strands, 
synthetic DNA backbones or use of 
metal nano-crystals. 



Exploring branching in SAT problems 

by Wojciech Makowiecki 

Introduction: 
 
The most important question in 
Computer Science still lacks the 
answers. 
Does P equal NP ? Nobody knows, 
though most experts in theory of 
computation suppose it does not. If this 
is the case and we can not find better 
algorithms for some extremely crucial 
problems, we need to find a different 
approach. The speed of processors 
doubles twice in 18 months, but it is 
not enough when we take into 
consideration NP-complete problems. 
Even 1000 times faster computers will 
not let us solve big enough instances of 
problems that could be useful in 
practice. As Adleman has shown first 
in 1994 and then in 2002*(1), it is 
possible to solve complex problems 
using a DNA computer.  
 

Definition: NP-complete problem 
 
NP ("non-deterministic polynomial-
time") is the set of decision problems 
solvable in polynomial time on a non-
deterministic Turing machine. 
 
NP-com is the complexity class of 
decision problems for which answers 
can be checked for correctness, given a 
certificate by an algorithm whose run 
time is polynomial in the size of the 
input (that is, it is NP) and no other NP 
problem is more than a polynomial 
factor harder. 
 
A decision problem C is NP-complete 
if it is in NP, and if every other 
problem in NP is reducible to it. 

Description of SAT problem 
 
The Boolean satisfiability problem 
(SAT) is a decision problem.  

An instance of the problem is defined 
by a Boolean expression written using 
only AND, OR, NOT variables, and 
parentheses.  
The question is: given the expression, 
is there some assignment of TRUE and 
FALSE values to the variables that will 
make the entire expression true? 
 
Example of SAT problem: 
 
E = (x1 or ~x2 or ~x3) and (x1 or x2 or 
x4) 
 
x1,... - variables 
~ - indicates “not” 
~x2,... - negations of variables 
or, and - boolean operators 
 

Cook’s theorem 
 
The language SAT of satisfiable 
Boolean formulas is NP-complete.  
 

Definition. polynomial-time Turing 
reduction (Cook reduction) 

Formally: 

A polynomial-time Turing reduction or 
Cook reduction of a decision problem 
L to a decision problem M is an oracle 
machine that has an oracle for M and 
can decide L in polynomial time. 

More intuitively: 

If such a reduction exists, than every 
algorithm for M immediately yields an 
algorithm for L, with only a modest 
(i.e. polynomial) slow-down. 
Some important examples of NP-com 

problems: 
 
- Boolean satisfiability problem (SAT) 
- Traveling salesman problem (TSP)  



- Hamiltonian cycle problem 
- Subgraph isomorphism problem 
- Vertex cover problem 
- Independent Set problem 
- Fifteen puzzle 
 

Branching and NP-com problems 
 
 
It has not been proved yet but is most 
probable that no general efficient 
solution exists for any NP-complete 
problem. 
Consider the SAT problem. There is no 
known algorithm that is faster than the 
exponential one. Each boolean variable 
can be assigned either “true” or 
“false”. If we have 1 variable we have 
only 2 possibilities. When we have 20 
variables number of possible 
assignments grows exponentially to 
220=1,048,576. One can check whether 
the first variable is “true” or “flase” 
and in each case an appropriate action 
is done. So it reflects the “if 
condition”. 
In classical approach the computer 
checks every possible combination one 
by one. The idea behind DNA 
computer is different. It works in 
parallel. 
It does not try every single possibility 
but tries criteria one by one, 
eliminating all false solutions that do 
not satisfy the criteria. It starts by the 
first criterion, deletes all solutions 
which do not suit the condition, then 
checks solutions whether or not they 
satisfy the next criterion and if they do 
not it deletes them as well, and so on 
until all criteria are checked. 
It is so powerful because every “if” 
acts on several variables at the same 
time. 
We can imagine every variable in the 
problem as a node in the tree and two 
values can take (either “true” or 
“false”) as branches. The Classical 
computation would rely on searching 

the tree using certain algorithm (like 
depth-first search). In contrast DNA 
computation will depend on checking 
few nodes and cutting out the 
appropriate branches, not checking 
nodes one by one. 
At the end of the procedure, only the 
solution(s) will survive. The last thing 
one needs to do is to read off the 
solution. 
 
Few different models that are being 
used are as follows: 
 

- Slightly modified Sticker model 2 
- Surface based approach to DNA 

computation 11  
- Fluorescent DNA computing 
(“molecular beacon”) 14 
 

 
Conclusions 

 
Even though DNA computers heavily 
utilize parallelism, they cannot solve 
any instances of NP-complete problem. 
They do not seem to be scalable 
enough to solve problems of practical 
importance. A theoretical forecast 
expanse for solving 50 variable SAT 
problem is high, as producing DNA 
sequences needed for this approach is 
expensive. In addition, it may be hard 
to design enough unique DNA strands, 
to encode all solutions that will not 
interfere with each other. The other 
important issue is the problem with 
data correction as error rate might get 
higher with attempts to solve larger 
problems. There exist however some 
strategies for handling error correction 
7,9. As many researchers including the 
inventor of DNA computing professor 
Len Adleman believe the future of 
DNA computing might be something 
else other than SAT problem solving, 
it is still interesting and very young 
field of study. 



Conclusion 

In this paper, we have tried to list and describe different ways that branching in DNA 
computing can be thought of and realized as. There are limitations and barriers that 
each one of the described here models has, however, they all have their advantages, 
benefits and purposes.  

In conclusion, we would like to thank you for sitting down and taking a minute to 
read this.  We would also like to thank California Institute of Technology, and 
everyone who organized and participated in the Computing Beyond Silicon Valley 
Summer School for the wonderful opportunity to learn and to expand our knowledge 
far beyond our reach. 
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Abstract

From networks of simple genetic regulatory elements, scientists have executed some genetic circuits
such as the circadian oscillator[1] and the toggle switch[2]. These circuits utilize the property of
multi-stability as provided by regulatory elements. The multi-stability in genetic regulatory networks
inspired our group to theorize possible multiple steady states models that could later be carried out in
vivo. The motivation is to eventually use these steady states to store information in a reliable way.
Ideally, a transient input will lead to a permanent storage unit. Furthermore, the multiple steady states
implement the finite state machine. Relevant applications in bio-computing and gene therapy[3]-[4] can
also benefit from this type of research. Simple genetic regulatory network can be modeled by ordinary
differential equations. By analysis of the equations, one can gain insight to the different behaviors of a
genetic circuit. This paper theorizes and discusses two different models of four-steady state genetic
regulatory networks and analyzes their equations.

1 Introduction

What is a steady state? In the context of genetic regulatory networks, a steady state[5]-[6] is a condition
where there is no net change in the system. The system is stable if slight perturbations bring the system
back to its steady state. More significant perturbations may move the system to a new steady state. Using
four repressible promoters arranged in a mutually inhibitory network, four steady states can be realized. One
can use transient chemical or thermal induction to move from state to state. The toggle switch experiment
exhibited a nearly ideal switching threshold; hence, with the right inducers, achieving a four steady states
system should be possible.

2 The Model

2.1 First model

In the first model, the four steady states system in this case is composed of four promoters and four cor-
responding repressors (Fig. 1). Each promoter transcribes a gene that codes for a repressor, which in turn
inhibits the other three promoters. A steady state is measured by the concentration of protein product.
There are four possible stable states: promoter A transcribes repressor A, promoter B transcribes repressor
B, promoter C transcribes repressor C, and promoter D transcribes repressor D. By transiently introducing
an inducer, a repressor is maximally transcribed until it stably represses the other three promoters.
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Figure 1: Mutually repressive states

Since the proposed four steady states system is a direct extension from the toggle switch experiment,
we varied the steady state equations found in Gardner’s research to correspond to our proposal. We can
mathematically visualize the behavior of the system by understanding the following equations modeling for
the network: 

dA

dt
=

αA

1 + Bβb
+

αC

1 + Dβd
+

αD

1 + Cβc
− A

dB

dt
=

αB

1 + Aβa
+

αC

1 + Dβd
+

αD

1 + Cβc
− B

dC

dt
=

αC

1 + Dβd
+

αB

1 + Aβa
+

αA

1 + Bβb
− C

dD

dt
=

αD

1 + Cβc
+

αB

1 + Aβa
+

αA

1 + Bβb
− D

(1)

A is the concentration of repressor A, B is the concentration of repressor B, C is the concentration of
repressor C, D is the concentration of repressor D. αA is the effective rate of synthesis of repressor A which
represses promoter B, C, and D; βA is the cooperativity of repression of promoter A, etc.

After the critical values are found, one can determine the stability through linear analysis. Since the
steady state equation is a nonlinear equation, one must linearize the equations to form the Jacobian matrix
and then examining its eigenvalues. The Jacobian matrix is:

The first three terms in every equation are the cooperative repression of constitutively transcribed pro-
moters, and the last term in every equation represents the degradation of the repressors. The parameters
αA, αB , αC , αD factor into the equation the net effect of RNA polymerase binding, open-complex formation,
transcript elongation, transcript termination, repressor binding, ribosome binding and polypeptide elonga-
tion. The parameters βA, βB , βC , βD come from the multimerization of the repressor proteins and the
cooperative binding of repressor multimers to multiple operator sites in the promoter.

To reach steady state, dA/dt, dB/dt, dC/dt, and dD/dt must approach zero. dA/dt means change in
concentration of the repressor A over time. Setting the four steady states equation equal to zero, one can
find the critical values where the equation is not differentiable or the derivative of a function is equal to zero.

After the critical values are found, one can determine the stability through linear analysis. Since the
steady state equation is a nonlinear equation, one must linearize the equations to form the Jacobian matrix
and then examining its eigenvalues. The Jacobian matrix is:
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J =



−1 − αABβB βB

(1+BβB )2
B

− αDCβC βC

(1+CβC )2
C

− αBAβA βA

(1+AβA)2
A

− αCDβD βD

(1+DβD )2
D

−1 − αDCβC βC

(1+CβC )2
C

− αBAβA βA

(1+AβA)2
A

− αCDβD βD

(1+DβD )2
D

αABβB βB

(1+BβB )2
B

−1 − αBAβA βA

(1+AβA)2
A

− αCDβD βD

(1+DβD )2
D

αABβB βB

(1+BβB )2
B

− αDCβC βC

(1+CβC )2
C

−1


(2)

Now the steady-state equations are linearize into the form x′ = Px

x′ =


J11 . . . J14

...
. . .

. . .
...

J41 . . . J44




A
B
C
D

 (3)

The Eigenvalues λ satisfy the equation (λI − 1) x = 0.


λ − J11 . . . . . . −J14

...
. . .

...
...

. . .
...

−J41 · · · · · · λ − J44




A
B
C
D

 = 0 (4)

The eigenvalues are the roots of the equation, which can be calculated by taking the determinant of
(λI−1). Linear stability analysis states that an equilibrium state exists if all the eigenvalues of the Jacobian
result in negative real part.

To demonstrate how this works, αA and αC of 156.25 αB and αD of 15.6 and βA and βC of 2.5 βB and βD

of 1 were chosen from Gardner’s paper[3]. Equation (1) yields 2 positive real solutions. Imaginary solutions
and negative solutions were discarded because they do not have a physical meaning. The two solutions were:

A = 24.015 B= 12.016 C= 24.015 D= 12.016
A= 318.337 B= 317.867 C= 0.098 D= 317.867

By substituting the solution into the Jacobian and taking the determinate, the corresponding eigenvalues
are λ = -0.192, -0.993,-0.993, -0.077 and λ = -0.999, -1.176, -0.826, -0.998. Since all the eigenvalues are
negative, both solutions are at a stable steady state.
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Equation (1) was plotted numerically using ODE45
in Matlab (Mathworks)

Figure 2: Numeric solution of equation (1) using setting αA and αC of 156.25,
αB and αD of 15.6, and βA and βB of 2.5, βC and βD of 1, initial condition A,B,C,D= 0.

In the numeric solution, the concentration of A and C converge 24.015 and concentration of B and D
converge to 12.016. Those concentration matches with the first set of critical values, A = 24.015, B= 12.016,
C= 24.015, D= 12.016. The solution shows a stable behavior as time increases.

Several interesting things emerge from simulating equation 1. First, the equations are extremely param-
eter sensitive. An insignificant change to the parameter will result in drastic consequences. For example,
changing αA to 160, a 2.4 percent increase. The numeric solution changes to A = 24.436, B = 10.373, C
= 24.436, D = 14.078, figure 3. Second, the equations are depended on initial condition. For example,
changing the initial condition from 0 for all species to D = 100, it takes approximately 20 times longer
to reach stability, figure 4. Therefore, time to reach stability can be controlled by initial concentration of
species. However, the effect of initial condition depends on the parameter too. For example, changing the
initial condition of A to 100, it only takes approximately 2 times longer to reach stability, figure 5.

4



Figure 2 with Modified αA

Figure 3: Numeric solution of equation (1) using setting αA of 160, and αC of 156.25,
αB and αD of 15.6, and βA and βB of 2.5, βC and βD of 1, initial condition A,B,C,D= 0.
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Figure 2 with Modified Initial Condition of D

Figure 4: Numeric solution of equation (1) using setting αA and αC of 156.25,
αB and αD of 15.6, and βA and βB of 2.5, βC and βD of 1, initial condition A,B,C = 0, and D = 0.
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Figure 2 with Modified Initial Condition of A

Figure 5: Numeric solution of equation (1) using setting αA and αC of 156.25,
αB and αD of 15.6, and βA and βB of 2.5, βC and βD of 1, initial condition A = 100, and B,C,D = 0

One can use stability data over a range of parameters to generate solution branch diagrams. Using the
solution branch diagram, one can locate the shift from stable to unstable steady state and bifurcation point
(split into stable and unstable steady state). Whether the equation is chaotic or stable, such findings will
enhance one’s comprehension on the different regimes of behavior within a particular genetic regulatory
circuit. With a solution branch diagram, one can narrow down the physical constraints of the genetic circuit
and optimize its performance by picking the best conditions or ingredients for the circuit to operate. Another
use of the equation would be if a genetic circuit must meet a concentration condition, one can use the data
to fit the equation and find the parameters. Once parameters are found, one can then find repressors and
promoters which fit these ranges.

As simple as it might sound, there are problems that could surface along the way. First of all, the steady
state equations are quite complex. For a four steady states system, there are eight unknown parameters and
four unknown variables in four coupled differential equations. This can be solved by taking into account
the symmetry of the equations. Finding genes that have same α and β will decrease the complexity of the
equation. This model does present some problems. First, the system may still not be biologically feasible
for several reasons. It is difficult to find promoters and repressors that fit into the ranges specified by the
equations, plus four rates have to be considered simultaneously. Since one of the applications of the multiple
steady states system is implementing the finite state machine[7], there will be timing issues. The rates
will vary, meaning transferring from state to state requires different amounts of time, which is a set back
since state transition is based on clock edge trigger in the current technology. Information storage can be
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complicated when the accessing of one unit takes longer than another. The problem does not stop here. The
complexity will scale up exponentially when the number of states increases. After realizing such problems,
another method was proposed to reduce the complexity.

2.2 Second model

The second model for a four steady state system is a direct extension of the bi-stable toggle switch[2]. This
model is the superposition of two sets of toggle switches, each constituted of two genes that mutually repress
the promoter of the other gene in the set. In order to move between states and reach the desired state, each
promoter has a corresponding inducer that activates the promoter. By combining the states of two sets, one
can achieve four states, figure 6.

Combinatorial bi-stable toggle switches

Inducer PA causes Promoter A to be turned on, consequently transcribing the Red gene and Repressor
B. Both gene products are then translated into protein. For the remainder of the paper, stating that a
gene is colored means the protein product fluoresces the specified color. Repressor B binds Promoter B,
preventing transcription factors from binding Promoter B and initiating transcription of genes downstream
of Promoter B. Conversely, when Promoter B is induced by some external factor, Repressor A is transcribed
and binds Promoter A, preventing transcription of the Red gene. Similarly, the exact situation is found for
the other set of genes (C and D). Transcription of the Green gene and Repressor D results in the repression
of Promoter D, while transcription of Repressor C causes repression of Promoter C, preventing production
of the Green gene. From two independent toggle switches, one has a system that can achieve four different
steady states. The four states are as follows:

PA (Red) PB PC (Green) PD Color = State
0 1 0 1 None
0 1 1 0 Green
1 0 0 1 Red
1 0 1 0 Yellow
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0 represents an inactive promoter, while 1 represents an active promoter. The combination of the Red
and Green genes gives a Yellow gene. We found some potential promoter-repressor pairs from reading the
literature of similar experiments and from the BioBricks database based on comparable activation and re-
pression rates. These include Ptrc-2/LacI, Pslcon/ λcI, PtetO-1/TetR, and P2/P22 c2 [8]. Potential inducers
include heat, isopropyl-b-D-thiogalactopyranoside (IPTG), and anhydrotetracycline (aTc). The equation is
similar to the first model, but less complicated.

dA

dt
=

αA

1 + Bβb
− A

dB

dt
=

αB

1 + Bβa
− B

dC

dt
=

αC

1 + Dβd
− C

dD

dt
=

αD

1 + Cβc
− D

(5)

A is the concentration of repressor A, B is the concentration of repressor B, C is the concentration of
repressor C, D is the concentration of repressor D. αA is the effective rate of synthesis of repressor A which
represses promoter B; βA is the cooperativity of repression of promoter A, etc.

The mathematical analysis of equation (5) from model 2 is same as model 1. Since the equation is
non-linear, one must find the jacobian and calculate the eigenvalue in order to determind the stability of the
critical values.

Since a two-gene-promoter toggle switch has been proven to work, using two of these toggle switches
should also work provided they do not interact with each other. Some issues that we must resolve include
the difference in reaction rate, which must be set in such a way that there is no false transient state. If we
want to achieve more states, this model is still has many drawbacks. The factor of greatest concern is the
often uncontrollable promiscuous interaction between proteins.

3 Future Work

Future work will include testing out the models in vivo to compare with the theoretical results. Other
interesting work might be to use direct evolution to evolve genes to fit the specific context of a genetic
circuit. To generate bifurcation diagram and locate the equilibrium states and bifurcation of equilibria,
Interval-Newton/generalized-bisection algorithm can be implemented to increase accuracy and ensure that
all roots of a non-linear equation system are enclosed. There may also be more ways to implement the goal
of achieving multiple steady states using genetic regulatory circuits which are worth pursuing. We hope to
find a more efficient design to realize multiple steady states without complications exponentially scaling up
as the number of states increases.
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Modeling Multiple Steady States in Genetic Regulatory Networks 
 

Khang Tran 
 

 
From networks of simple regulatory 

elements, scientists have shown some simple 

circuits such as the circadian oscillator1 or 

the toggle switch2.  These circuits utilized 

the multistability inherited in the regulatory 

elements.  The multistability in genetic 

regulatory networks inspired our group to 

experiment modeling multiple steady states.  

Our motivation is to eventually use these 

steady states to store information in a 

reliable way.   Ideally, a transient input 

would lead to a permanent storage unit.  We 

can also create multiple steady states to 

implement the finite state machine.  

Furthermore, relevant applications in 

biocomputing and gene therapy3-4 can 

benefit from this research.  Using four 

repressible promoters arranged in a mutually 

inhibitory network, four steady states can be 

realized.  We use transient chemical or  

 

 

thermal induction to go from state to state.  

The toggle switch experiment exhibited a 

nearly ideal switching threshold; hence, with 

the right inducers switching threshold in a 

four steady states system would not be a 

problem. 

What is a steady state? 

In the context of genetic regulatory 

networks, a steady state5-6 is a condition 

where there is no net change in the system.  

The system is stable if slight perturbations 

bring the system back to its steady state.  

More significant perturbations may move 

the system to a new steady state. 

The four steady states system in this case is 

composed of four promoters and four 

corresponding repressors (Fig. 1).  A 

promoter transcribes its repressor, which, in 

turn, inhibits the other three promoters.   

There are four possible stable states:  

promoter A transcribes repressor A, 



promoter B transcribes repressor B, 

promoter C transcribes repressor C, and 

promoter D transcribes repressor D.  By 

transiently introducing an inducer, a 

repressor is maximally transcribed until it 

stably represses the other three promoters.   

 

Figure 1 Four steady states system.   
 

Since the proposed four steady states system 

is a direct extension from the toggle switch 

experiment, we varied the steady states 

equations found in Gardner’s research to 

correspond to our proposal.  We can 

mathematically visualize the behavior of the 

system by understanding the following 

equations modeling for the network: 

 

 

1 1 1

1 1 1

1 1 1

1 1 1

b d c

a d c

d a b

c a b

A A A

B B B

C C C

D D D

dA A
dt B D C
dB B
dt A D C
dC C
dt D A B
dD D
dt C A B

β β β

β β β

β β β

β β β

α α α
= + + −

+ + +
α α α

= + + −
+ + +
α α α

= + + −
+ + +
α α α

= + + −
+ + +

 

 

 

 

 

Where A is the concentration of repressor A, 

B is the concentration of repressor B, C is 

the concentration of repressor C, D is the 

concentration of repressor D, αΑ is the 

effective rate of synthesis of repressor A 

which represses promoter B, C, and D, βΑ is 

the cooperativity of repression of promoter 

A, etc…  The terms with α and β in every 

equation are the cooperative repression of 

constitutively transcribed promoters, and the 

last term in every equations is the 

degradation of the repressors.   

The parameters αΑ, αΒ, α C, αD factor into 

the equation the net effect of RNA 

polymerase binding, open-complex 

formation, transcript elongation, transcript 



termination, repressor binding, ribosome 

binding and polypeptide elongation.  The 

parameters βΑ, βΒ, β C, βD come from the 

multimerization of the repressor proteins 

and the cooperative binding of repressor 

multimers to multiple operator sites in the 

promoter.  

To reach steady states 
dA
dt ,

dB
dt ,

dC
dt ,

dD
dt  must 

approach zero.  
dA
dt means change in 

concentration of the repressor A over time.  

As 
dA
dt approaches zero, there is no net 

change, hence multistability occurs.  Using 

the steady states equations aforementioned, 

we utilize available mathematical software 

such as Mathematica or Mathlab to solve for 

the range of the effective rate of synthesis 

for the repressors and the range of the 

cooperativity of repression of the promoters.  

Once we’ve found the ranges for these 

unknown variables, we can find repressors 

and promoters of which the effective rate of 

synthesis for the repressors and the 

cooperativity of repression of the promoters 

fit into these ranges.  We would test these 

repressors and promoters in vitro to see if 

they actually fit into our model.    

As simple as it might sound, there are 

problems that we suspect might surface 

along the way.  First of all, the steady state 

equations are quite complex.  For a four 

steady states system, there are eight 

unknown variables in four coupled 

differential equations.  This can be solved 

when we take into account the symmetry of 

the equations.  We are positive that Mathlab 

can crunch out the numbers.  Given that we 

can find the numbers for α and β, it is 

biologically infeasible.  We are not sure if 

we can find promoters and repressors that fit 

into the ranges specified by the equations.  

Finally, four rates have to be considered 

simultaneously.  Since one of the 

applications of the multiple steady states 

system is implementing the finite state 

machine7, there will be timing issue.  The 



rates will vary, meaning transferring from 

state to state requires different amount of 

time which is a set back since state transition 

is based on clock edge trigger in the current 

technology.  Information storing can be 

complicated when accessing one unit takes 

longer time than another.  The problem does 

not stop here.  The complexity will scale up 

exponentially when the number of states 

increases.  After realizing such problems, we 

proposed another method to reduce the 

complexity.  We decided to split the system 

into two parts.  The new system is strikingly 

similar to the toggle switch model.  Instead 

of one pair of promoters and repressors on 

the plasmid, we have two pairs interacting 

independently of each other.  Since the 

toggle switch model has been shown as a 

working model, the newly proposed model 

is also very likely to work.  If we want to 

achieve more states, this model is still a bad 

design.   

We were hoping to test out some of our 

models to see what the result will be.  

However, given the time we had, it is 

impossible to find a lab and equipments to 

carry out such an elaborated experiment.  As 

for now, we are still looking for other means 

to implement what we set out to do.  We 

also are trying to come up with a more 

efficient design to realize the multiple steady 

states without complications exponentially 

scale up as the number of states increases.    
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1.  INTRODUCTION 

 
Power dissipation is an ever-increasing problem, as 
computer hardware is scaling down towards the 
atomic level and demand for high device density is 
rapidly increasing.  Recent research papers have 
addressed this issue and purposed methods of 
improvement [1, 2, 3, 4, 6, 7, 17, 18].  A promising 
improvement, which is commercially used at the 
macro-scale by the Cambridge based company, 
Adiabatic Logic Limited, is adiabatic computation.  
If implemented at the nano-scale level (the next step 
in device size reduction), adiabatic computation 
could provide significant power dissipation 
reductions to the current nano-scale architecture.  
However, to efficiently apply the adiabatic 
computation at the nano-scale, the development of a 
high quality (Q) nano-scale inductor is necessary.   
Unfortunately, it gets considerably harder to 
produce high Q inductors as their size tumbles down 
to the nano-scale.  This challenge stems from the 
fact that Q is proportional to L/R and physics 
dictates that the consequences of scaling down are a 
lower inductance and a high resistance. 
 
Progress towards the development of high Q nano-
scale inductors has started with the fabrication of 
inductors at the micro-scale.  The traditional micro-
scale inductor is a square, two-dimensional, copper 
spiral on a silicon-oxide substrate (Figure 1.).  These 
inductors are fabricated with a top-down lithography 
approach process, and due to the high resistivity of 
copper at the micro-scale, and negative substrate 
coil interactions; the inductors have a very low Q 
(approx. 1, when approx. 100 is desired) [8, 17].  It 
appears that to succeed in producing a useful 
micro/nano-scale inductor a different fabrication 
approach and/or a new material is needed. 

 

 
FIGURE 1.  Two examples of traditional  
micro-scale inductors. [8]. 
 
The two types of nano-scale inductor designs that 
this paper discusses, are a coiled carbon nanotube 
inductor and an iron filled carbon nanotube 
inductor.  Both types take advantage of a new 
conductive material and use a bottom-up, self-
assembly approach.  The easy growth, simple 
geometry, advantageous electron transport 
properties and high conductivity coupled with low 
resistivity of these two designs make them attractive 
as nano-scale inductors.  Following the research, of 
the above properties, each design was simulated in a 
field solver computer program named Fast Henry 
[20].  Programmed with reasonable parameters of a 
purposed inductor design, Fast Henry can compute 
a theoretical quality factor for that inductor. 
 
 

2.  COILED CARBON NANOTUBES 
2.1   Properties 

 
Coiled Carbon Nano-Tubes, (CCNT's), have many 
properties that make them ideal for implementation 
as nano-scale inductors.  The most obvious property 
is their traditional solenoid geometry (Figure 2.). 
The solenoid geometry provides a sufficient field 
area and prevents the possibility of current flow 
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constraints that occur in the traditional square spiral, 
micro-scale inductor [10].  
 

 
FIGURE 2.  A Carbon Nano-Tube with an 
approximate diameter of 30nm. [19]. 
 
A second, relevant property of CCNT's is their 
ability to perform ballistic transport.  Researchers 
have shown that in specific types of carbon 
nanotubes the mean free path of an electron 
increases with the diameter of the tube leading to 
one-dimensional and ballistic transport of electrons 
[13].   
 
The aspect of ballistic transport supports the last 
important property of CCNT's - low and constant 
resistivity.  The average literature value of the 
resistivity of CCNT's is approximately 10-7 Ω  m [5].  
This resistivity is comparatively low to that of the 
common copper metal used to manufacture current 
micro-scale inductors.  The simple reduction of 
resistivity that is accomplished by the substitution of 
copper with carbon nanotubes also provides a two-
fold benefit; considerable improvements in power 
loss (dissipation) leading to reduction of heat 
generation (resistance). 
 
 

2.2   Growth Methods 
 

Another beneficial property of CCNT's is their easy 
growth method that produces aligned coils.  The 
method is very similar to that of the chemical vapor 
deposition (CVD) process used for regular carbon 
nanotubes.  The general method for CVD begins 
with a substrate, usually Silicon, Si, or Silicon 
dioxide, SiO2.  Next, a thin catalyst film (usually a 
transition metal) is then placed on the substrate.  
The coated substrate is placed in the chamber of a 
CVD apparatus and the chamber is purged with a 
constant flow of hydrogen or argon gas.  Finally, a 

gaseous hydrocarbon is flowed through the chamber 
at a constant speed, the chamber is heated to a 
temperature that decomposes the hydrocarbon, and 
carbon nanotubes self-organize onto the substrate.  
Zhoung, et. al., discusses a CVD method in which 
the substrate used was silicon, the  catalyst was iron 
(III) oxide / iron (III) nitrate and a 90% yield was 
achieved. 
 
 
 

2.3   Challenges 
 

Even with all the advantageous properties of 
CCNT's for implementation as nano-scale inductors, 
there is one challenge that needs to be overcome - 
fabrication.  The current fabrication methods for 
CCNT's are simple, but it is hard to produce coiled 
tubes with consistent walls thickness, tube diameter 
and coil diameter.  Furthermore, once the CCNT's 
are grown, methods for transportation of them to the 
circuit, placement in the circuit (CCNT's are know 
for high elasticity) and interfacing with the circuit 
still need to be developed. 
 
 

2.4   Theoretical Performance 
 

'At best' literature value parameters were chosen to 
simulate the CCNT inductor's theoretical 
performance on "Fast Henry" (Table 1.). 
 
TABLE 1. Parameters used for Fast Henry 
simulation and theoretical performance computation 
results. 
Parameter Value 
Number of turns 200 
Diameter of tube 30nm 
Diameter of coil 300nm 
Conductivity of CNT* ~107  / Ωm
Theoretical inductance 0.72µH 
Theoretical quality factor 45 
*Conductivity of CNT extrapolated from literature 
resistivity values [5]. 
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3.  IRON FILLE CARBON NANOTUBES 

3.1   Properties 
 

Watts, et. al., discusses the innovative 
implementation of iron filled carbon nanotubes as 
nano-scale inductors.   His model purposes that 
'organized' chiralities in certain carbon nanotubes 
create a spiral path along the nanotube for electrons 
to travel (Figure 3.) and that the path of the electrons 
simulates a traditional solenoid inductor.  The 
inductive effect of the spiral path traveled by the 
electrons is not individually significant, but it can be 
made useful if amplified. When an iron core is 
'inserted' in the hollow center of the carbon 
nanotube, its inductance is amplified, just as a 
magnet enhances the inductance of a traditional 
solenoid.   
 
The properties that result from Watt's model are 
simple yet valuable to the implementation of the 
iron filled carbon nanotubes as nano-scale inductors.  
First, as discussed above, they exhibit original 
electron transport properties that create an inductive 
phase.  Second, due to the low resistivity of carbon 
nanotubes any nano-scale inductor constructed from 
iron filled carbon nanotubes will retain the benefit 
of low resistivity.  Finally, since induction is 
accomplished with a simple nanotube the geometry 
of the nano-scale inductor design could be very 
basic (Fig. 3.). 
 

 
FIGURE 3.  (Left) Path of electron in specific 
chiral carbon nanotubes [16].  (Right) Iron filled 
carbon nanotube with an approximate diameter of 
30nm. 
 

 
3.2   Growth Methods 

 
In addition to their other useful properties, iron 
filled carbon nanotubes are easy to grow.  The 
growth method is a modified version of CVD 
(outlined earlier), named catalytic prolysis.  The 
modifications are as follows: the substrate is a 
thermally oxidized silicon wafer, the catalyst is an 
iron film, the CVD apparatus has two chambers [one 
to vaporize the hydrocarbon and metal material 
(usually ferrocene) and the other for the self-
organization of nanotubes on the substrate] and the 
regulated gas flow acts as transportation for gaseous 
material between the two chambers [11, 12].  
 

3.3   Challenges 
 
Implementation of iron-filled carbon nanotubes as 
nano-scale inductors involves many of the same 
challenges as with the implementation of CCNT's.  
The growth of the tubes is easy, but consistent inner 
and outer diameter growth is the next step.  The 
Lamber-Beer flow method can be used for 
placement of the nanotubes, but just as with the 
CCNT's a method of interfacing with the circuit is 
needed.  Lastly, the construction of an iron filled 
carbon nanotube inductor is still unclear.  Will it be 
made of one tube, several tubes, or a bundle of 
tubes? 

 
3.4 Theoretical Performance 

 
Since minimal research has been performed on the 
electron transport properties of iron filled carbon 
nanotubes, parameters that describe the path the 
electron follows can't be easily estimated, and its 
theoretical performance can't be simulated on "Fast 
Henry."  Experiments have been run to test the 
conductivity of this design, but they were performed 
on polystyrene films of thousand of the nanotubes, 
not individual ones.  The inductance of a film of 
volume 30mm X 15mm X 2mm was found to be 
0.3�H [11, 12].  This is a significant conductance, 
however, it is hard to predict how the conductance 
will scale to one or several iron filled carbon 
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nanotubes.  The implementation of these iron filled 
carbon nanotubes has high potential and with further 
research could produce useful results.  
 
 

4.  CONCLUSION 
 

Two designs of nano-scale inductors were presented 
in this paper.  Advantageous properties and 
construction of the two design and challenges with 
the implementation of the two designs as nano-scale 
inductors as well as simulated performance results 
were included in the discussion of each design.  Due 
to testing conditions, it is impossible to compare the 
performance of the designs with each other.  
However, each holds promise for success if a further 
effort in research is made. 
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Adiabatic Logic
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1 Adiabatic Logic

Adiabatic Logic is the term given to low-power electronic circuits that imple-
ment reversible logic. The term comes from the fact that an adiabatic process is
one in which the total heat or energy in the system remains constant. Research
in this area has mainly been fueled by the fact that as circuits get smaller and
faster, their energy dissipation greatly increases, a problem that adiabatic cir-
cuits promises to solves.

Most research has focused on building adiabatic logic out of CMOS. How-
ever, current CMOS technology, though fairly energy efficient compared to
similar technologies, dissipate energy as heat, mostly when switching. In or-
der to solve this problem, there are two fundamental rules CMOS adiabatic
circuits must follow, the reasons for which are explained below. The first is
never to turn on a transistor when there is a voltage difference between the
drain and source. The second says never to turn off a transistor that has cur-
rent flowing through it.

Several designs of adiabatic CMOS circuits have been developed. Some of
the more interesting ones include Split-level Charge Recovery Logic (SCRL) [1]
and Two Level Adiabatic Logic or 2LAL [2]. Both rely heavily on the transmis-
sion gates, use trapezoidal waves to clock the circuit and can be fully pipelined.

Of interest is also adiabatic circuits built using current nanomaterials such
as silicon nanowires or carbon nanotubes since nanoelectronics are expected
to dissipate a great amount of heat.

1.1 Adiabatic Logic out of CMOS circuits

CMOS transistors dissipate power when they switch. The main part of this
dissipation is due to the need to charge and discharge the gate capacitance C
through a component that has some resistivity R. The energy dissipated when
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charging of the gate is

E =
RC

T
· CV 2

Where T is the time it takes the gate to charge or discharge. In non-reversible
circuits, the charging time T is proportional to RC. Reversible logic uses the
fact that a single clock cycle is much longer then RC and thus attempts to
spread the charging of the gate over the whole cycle and thus reduces the
energy dissipated. In order to extend the charging time of the gate we make
sure never to turn on a transistor that has a potential difference between source
and drain, and furthermore, once the transistor is turned on, energy flows
through it in a gradual and controlled manner.

The second rule that adiabatic circuits must follow is never to turn off a
transistor when there is current flowing through it. The reason for this fol-
lows from the fact that transistors are not perfect switches going from on to
off instantly. Instead, it gradually changes from on to off when the gate volt-
age changes. Furthermore, the change is proportional to the speed at which the
gate voltage changes. A fact that when combined with the previous constraint,
implies that the transistor is in an “in between” state for a long period of time.
During this time, the voltage drop across the transistor greatly increases yet
the resistance is not high enough to bring power dissipation to zero.

1.1.1 SCRL

Knight and Younis [1] developed a family of adiabatic circuits known as Split-
level Charge Recovery Logic or SCRL. Analyzing a full cycle of the SCRL
NAND presented in figure 1 gives a good understanding of how this family
of logic works in general.

This circuit is very similar to a conventional NAND; however, one of the
main differences is that the top and bottom rails are driven by trapezoidal
clocks (Φ1 and /Φ1) rather then Vdd and Gnd. In the beginning the whole circuit
is set at Vdd/2 except for P1 which is set to Gnd and /P1 which is set to Vdd

so that the transmission gate is off. In the next step, the transmission gate is
turned on by gradually switching the value of P1 and /P1. Following, Φ1 and
/Φ1 which were at Vdd/2 are split to Vdd and Gnd respectively. At this point,
the gate computes the NAND of a and b like a non-adiabatic gate would. Once
the output is used by the next gate, the transmission gate can be turned back
off gradually. Then Φ1 and /Φ1 are gradually returned to Vdd/2 and now the
input can change and the next cycle can begin. It is important not to change
the input until the rails are back to Vdd/2 so that a transistor is not turned on
when there is a potential difference thus violating the first rule.

The last part that needs explaining is the extra P-MOS connected to input
B. Lets analyze what happens when that transistor is missing. Once Φ1 and
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Figure 1: SCRL NAND

/Φ1 are split, when a has a value of logical 1 and b of logical 0, current flows
from Vdd through the P-MOS controlled by b and down through the N-MOS
controlled by a which means that a high voltage is passing through an N-
MOS which will thus dissipate energy. This problem is solved by the extra
P-MOS and in general care must be taken to ensure that an internal node is not
dissipating energy in this way.

Finally the only node that is not restored by the gate is the output. This is
so that a fully pipelined circuit at the gate level can be achieved (see [1] for a
detailed explanation of how this is done). Also, in order to achieve the grad-
ual swings needed to operate these gates, trapezoidal clock are used so that
initially, the voltage is held constant for quarter of a cycle, then gradually gets
turned up or down, held constant again, and for the final quarter, is gradually
returned to the initial value.

1.1.2 2LAL

Another interesting adiabatic circuit family is the Two Level Adiabatic Logic
or 2LAL developed by Frank [2]. Like SCRL, this family can be fully pipelined
at the gate level. Figure 2 (a) shows the basic building block of 2LAL, a pair of
transmission gates which transmit signal A and A respectively both of which
are represented by the single “box” on the left. The fact that 2LAL only re-
quires a basic switching device and is not dependent on CMOS makes it ideal
for use with new technologies.

Figure 2 (b) shows the basic buffer element of 2LAL which consist of two
sets of transmission gates. Φ1 and Φ0 are both trapezoidal clocks but Φ1 is a
quarter cycle behind Φ0. Initially all the nodes are at 0. As the input gradually
raises to 1 (if it is 1) or stays at 0, Φ0 transitions to 1. On the next step, Φ1 tran-
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Figure 2: 2LAL Basic Gate (a) and Buffer (b)

sitions to 1 which sets the output to 1 if the input was one and otherwise leaves
it at 0 which in itself reduces the power dissipation because no charge passes
through the transistor. On the third step Φ0 transitions back to 0 reseting the
input to 0. Finally Φ1 transitions back to 0 and the output is restored to 0 by the
following gate in order to accommodate for full pipelining and thus the circuit
is ready to process a new input. Another feature of 2LAL is that inverters can
be easily created by simply crossing over the rails when going from one gate
to the next.
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Contemporary nanotechnology has brought ultra-high device densities within reach. Along with
reliability issues, one of the greatest problems impeding further progress in achieving ever-higher den-
sities is that of power dissipation. The ability to construct layers of crossbar arrays of Si nanowires
and routing in 3 dimensions exists, but the energy dissipated using conventional CMOS circuit de-
sign techniques is unmanageable without the large surface area relied upon in the past to siphon the
heat away. In this paper we explore applying existing adiabatic computation techniques to nano-
scale computing to determine the feasibility, tradeoffs, and overhead of such an implementation. In
addition, we examine possible construction methods for implementing nano-scale inductors for the
purposes of realizing appropriate rail drivers for the adiabatic logic schemes.

1. OVERVIEW

Power dissipation has traditionally been the last part
of the processor puzzle to take account of. Intel turns
out effective space heaters because it knows that no user
cares how much power it draws from the wall. The end-
user has typically cared about performance first and fore-
most with no thought to power efficiency. Who cares
if their Pentium4 3.4 GHz burns over 100 W? It’s fast!
As a result, low-power computing techniques have been
relegated to embedded application niches and academic
curiosity.

However, new leaps in technology are quickly necessi-
tating advances in the area of power reduction by dis-
covering fabrication methods for stacking crossbars of Si
nanowires such that useful devices exist at every cross-
point [1–3]. The power management of such a 3d high
density structure is not tractable at this time, and it
appears that spending the effort in reducing power con-
sumption would be a better choice.

One of the most promising techniques for burning little
power is through adiabatic computation [4]. A number of
the schemes developed to implement this idea use asymp-
totically zero energy to accomplish useful computation.
In this paper, two schemes and their implications are
examined; implementing them(or any foreseeable fam-
ily) requires an investment in new hardware. They need
trapezoidal clock signals which must be efficiently gener-
ated in order to maintain power savings. That is to say,
the signal must be generated by an LC circuit of some
sort.

∗Electronic address: r0b@mit.edu

FIG. 1: Example rails used in SCRL.

2. RAIL DRIVERS

The first half of this report describes designs for a cir-
cuit that could generate signals of the form seen in Fig-
ure 1. Ideally, these circuits would be able to be inte-
grated at the nano-scale to minimize ohmic losses at the
micro-nano scale interface and simply because it is prefer-
able to have the entire system on a chip from a pragmatic
point of view.

The metric for rail drivers is their quality factor, Q.
Simply put, Q is the ratio of energy stored to energy
burned per cycle. For our purposes, Q > 100 is desired,
since it will almost certainly be the limiting factor in
power savings.

2.1. Harmonic Rail Driver

The Harmonic Rail Driver (HRD) circuit [5], shown
in Figure 2, operates on a simple principle. To achieve
a trapezoidal output, the circuit designer decomposes a
square wave with the same period as the desired trape-
zoid into its Fourier components. Then he simply em-
ploys tuned LC circuits to generate the first three terms,
connecting them in parallel to get the superposition. The
result, a square wave with sloping sides, approximates the
trapezoids reasonably well. Unfortunately, it is difficult
to achieve a slower transition while maintaining the same
flat-topped duty cycle using this method. As will be ex-
plained later, slow/controllable transition speeds are use-
ful for tuning the gates for power conservation. SPICE
simulation results for the HRD circuit are given in Fig-
ure 3.
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FIG. 2: Harmonic Rail Driver circuit.

FIG. 3: Harmonic Rail Driver simulation output.

The quality factor for the HRD is a strong function of
how well the constituent LC circuits are tuned; the circuit
will start eating energy if its components get out of phase.
It is also a strong function of the Q’s of the inductors
and capacitors used. Given these dependencies, it is not
possible at this time to directly evaluate it for a quality
factor, but simply keep its dependencies and weaknesses
in mind. This technique for signal production ended up
being the one we focused on due to its simplicity and use
of only inductors and capacitors. However, there is one
other option that might turn out to be more promising
in the long run...

2.2. Micro-electromechanical Resonators

MEMS, as they are more succinctly referred to, go the
route of devising an ingenious physical shape that physi-
cally moves in response to electronic stimulus. This phys-
ical contraption is used as a capacitor in an LC circuit;
its movement varies the capacitance which in turn moves
charge back and forth without dissipation. A description
of recent work in the field is given in [6]. By precise
machining, the physical shape can be made to vary the
capacitance in nearly any way desired; the fingers of the
resonator from [6], shown in Figure 4, produce the nice
waveforms in Figure 5 in simulation when put into its
harness circuit.

MEMS are a mixed bag. They boast a (simulated) Q
of 5000 at 0.5 MHz [6] and do not have to worry about
decoherence like the HRD. The penalty for not tuning
the comb fingers just right has little effect on the ensem-
ble: it is at a stable point, whereas the superposition
of LC signals is a decidedly unstable point with respect
to coherence. Unfortunately, fabricating MEMS at the

FIG. 4: 3d model of MEMS fingers/comb.

FIG. 5: SPICE simulation of MEMS circuit output.

nano-scale is inconceivable in the short term. Since all
current nano-devices are created bottom-up, the proba-
bility that any technology will emerge to allow construc-
tion of NEMS (Nano-EMS) is very low. If no nano-scale
solution is found for a rail driver, MEMS would be the
best fallback option by far.

3. INDUCTORS

The motivation behind finding a design for a successful
nano-scale inductor rests partially on application in the
HRD, and partially because it seems clear that it would
prove useful in a variety of applications in the future.
Unfortunately, it is inherently difficult to develop a high-
Q inductor at smaller and smaller scales since Q ∝ L/R
and physics dictates that if all one does is isotropically
size down a device, its inductance decreases while its re-
sistance increases. To that end, it seems likely that a suc-
cessful nano-scale inductor will take advantage of quan-
tum mechanical effects that only manifest themselves at
extremely small scales, such as the superconductivity of
SWCNTs (Single-Walled Carbon NanoTubes). Limiting
oneself to classical thinking will not prove fruitful due
to the physical sizing handicap. At the end of the day,
three different inductor designs were produced. They
were evaluated using “FastHenry,” [7] a free software pro-
gram that simulates inductor constructions and produces
inductance and quality measurements. Brief descriptions
and evaluations of the different inductors are included
below.
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FIG. 6: SEM picture of a coiled nanotube.

3.1. Coiled Carbon Nanotubes

Carbon nanotubes grown using Chemical Vapor Depo-
sition (CVD) can be selected to conform to a spiraling
shape. The general process for CVD begins with a sub-
strate to which a catalyst is added. The CVD apparatus
regulates the flow of He/Ar gas (along with a carbon
source) across the surface. Annealing this environment
slowly leads to the accumulation of carbon on the sub-
strate. A picture of one coiled nanotube created using
this process is shown in Figure 6.

These nanotubes are tens of micrometers long, so a
couple hundred turns is reasonable for such a long coiled
tube. Using FastHenry [7] to simulate the setup, an in-
ductance of 0.72µH was found, leading to Q ∼ 50 which
is a satisfying result. Obviously the simulation used ap-
proximate values and was performed by amateurs, but
the result is reasonable given the exceedingly low resis-
tance of the nanotube. The work left to be done for
this design would include a method for causing it to keep
its form, since nanotubes are typically not rigid. Also,
putting the tube to use in a circuit would lower the ef-
fective Q due to the junction discontinuities.

3.2. Iron Core Carbon Nanotubes

Iron core carbon nanotubes are created via a modi-
fied CVD procedure. The substrate used is a thermally
oxidized silicon wafer, with an iron film as the catalyst.
The CVD apparatus in this case consists of two quartz
chambers. Chamber 1 is reserved for the pyrolysis of
metallocenes, a process that supplies carbon and iron
for filling the CNT’s. Chamber 2 is where the products
from chamber 1 are deposited on the substrate. As usual,
the chambers are heated to very high temperatures, and
a regulated He/Ar gas flow accomplishes transportation
between chambers, as well as accomplishing the deposi-
tion onto the substrate. After this process is complete,
the ensemble is slowly cooled. Figure 7 is a picture of the
results.

The existence of a ferromagnetic material greatly in-
creases the amount of energy able to be stored. Theoret-
ically, the calculated performance gives an inductance of
0.3mH for a device of typical dimensions.

FIG. 7: Picture of a CNT with an iron core.

FIG. 8: 3d model of z-type nanotube inductor.

3.3. Z-Type Nanotube

The Z-Type Nanotube Inductor is an original idea uti-
lizing properties of nanotubes to create a high quality
inductor. The construction begins with lithographic sup-
ports on to which nanotubes will be attached. A row of
aligned nanotubes is placed on top of the supports so
that they arch down to the base support under their own
weight. They are then cut and affixed to the side sup-
ports. An iron core is placed in the center, and another
row of nanotubes is placed on top, at an angle such that it
connects adjacent tubes already present. The completed
device will resemble Figure 8.

For modeling purposes, 1,000 turns were used, with a
tube diameter of 10nm, a length and width of 20um each,
and a depth of 5um. Using these values, FastHenry pro-
duced an inductance of 2.59µH and Q ∼ 160. Obviously
this Q is an overestimate because it does not take the
boundaries at each side of the well, of which there are two
per turn. Its construction description sounds achievable
in the near future, with only the affixing to lithographic
supports and nanotube welding to be figured out. Our
conclusion is that it is a design well worth considering.

4. ADIABATIC LOGIC FAMILIES

To realize the potential power savings made possible by
the inductor and rail driver, an adiabatic logic family tak-
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ing advantage of these features needs to be implemented.
To that end, we examined two options: Younis and
Knight’s “Split-level Charge Recovery Logic” (SCRL) [8]
and Frank’s “2 Level Adiabatic Logic” (2LAL) [6, 9]. A
brief summary of the two families is included, demon-
strating how universal logic is achieved and dissipation
avoided assuming the existence of appropriate power
rails. The section concludes with a look at the various
costs and tradeoffs associated with each family and pos-
sible mappings to the crossbar nano-architecture.

Both families use transmission gates(T-gates) to
achieve more ideal bidirectional switching characteris-
tics. T-gates maintain an approximately constant re-
sistance through its entire “on” operation range, with
Ron ∼ 100Ω and Roff > 5MΩ [10]. In addition, both
families use “power clocks” which are signals that fulfill
the function of both power rails and the system clock.
In both cases, these signals are trapezoidal, gradually
swinging between the desired potentials to keep the volt-
age transitions adiabatic. The benefit of this shape of
driving signal is that the power dissipation of the se-
quence turns out to be CV 2(RC/t), allowing arbitrarily
little power dissipation for long transition times relative
to the circuit’s RC time constant [11].

4.1. SCRL

Described in [8], a brief synopsis is offered here us-
ing the most basic gate in the family as an example, the
inverter(Figure 9). A step-by-step description of its op-
eration is provided below.

FIG. 9: An SCRL inverter].

1. All nodes begin at Vdd/2 with the T-gate open.

2. The input becomes valid, connecting the output
node to φ1 or /φ1.

3. The T-gate closes, latching the output.

4. The power clocks swing back to Vdd/2.

5. The input swings back to Vdd/2.

FIG. 10: An SCRL pipeline junction.

Note that this process can dissipate arbitrarily
small amounts of energy by lengthening the transition
time [11]. Also note that a gate is not responsible for
restoring either its input or output. The reversibility
is introduced by uncomputing the output of each gate
by connecting the output of one gate to the output of
the inverse function of the next gate in series as shown
in Figure 10. Physically, the uncomputation refers to
the swinging of an output from its useful value back to
Vdd/2, the “neutral” potential. The implications are that
an inverse pipeline is required and that the final step in a
pipeline is irreversible. Thus, 2n transistors are required
to implement this scheme, and the pipeline needs to be
long enough to amortize the cost of the final stage.

Although only an inverter is shown, an arbitrary gate
can be constructed in accordance with the SCRL family
by using the CMOS design principle of taking output be-
tween the pull-up and pull-down networks that compute
the function. The difference comes by using power clocks
instead of static power rails and latching the output with
a T-gate. Due to a problem discovered in the AND gate
where inputs switching (0,0) -¿ (1,0) resulted in a non-
adiabatic transition dissipating ∼ 3000kbT [9], it is also
necessary to replace the individual transistors with T-
gates and use dual-rail logic to insure no problems in the
future.

The following points are salient in a discussion of re-
source overhead:

• dual-rail logic

• ∼ 4n transistors

• 12 power clocks (for 2-phase SCRL)

The power savings proved to be impressive under the
SCRL scheme. The original measurements (before the
AND gate problem was discovered) gave dissipation of
< kbT per gate.

4.2. 2LAL

Developed at UF by Michael Frank, the 2LAL family
employs T-gates as the basic building blocks, using the
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FIG. 11: Notation for a transmission gate, the basic building
block of 2LAL family. 2LAL buffer diagram. Driving signals
for 2LAL buffer.

symbolic notation shown in Figure 11. The buffer is the
most basic gate in this family; its operational cycle is
detailed in Figure 12 with the driving signals shown in
Figure 11. A procedural description of buffer operation
is given below.

• All nodes begin low.

• Tick 0: Input becomes valid and φ0 swings high.

• Tick 1: φ1 swings high, charging the output if input
was high.

• Tick 2: φ0 swings low, discharging the input if it
was high.

• Tick 3: The output is discharged by the next gate,
and φ1 swings low, resetting the gate to its initial
state.

FIG. 12: Operation of 2LAL buffer.

FIG. 13: Example 2LAL gate implementations.

Other gates are also given in Figure 13; they appear
comfortingly similar to their CMOS relatives. However,
there are hidden costs in this design. The gate diagrams
shown in Figure 13 appear simple, but it must be noted
that quad-rail logic encoding must be used to accomplish
inverting logic [9]. In addition, all inputs whose sole pur-
pose is to control a T-gate must be buffered since every
gate is responsible for discharging its input, and as al-
ready seen, a buffer requires a significant amount of tran-
sistors and space. To its credit, quad-rail logic encoding
allows for signal inversion by routing. The variability in
resource overhead makes exact calculation difficult, but
below are the points to take account of.

• 4 power clocks

• quad rail logic encoding

• 4 FETs per buffer

• free inversion

The number of extra transistors looks imposing, but in
practice the greatest power loss in these schemes results
from power clock production. Simulations run using the
highest-quality power clock generators found that there
was a 50x increase in power efficiency as compared to
standard CMOS [6]. This means that, given a 5 pW /
gate limit, 2LAL can compute 50x faster than the low
frequency that a CMOS processor would have to operate
at to meet the power specification. The report also claims
a 4x adiabatic hardware overhead, which is much lower
than one might expect. The paper does not specify, but
it seems very likely that it was not using quad-rail logic
encoding which would push the overhead up to 16x.

4.3. Mappings

To gain intuition about the resources taken by the fam-
ily implementations, a couple of mock designs were drawn
for mapping on the traditional two dimensional crossbar,
using tiles of crosspoints prepared as NFETs, PFETs,
and programmable routing points. This technology has
been demonstrated; Greg Snider of HP referred to the
areas of different function as NanoFabrics [12].
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FIG. 14: SCRL inverter mapped to crossbar.

FIG. 15: 2LAL buffer mapped to crossbar.

Not much useful information can be gleaned from these
mockups, but it is at least obvious that the families can
be effectively mapped to useful architectures.

4.4. Comparison

To begin with, both families must be clocked at rates
far below current processor speeds or face strongly dimin-
ishing returns, as shown in Figure. Although the nature
of the technology provides better power efficiency pro-
portional to the ratio of how fast the circuit can operate
to how fast it is clocked (ie. a circuit that can operate
at 100 MHz but is clocked at 1 MHz saves more power
than one that can operate at 10 MHz and is clocked at
1 MHz), at this point in time it appears unrealistic to
expect clock frequencies within 2 orders of magnitude of
conventional CMOS.

This “defect” of adiabatic logic families can be over-
come if their implementation at the nano-scale leads to
many orders of magnitude increase in device density,
which is conceivable using 3d circuit packing at such a
small scale. The difficulty comes in replacing the deficit
in clock speed with utilization of the extra devices. For
this to happen, it seems likely that the implementation
of computation will have lean more to6wards neural com-
putation: the devices are unreliable [13], slowly clocked,
highly parallelizable, and unimaginable in number.
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DNA Directed Construction of High Yield 2-D Nanowire Arrays

By: Armand Vartanian, Dave Kromrey, Jeremy Pett, Maya Lowell, & Axar
Kharebov

This paper introduces a new idea for the construction of 2-D Nanowire arrays. This new
method hopes to alleviate some of the current design issues encountered when
constructing a 2-D nanowire array. Through the use of a DNA “curtain rod” nanowires
can be arranged and then placed into arrays with much higher yield rates then current
methods allowed.

As lithographic techniques reach their limit, new techniques must be devised to
manufacture computation devices.  One obvious approach involves “bottom up”
assembly.  Instead of using lithography to remove material to form the smallest features,
miniature components of molecular dimensions are used to construct these features.
Achieving the immense potential of such devices, however, entails obvious
challenges—namely working with such microscopic components.

Semiconducting nanowires of a few nanometers in diameter have been successfully
synthesized from a variety of materials.  One fabrication method uses gold nanoballs as a
catalyst, and the diameter of the nanoball defines the diameter of the nanowires.  Wires
with a 3 nm diameter and wires with lengths in the hundreds-of-microns range have been
produced. The wires can also be doped both axially and longitudinally with precision.
Flow techniques and the Langmuir Blodgett method have been successfully used to align
the wires into parallel arrays on a desired substrate.  Two such parallel arrays placed
orthogonal to each other form a crossbar array, a useful architecture from which to
construct a computing device.  Engineering a crossbar array into a computing device,
however, involves challenges like addressing individual nanowires and creating logic
elements.

One current idea for fabricating Programmable Logic Arrays (PLA’s) abandons
manipulation of individual nanowires in favor of a stochastic approach.  Batches of wires
with unique doping patterns are grown.  The number of batches—and therefore, types of
wires—greatly exceeds the number of wires to be used in the array.  After the batches are
mixed, flow and Lamuirr-Blodgett procedures align the individual wires into parallel
arrays, and the arrays are transferred to a substrate.  A subsequent orthogonal layer forms
a crossbar array.  Standard micro scale lithographic wires provide support for the
nanowires. The doping patterns in the overlapping wires allow Field Effect Transistor
(FET) like effects, and thus a basis for memory and logic.  Uniqueness of wires can be
controlled to a desired probability based on the number of excess bases of wires.  By one
estimation, for example, if 10,000,000 types of wires are used, the probability that wires
in a 1000 wire array will be unique is between .9-.95.  Protocols have been formulated for
discovery of the array architecture and mapping of logic onto the array.

While this stochastic method eliminates the challenge of manipulating individual
nanowires, the approach imposes a set of limitations and inefficiencies into the
fabrication process.  The drawbacks stem from two major causes: inability to line up the
ends of nanowires in the Lamuirr-Blodgett process and the inability to individually select



and place wires.  A means to line up uniquely-selected nanowires might eliminate these
limitations and provide a more efficient, robust nanowire-based computation device.  We
will propose such a method, but first expound upon the drawbacks of the former method.

Misalignment Effects

The aforementioned protocol utilizes Langmuir-Blodgett and flow techniques to align
individual silicon nanowires.  The space between the wires, or pitch, can be regulated by
flow rate of the liquid or pressure applied to the sides of the wires.  Although the wires
are parallel, the ends fail to necessarily line up.  This introduces a host of complications.
When the wires are transferred to a substrate for use as computer architecture, the arrays
are masked into a shape, e.g., a square.  A certain proportion of wires will include a break
because of the random distribution of wire ends and beginnings throughout the
Langmuir-Blodgett surface. Thus, the proportion of usable wires is inversely related to
the ratio of used wire length to total wire length.  For example, if the length of an array is
1 micron and the total length of the wire is 5 microns, approximately 20% of the wires
will be unusable.  This effect can be minimized if the array dimensions are much smaller
than the wire lengths, but as nanowire-based computation devices grow in size and
complexity the required used-portion of the wire may become a greater portion of the
overall length.

This nanowire PLA design relies on the doping pattern of the silicon nanowires to
produce FET effects and thus computation.  Current is controlled in the nanowires via
microwires overlapping doped regions, and different doping patterns, or codes, allow for
control of unique wires.  Since the aforementioned method lacks alignment of the ends of
the nanowires, the codes must be repeated the length of the wire in order to be position
under the controlling microwires.  Clever design of the codes solves some of the
problems associated with differences in alignment of multiple bit pitches, e.g., using a “k-
hot code” in which bit pitch alignment differences merely result in a rotation of the code.
In some applications, like certain types of memory, a repeated code over the length of the
wire would not impede operation.  Other applications, however, like a PLA, would
require development of new techniques to eliminate the effects of certain doped regions.
One idea involves bulk doping the outside of the wire and then masking off the address
regions—promising, but would require more steps and masking.

The size and well know properties of nanowires make them an excellent building block
for molecular electronics. However, their very size makes them difficult to work with and
so we need new strategies of assembly that will allow precise localization and
interconnection. Using what we know and have learned at Computing Beyond Silicon
Summer School about DNA and nanowires, we will present three possible plans for the
use of DNA to align and even individually select the location of the individual nanowires
on a sub-lithographic level. These methods are: a) the use of a DNA chip, b) using optical
tweezers

Current popular methods of nanowire alignment include the flow method and the use of a
Langmuir-Blodgett trough. There are, of course, others, but these are the two main ones
that we learned about. The flow method is the use of a fluid flow to align the wires in a
parallel manor. This method however does not allow for a fine adjustment of pitch. The



density of wires in the solution largely controls the pitch in this method. The Langmuir-
Blodgett trough however has a much finer control over many aspects of the assembly.
This technique can be thought of as a “logs on a river” type approach.

The logs are the nanowires and the bank of the river is the computer-controlled barrier.
The nanowires are floated on the surface with the use a surfactant and pressure is applied
to each side controlling the pitch. This is only good so far, however, before the wires
begin to overlap. Also with this method, we cannot control the alignment of the wires in
the trough. This means that in order to get a reasonable amount of wires that will not be
broken, we must sacrifice large percentage of the length of the wires.

As you can see from this rudimentary drawing, if we were to increase the size of the box,
we would lose a much larger percentage of the connected wires. This is, of course, a very
basic drawing. In actuality, the percentage of wires lost is in direct proportion to the
percentage of the box size to the wire size.    A box that is half the size of the wires would
cause a loss of near half of the connectivity all the wires.   This method also means that
any doping patterns that you have in the nanowires are randomly scattered throughout the
array. This also creates a loss in connectivity when you attempt to integrate this array
with your lithographic size input wires. The methods that we have developed are an



attempt to align the ends of each wire and even to select which wire goes where in the
overall array. The advantages to this are obvious.

All three of our methods have several things in common which I will discuss now. The
first is the nanowires themselves. We have selected silicon nanowires has our wire
because the properties of silicon are very well know and they are often grown using a
gold catalyst or seed. Gold in turn is very easy to bond to DNA using thiol groups and
this is critical for our selection and aligning processes. Each wire will have a piece of
single-strand DNA at the tip, which can be coded to align to a certain place in our
“curtain-rod”. The “curtain-rod” is made from DNA and will be what the tip of each rod
bonds to and is thus aligned with all the other nanowires. We can wash the “curtain-rod”
with a solution having only the nanowires with a specific DNA “tag” at one time, this
allows us to better insure the binding of the nanowires in a specific location. The
structure of the DNA used in our “curtain-rod” can vary depending on which of our three
procedures is used. It is the creation of the “curtain-rod” which defines each of our three
procedures.

The first of the methods we will discuss is the use of optical tweezers. In this method we
attach a single strand of DNA to a glass bead on each end. Then using a pipette to hold
one glass bead and optical tweezers to move the other, we can stretch our DNA into our
“curtain-rod”. With this method we can use either ssDNA or a hinge-segmented piece of
DNA. After each hinge would be a “tag” or of ssDNA that would bond to a “tag” on our
nanowires. If we used the ssDNA between the glass beads, then the “tags” on the
nanowires would correspond to a specific location in the “curtain-rod”. While this
method might work well for experimentation of the bonding properties and of various
DNA structures for our “curtain-rod”, it would not scale up very well to any sort of mass
production. I am sure that you are thinking of many modifications to this process, and
believe me, so did we. This version of this method is merely the simplest we could think
of and when you deal with a situation in which this method would be used, i.e. testing of
bonding strength, “curtain-rod” strength and so on, the fewer the variables, the better.

Creating the DNA Curtain Rod

There are several methods that can be utilized in order to make a strand of DNA
that can act as a scaffold for the nanowires.  The first and least technical method is using
a single strand of DNA with specific sites that can bind the complimentary strand of
DNA that is attached to the nanowires via thiol linkages.  To create a single strand of
DNA that can bind 100 nanowires at a 10nm pitch, there needs to be approximately 2941
bases in the strand.  One cannot create a ssDNA of this length utilizing synthetic methods
currently available, but the problem can be circumvented by utilizing assembly PCR.  In
assembly PCR many short sequences of dsDNA are created and ligated together.  The
final piece of dsDNA is converted to ssDNA by taking only the forward primer and
amplifying the Watson strand.  In order to avoid strong secondary structure only certain
base combinations will be used such as ATCC.  This method can result in a very long
strand of ssDNA that can be used as the curtain rod.

DNA tiles are another resource that can be used to make a DNA scaffold.  DNA
tiles can be made by creating DNA strands with Holliday junctions so that multiple
strands of DNA are bound together (see Fig. 1).  The tiles are connected to each other by
creating tiles with sticky ends.  Many tiles with a single-stranded overhang, where DNA-



functionalized nanowires can be attached to, can be joined together to create a DNA
curtain rod with unique nanowire binding sites.  To avoid contortions in the regions
where sticky ends bind to each other, DAO-E tiles will be used (see Table 1 for
explanation of nomenclature).  In addition, a stretch of single stranded DNA can be used
to seed the tiles and provide structural support.

A structure with a greater persistence length can be made by using DAE-E tiles to
create a DNA tube as was done by Rothemund et al.  The first row of tiles will be
engineered to have single stranded overhang where the nanowires attach to.  The rest of
the tube will be made using tiles without the ssDNA overhang.  Rothemund has shown
that the persistence length of DNA tubes are about 4µm and can be formed with 4 to 9
tiles.

There are possible problems that may be encountered when building a DNA
scaffold.  For the ssDNA method, stability and synthesis are major factors for concern.  A
single-stranded piece of DNA of such lengths may not have the persistence length or
strength to accommodate the large number of nanowires attached to it.  The tile method
may encounter stability problems similar to that of the ssDNA method.  No studies have
been done yet of how resilient the tiles are to external pressure, and it is possible that the
sites where crossover occurs may not be stable enough to accommodate the length of the
tile structures.  Actual experiments must be done in order to determine which method is
most effective.



Table 1
1st letter 2nd letter 3rd letter 4th letter

DAO-E Double
crossover

Antiparallel
sticky ends

Odd number of
half-turns
between
intramolecular
crossover

Even number of
turns in the
hybridization
region

DAE-E Double
crossover

Antiparallel
sticky ends

Even number of
half-turns
between
intramolecular
crossover

Even number of
turns in the
hybridization
region

Figure 1:  DNA DAE-E tile

DNA Chip
Another possible method of construction is to build the array on the lithographic

plate its self. This would be done by using Dip-pen DNA placement. This works by
utilizing and Atomic Force Microscope tip to place a strand of DNA directly onto the
lithographic plate. (Figure 2) This process can be automated and has high resolution
which will be useful if up-scaling of the technique is desired. The DNA will be placed in
the corners of the plate and each corner will have a distinctly coded strand of DNA.
These strands will act as anchors for the curtain rod DNA strand. The curtain rod when it
binds to the corner strands will be stretched across the lithographic plate. Then the
nanowires can be washed across the surface one type at a time. This allows for pre-
selected wires of the desired length and quality to be placed along the curtain rod. As the
nanowires are being washed down the surface of the plate they will be washed over the
curtain rod and the nanowires with the DNA strand at the end will bind to the curtain rod
creating the array. The flow will straighten the bound nanowire out and along the plate
into proper position. (Figure 3) Once the first array is constructed the nanowires will be
the process can be repeated orthogonaly to the first array to create the 2D array.

Figure 2

Figure 3

Rothemund et al 2004
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Abstract. An area efficient architecture for organization of sublitho-
graphic PLAs(Programmable Logic Arrays) is proposed. We also suggest
three different algorithms for efficient logic mapping on this architecture,
namely the Max-Clique Partitioning, Repeated Min-Cut, and Multi-level
Construction via Coarse Graphs. Each of the algorithms is presented in
different individual and independent sections in this report. Compar-
isons are made with existing algorithms on benchmark circuits where
necessary.

1 Architecture

Recent advances in molecular electronics [20] [10] and sub-lithographic Nano-
architectures of FPGAs(Field Programmable Gate Arrays) [4] [9] [25] has reaf-
firmed the belief that nanotechnology will extend the Moore’s Law [21] in this
new century [14] [22]. Most of these nano-architectures [1] [5] [6] [24] are crossbar
structures because of their ease of fabrication and support for defect tolerance.
This paper envisions an architecture for full-scale electronic systems based on
the crossbar approach.

We organize the nano-PLAs into nano-PLA blocks and further group them
into nano-PLA clusters. These nano-PLA clusters form the building blocks of re-
configurable nano-electronic devices similar to the existing lithographic CPLDs
(Complex Programmable Logic Devices). Because of the bottom-up fabrication
techniques used to make these nano-electronic devices, they will have intercon-
nect requirements very different [6] from the existing CPLDs [7]. Their efficiency
would closely depend on the logic mapping technique used to embed logic onto
them.
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2 Max-Clique Partitioning

Traditionally, logic mapping techniques in VLSI design literature have been di-
vided into two classes - the Bottom-up Clustering and the Recursive Top-down
Partitioning [19]. The Top-down partitioning methods [17] [8] [26] divide a cir-
cuit into smaller and more manageable components. The Bottom-up clustering
methods [2] [11] [23] look at the problem of circuit logic break-up from the view
of grouping together elements to form circuit clusters. While top-down methods
fail in cases when the circuits are large because of their complexity, bottom-up
fail because of their lack of reliance on the global view of the circuit. The algo-
rithm proposed banks on the strengths of both these methods and in that sense
is a hybrid of the two.

Recent developments in graph heuristics for maximum clique search [3] [16]
are the motivation of the proposed algorithm. These heuristics are used to find
the maximum clique in the adjacency graph of the netlist for a circuit. This clique
is removed clique and the maximum clique in the residual graph is searched and
so on. The partitions so obtained are unbalanced and we balance them using
bottom-up techniques based on density criterions.

3 Min-Cut based Partitioning

We are considering the problem of partitioning a graph into subgraphs of con-
stant size, with the minimum possible interconnect between the partitions. This
problem is known to be NP-Hard even in the case of two partitions (this is
called bipartitioning). However, several heuristics have been developed for effi-
cient approximations of bipartitioning [13] [27] [12] [18]. On the other hand,
other approximations take a more bottom up approach [2] [11] [23]. We im-
plemented a bottom up max-clique based heuristics. This however, is slow on
large inputs, and gives better results on denser graphs, where there are large
cliques of which to take advantage. Thus we get better results by first applying
a min-cut based heuristics on the large input, and then the bottom up max-cut
based heuristics on the smaller, denser subgraphs created as partitions by the
min-cut heuristics. The min-cut heuristics we implemented is based on the paper
[27] on bipartitioning. The technique used in [27] is to construct a network flow
from our graph, such that a min-cut in the network flow will correspond to a
min-net-cut in the graph. Although a min-net-cut is not optimal, it will be a
good approximation.

4 Multi-level Partitioning via Coarse Graphs

A mesh of nanowires with PLAs at particular junctions can be logically pro-
grammed to fit logic functions. However, doing this efficiently is a problem,
since looking at all possible combinations is a lengthy process. We work to solve
this situation by reducing the nanomesh into a graph. The algorithm that I
use is a multilevel algorithm for partitioning generic graphs proposed by Bruce
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Hendrickson and Robert Leland of the Sandia National Laboratories [15]. The
algorithm can be generalized as this: it breaks down a given graph into smaller
and smaller graphs (hence the ”multilevel”). This breakdown is accomplished
using coarsening methods. Once it is small enough, the graph is partitioned (us-
ing a spectral method, although others can be substituted). Then, the graph in
question and the partitions are uncoarsened until the original graph is achieved.
As the number of possible partitions grows exponentially with the size of the
vertex set, a maximal partition of the coarse graph is faster than a partition of
the original graph. Obviously, the main setback is that ”only a small number of
the possible fine graph partitions are represented” and examined on the coarse
graph [15].
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Abstract. An area efficient architecture for organization of sublitho-
graphic PLAs(Programmable Logic Arrays) is proposed. Two-way max-
clique clustering and partitioning algorithm is suggested for use on this
architecture for efficient logic mapping. This algorithm bridges the bar-
rier between the traditional schemes of Top-down partitioning and Bottom-
up clustering in VLSI design and gives a unified approach to the problem
of logic mapping. The scheme is based on recent developments in heuris-
tics for maximum clique search in an undirected graph using sequential
coloring.

1 Introduction

Recent advances in molecular electronics [27] [17] and sub-lithographic Nano-
architectures of FPGAs(Field Programmable Gate Arrays) [10] [16] [33] has
reaffirmed the belief that nanotechnology will extend the Moore’s Law [28] in
this new century [19] [30]. Most of these nano-architectures [3] [11] [12] [32] are
crossbar structures because of their ease of fabrication and support for defect
tolerance. This paper envisions an architecture for full-scale electronic systems
based on the crossbar approach.

We organize the nano-PLAs into nano-PLA blocks and further group them
into nano-PLA clusters. These nano-PLA clusters form the building blocks of
reconfigurable nano-electronic devices similar to the existing lithographic CPLDs
(Complex Programmable Logic Devices). Because of the bottom-up fabrication
techniques used to make these nano-electronic devices (nano-CPLDs), they will
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have interconnect requirements very different [12] from the existing CPLDs [13].
Their efficiency would closely depend on the logic mapping technique used to
embed logic onto them.

Traditionally, logic mapping techniques in VLSI design literature have been
divided into two classes - the Bottom-up Clustering and the Recursive Top-down
Partitioning [26]. The Top-down partitioning methods [24] [14] [34] divide a
circuit into smaller and more manageable components. The Bottom-up clustering
methods [6] [18] [31] look at the problem of circuit logic break-up from the view
of grouping together elements to form circuit clusters. While top-down methods
fail in cases when the circuits are large because of their complexity, bottom-
up fail because of their lack of reliance on the global view of the circuit. The
algorithm proposed banks on the strengths of both these methods and in that
sense is a hybrid of the two.

Recent developments in graph heuristics for maximum clique search [8] [22]
are the motivation of the proposed algorithm. These heuristics are used to find
the maximum clique in a circuit. This clique is removed clique and the maximum
clique in the residual graph is searched and so on. The partitions so obtained are
unbalanced and we balance them using bottom-up techniques based on density
criterions.

We thus makes two original contributions through this paper. First, we sug-
gests a feasible architecture for full-scale nano-devices based on Programmable
Logic Array Blocks. Second, we propose an integrated algorithm based on top-
down and bottom-up techniques to map logic into these systems.

The paper is organized into four sections. The first section gives an overview
of the proposed architecture. The next section discusses the concepts and defi-
nitions used in the algorithm for logic mapping onto this architecture. The third
section presents the algorithm. In the fourth section we analyze the results of our
algorithm on a benchmark circuit. Finally, we state the conclusions and avenues
of further research.

2 Architecture

Large PLA blocks provide higher speeds and guarantees predictable timing of
operations. At the same time they increase the complexity of logic synthesis
because of the NP-hard complexity of the two level minimization problem [8].
However, it has been shown [5] that the PLAs outperform LUT-based FPGAs
in terms of both belay and area. This is why most of the new architectures using
sublithographic techniques aim at making nano-PLAs [3] [12] [32]. The nano-
CPLDs that will result from these PLAs will have very high logic gate density
and will require very effective CAD tools to achieve better performance and to
maximize logic utilization similar to that required by some of the new CPLDs [7].

Advances in controlled nanowire construction [9] [29], assembling them into
crossbar structures [20], establishing diode crosspoints [3], and techniques for
addressing nanowires from lithographic scale wires [11] have established crossbar
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structure a feasible architecture for nano-PLAs. There have been several variants
of these nano-PLAs [12] [16] [33].

To make full scale nano-CPLDs from these nano-PLAs we propose the follow-
ing hierarchy. The nano-PLAs are first organized into nano-PLA blocks which
are PLAs wired along with a nano-Buffer/Inverter Unit [12]. These nano-PLA
blocks are then organized in such a way that upon logic mapping they differen-
tiate into nano-PLA clusters. We will demonstrate in the last section that logic
mapping attains its best packing efficiency at different cluster sizes depending
on the logic. This cluster size is defined as the natural cluster size for a circuit.
These clusters together form the entire nano-CPLD. Making cluster size depen-
dent on the logic mapped onto the nano-CPLD ties the architecture closely with
the logic mapping algorithm and provides maximum logic packing efficiency. In
the next section, we introduce the techniques used by our algorithm for logic
mapping on these nano-CPLDs.

3 Mathematical Framework

Circuit Partitioning and Clustering are the two approaches of dividing a circuit
into group of nodes which are densely interconnected as compared to the rest of
the graph thus reducing the interconnect. In Computer Aided Design literature
for VLSI logic mapping these two are referred to as the Top-down(Partitioning)
and Bottom-up(Clustering) approaches.

Top-down approaches partitions a given circuit into smaller partitions. These
techniques have the advantage of having a complete view of the circuit but at
the same time the disadvantage in terms of computational resource requirement
due to the need for global analysis at each step [31]. The top-down approach
includes the iterative bi-partitioning algorithms like the Fiduccia-Mattheyses [14]
variant of the Kernighan-Lin algorithm [24], flow oriented repeated minimum-cut
algorithms [36], etc.

Bottom-up approaches cluster nodes in a given circuit based on some clus-
tering criterion into small clusters. These techniques have the advantage of be-
ing fast but at the same time they have more probability of making mistakes
and hence waste time in back-tracking [31]. The bottom-up approaches include
greedy clustering methods, density based methods [21], random walk method [4],
techniques using transitive closure (k-l connectedness [15]), etc. All these algo-
rithms use several different clustering objectives to merge nodes into cluster,
each one has its own pros and cons which have been studied in great detail [23].

In our approach we take the problem of circuit partitioning into a graph
theoretic framework. Recently, it has been shown that all real life graphs are
1-perfect [8]. Thus, it is easy to color them and find the maximal clique. There
are several heuristics to find the maximum clique [8] [22]. Some people have
suggested the use of coloring algorithms to cluster circuits [31].

We iteratively divide the circuit on the basis of maximal cliques (which are
arguably the densest regions in a circuit) using heuristics (top-down partition-
ing). Then we recombine the smaller cliques into clusters using some clustering
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criterion (bottom-up techniques). This technique thus takes the benefit of the
advantages of both the bottom-up techniques and the top-down techniques.

These clusters are then mapped onto the nano-PLAs using the traditional
mappers like DDMap [6], TEMPLA [1], PLAmap [2], etc. Most of these mappers
assume that the input network has been decomposed to 2-bounded network and
so our clusters fit easily into these algorithms.

We model the boolean circuit as an undirected graph G(V, E), where the
vertex set V={vi|i = 1, 2, 3, . . . , n} represents the gates(nodes) while the edge
set E={ei,j |i,j = 1, 2, 3, . . . , n} represents the fact that i and j are input-output
pairs. A hyperedge from a netlist(list of nets or hypergedges) N with source n:
Nn = {n, n1, n2, n3, . . . , nn}is modeled as the set of edges {en,n1, en,n2, en,n3,
. . . , en,nn} thus n and nk for k = 1, 2, 3, . . . , n form input-output pairs. We
store the graph in the form of an adjacency matrix A=[aij ] where i and j are
input-output pairs.

A cluster is a sub-graph of the boolean circuit graph. A maximal clique is the
maximum sized complete connected sub-graph. We will now state the proposed
algorithm in the next section.

4 Max-Clique Partitioning Algorithm

Our algorithm takes its input from a netlist. We convert this netlist into an
undirected graph G using the model developed in the previous section. We use
Coudert’s heuristics [8] to find the maximal clique C in this graph. We then
remove the maximal clique from the graph and again use the heuristics to find
the maximal clique in the residual graph G-C. This process continues until we
have partitioned the entire graph into partitions which are cliques of different
sizes.

Although graphs with high edge density have a balanced breakup in terms
of the number of partitions of different sizes (Table 1). The picture changes
completely when we look at sparse graphs similar to the ones observed in real-
life circuits (Table 2). Thus in practice the size of the partitions reduces very
fast as the algorithm progresses and a major chunk of these partitions are single
nodes or edges (two nodes).

This is where we introduce the bottom-up techniques to regroup these cliques
into larger clusters. We set a window for the allowed size of a partition based
on the size of the maximal clique for the graph. Then we regroup these clusters.
There can be several different criterions for doing this regrouping. In the criteria
that we use the smallest cluster is regrouped with the cluster with which it shares
the maximum number of edges. This criteria helps bring down the interconnect
in the partition. This process continues until all the clusters (except maybe one)
are of sizes within that window. When we do this for the case of Table 2 then
we get Table 3.

The only problem now is that these clusters are very small and far too many.
To resolve this issue we form a adjacency matrix from these clusters, with an
edge between two clusters representing the existence of an edge between one of
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Table 1. The number of partitions of different sizes generated by repeated max-clique
partitioning on a 256 random graph generated with 10% probability of having edges
between two vertices.

Size of Partition Number of partitions

1 11
2 11
3 17
4 29
5 10
6 1

Table 2. The number of partitions of different sizes generated by repeated max-clique
partitioning on a 256 random graph generated with 1% probability of having edges
between two vertices.

Size of Partition Number of partitions

1 66
2 77
3 8
4 3

Table 3. The number of partitions of different sizes generated by repeated max-clique
partitioning with re-clustering (with acceptable partition size 3-5) on a 256 random
graph generated with 1% probability of having edges between two vertices.

Size of Partition Number of partitions

1 0
2 1
3 74
4 8
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the nodes in the cluster and the other in the second cluster. Then we perform
max-clique partitioning on this new graph. The new partitions generated are
partitions of clusters and are then converted into partitions of nodes. We again re-
cluster them into cluster with a new window of accepted cluster sizes. This goes
on until we find clusters of reasonable sizes which impose reasonable interconnect
requirements.

The cluster sizes that we obtain in this fashion are in some sense the natural
sizes into which the graph should be partitioned because they are based on both
the global conditions of edge density as well as the local ones of interconnect
sparsity. This is why in our proposed architecture emphasizes the need for re-
configurable cluster sizes which is dependent on the partitioning performed by
our algorithm.

In the next section we show the results obtained by running our algorithm
on a benchmark circuit.

5 Results

We run our algorithm on the ”apex4” which is a fairly large MCNC (Microelec-
tronics Center of North Carolina) Benchmark circuit [35] with 1147 nodes and
527 nets. This circuit has an unpartitioned circuit area (total number of edges
in adjacency graph) of 2549. We perform four iterations of our algorithm on
this circuit. The total number of clusters decreased with each iteration while the
maximum number of nodes in a cluster increased as in Table 4.

Table 4. The number of clusters and the maximum number of nodes in a cluster in
every iteration of run on apex4.

Iteration Number of Clusters Maximum number of nodes in a Cluster

1 337 4
2 100 14
3 15 105
4 2 938

We define the cluster area as the number of edges between nodes within a
cluster. The total cluster area is the sum of the area of all the clusters and the
average cluster area is the average of the area of all the clusters. We observe
that all these quantities increase with each iteration as in Table 5.

Finally, we look at the interconnect that we get from the partitioning and
clustering. We define interconnect as the total number of edges in the cluster
adjacency graph. Thus if there are more than one edges in the graph of the circuit
between nodes in one cluster and those in another then they contribute just one
unit to the interconnect. Similarly if there is no edge between nodes in one
cluster and those in another then there is no contribution to the interconnect by
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Table 5. The total cluster area, maximum cluster area and the average cluster area in
every iteration of run on apex4.

Iteration Total Cluster Area Maximum Cluster Area Average Cluster Area

1 335 6 0.994065
2 545 21 5.45
3 810 134 54
4 2158 2012 1079

that cluster pair. Cluster to Cluster Interconnect(C2CI) for a cluster is the total
number of interconnect edges it shares with different clusters. The Partitioned
Circuit Area(PCA) is a function of the interconnect(I), the maximum circuit
area(MCA) and the number of clusters(N). Mathematically,

PCA = I + MCA ∗ N (1)

We observe in our results that although the Interconnect and the Maximum
Circuit to Circuit Interconnect reduces with each iteration, the Partitioned Cir-
cuit Area first decreases and then increases (Table 6). The maximum circuit
size at the iteration when the PCA is minimum is arguably the ideal cluster size
for a nano-PLA cluster.

Table 6. The interconnect, maximum cluster to cluster interconnect(C2CI) and the
partitioned circuit area in every iteration of run on apex4.

Iteration Interconnect Maximum C2CI Partitioned Circuit Area

1 1795 71 3817
2 1002 43 3102
3 99 7 2109
4 1 1 4024

6 Conclusions and Future Work

We have proposed that efficient architectures of nano-CPLDs should have nano-
PLAs grouped into a nano-PLA clusters which should have a reconfigurable max-
imum cluster size. We have also shown one possible alternative for an algorithm
for both finding the optimal cluster size and also the clusters themselves. The
algorithm successfully exploits the strengths of both the top-down and bottom-
up approaches. Further research needs to be done in comparing this algorithm
with some of the existing algorithms.
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INTRO
The rise of technological advancement that we have experienced in the last 30 was in
large part due to the rise in the number of transistors on a silicon wafer. The
technological art that made this possible requires precise hardware manufacturing and
efficient programming. Both the precision of hardware manufacturing and the efficiently
of programming need to be maximized to get the most use out of a circuit on a silicon
wafer.

The rise of nanotechnology is the latest wave of advancement in hardware
manufacturing. We are now able to construct and program circuits on the molecular level.
In the area of hardware manufacturing we have taken a great leap forward, which is in
direction of smaller. While in efficiently of programming there has not been similar
progress, which is in fact in the direction of larger. Here we try to develop an
understanding possible architecture for a nanoscale circuit and do as well as suggest an
efficient approach to partitioning such a circuit.

We will focus our discussion on efficient programming, yet our task will be two fold the
architecture and partitioning. The architecture presented will be based on clusters of PLA.
These PLA are nanoscale structures constructed using molecular level techniques. We
will not focus on the hardware methods used to produce the PLAs. We will discuss how
these PLAs will be arranged and placed in a circuit.

The main topic of the research paper will have to do with the efficient algorisms for
partitioning. …

Architecture

The architecture most suitable for our logic circuit is that multi leaf tree. We will
start out by having nano-wire mesh being constructed using molecular growth techniques.
These meshes will be cut out into 60x60 nano-wire PLAs. This will provide our basic
cross bar array. The ends of the wires will be stochastically doped to provide for the
addressability of the nano-wires. The overlapping areas will be high or low in resistance
depending if it is highly doped or pure. The same stochastic addressing will provide
control and addressing at junctions of lithographic micro and nano wires. The nanowires
will be layered out on top of the micro wires and depending on dopant concentration, will
be able to conduct current through the junction. Hence we will have on and off switch
that could function similarly to a transistor. This will require about 2.2 log (N)
microscopic control wires for N number of nanowires. Hence a very small number of
microscopic wires will control a large size nano-wire cross bar array.

We will efficiently partition these into clusters of 10x10 PLAs. The clusters will
be portioned such that most of communication will be done within the cluster, which
would be fastest. Such communication will be facilitated with nanowires connecting
different PLAs within a cluster. We will also use stochastic addressing discussed above to
control or address the individual “path” within a particular PLA. Thus we will employ the
same techniques for control and addressing on both PLA and cluster level.



The final circuit will be a composition of a large number of scalable and
programmable clusters of PLAs. These branch out in a tree and leaf formation. They will
be interconnected by a micro scale bus system, the tree. And each leaf will be a cluster.
The micro scale bus system will allow us to program and control the individual crossbars.
At the same time the micro scale bus system will also allow for the transfer of
information and communication between clusters. For this we will need to have a micro
scale decoder so that we could access information most efficiently.
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1 Introduction 
 
Our CBSSS project dealt with the efficient programming of nanowire-based 
sublithographic programmable logic arrays.  A mesh of nanowires with PLAs at 
particular junctions can be logically programmed to fit logic functions.  However, doing 
this efficiently is a problem, since looking at all possible combinations is a lengthy 
process.  However, the potential benefits are staggering: “Key features can be a few 
nanometers wide, a few silicon atoms wide, perhaps the ultimate scale for devices. This 
allows us to design computing components without the costs or limits of ultra-fine 
lithography”. [1] 
 
In addition, “under conservative assumptions using 10nm nanowires and 90nm 
lithographic support, [a yield of a] density around 500,000nm2 [per] or term for a 60 or-
term array [is achieved]; a complete 60-term, two-level PLA is roughly the same size as a 
single 4-LUT logic block in 22nm lithography”. [2]  Thus, we looked at different ways of 
solving the efficiency problem.  For one, reducing a nanomesh into a graph is an option, 
since running graph-partitioning algorithms would allow us to partition the mesh such 
that particular partitions handled particular components of the logical statement.  Then 
the overall graph can, in a sense, be “spliced together” to serve as the full function. 
 
 
2 Algorithm 
 
In this paper, I will describe a multilevel algorithm for partitioning graphs introduced by 
Bruce Hendrickson and Robert Leland, of the Sandia National Laboratories.  The end 
goal is to apply the algorithm to benchmarks (given to us by Professor Andre Dehon [1, 2]) 
to compare it to other algorithms that attempt to efficiently program the meshes.  I will be 
working with Kumar Jeev, Paolo Codenotti, and Akhsar Kharebov, who will each study 
max-clique partitioning, repeated min-cut partitioning and the architecture of 
nanomeshes, respectively. 
 

 
[1] André Dehon, “Sub-lithographic Computing Systems” appearing in HotChips-15, August 17-19, 2003 
[2] André Dehon, “Nanowire Based Sublithographic Programmable Logic Arrays” appearing in Proceedings of the 
International Symposium on Field-Programmable Gate Arrays, FPGA2004, February 22-24, 2004 



 
 
As Hendrickson and Leland say, “The graph partitioning problem is that of dividing the 
vertices of a graph into sets of specified sizes such that few edges cross between sets. 
This NP-complete problem arises in many important scientific and engineering problems. 
Prominent examples include the decomposition of data structures for parallel 
computation, the placement of circuit elements and the ordering of sparse matrix 
computations.” [3]  The algorithm in question works by breaking down a given graph into 
smaller and smaller graphs that are simpler to deal with and hence program.  From this 
comes the “multilevel” attribute.  H/L use a spectral partitioner for the smallest graph.  
As they say, the multilevel algorithm “produces high quality partitions at a low cost”. [4] 
 
 
2.1 Problem Definition 
 
The problem can hence be stated as (from H/L, although this statement is really the quest 
of all graph partitioning algorithms): 

 
Given a graph G = (V, K) where V = {v1, v2, ... vn} and K = {e1, e2, ... en} where the 
edges are weighted, and the number of desired partitions P, how can one find a partition 
of V such that into P partitions such that the sums of the vertex weights in each partition 
are approximately equal, AND the sum of the weights of the edges that cross between 
sets is as small as possible? [5] 

 
 
2.2 Hendrickson, Leland 
 
Hendrickson and Leland's method works by coarsening the graph till it's small enough, 
then to partition the graph, and then while the graph is not equal to the original graph, 
uncoarsen it and its partitions [6]. As they say, “Coarsening is advantageous because is 
that the number of possible partitions grows exponentially with the number of vertices in 
the graph, so a good partition of the coarse graph is much easier to find than a good 
partition of the original one. The price paid for this reduction in complexity is that only a 
small number of the possible fine graph partitions are represented and are therefore 
examinable on the coarse graph”.[7] 
 

                                                 
[3] Bruce Hendrickson & Robert Leland, “A Multilevel Algorithm for Partitioning Graphs”, Sandia National 
Laboratories appearing in Association for Computing Machinery Inc 1995, p.1 
[4] Hendrickson, Leland p.1 
[5] Hendrickson, Leland p.2 
[6] Hendrickson, Leland p.2 
[7] Hendrickson, Leland p.2 



 
 
 
2.3 Construction of coarse graph 
 
H/L's construction of the coarse graph can be summarized as follows: 
 

1. Find a maximal matching 
2. For each matching edge {i, j} 
        Contract edge to form new vertex v1 
        Vertex_weight {v1} = weight {i} + weight {j} 
        If i and j are both neighbors to a vertex k 
            Edge_weight {v1, k} = Edge_weight  
            {i, k} + Edge_weight {j, k} 
        EndIf 
    EndFor [8] 

 
There are a number of benefits to using this method. H/L say, “This coarsening procedure 
has a number of attractive properties. First, any partition of the coarse graph corresponds 
naturally to a partition of the fine graph.” [9]  In addition, “since vertex weights are 
summed, constraints on the set sizes that depend just on the number of vertices in a set 
are preserved in a weighted sense in the coarse graph.” [10] 
 
Finally, “since edge weights are combined, any linear penalty function on the edges 
crossing between partitions will be preserved as a weighted metric under the coarsening 
process. Thus for most metrics of partition quality, a good partition of the coarse graph 
will correspond to a good partition of the fine graph.” And of course “this coarsening 
algorithm is fast. The entire operation can be implemented in time proportional to the 
number of edges in the original graph”. [11] 
 
 
2.4 Partitioning of coarse graph 
 
The coarsest graph is then partitioned, but the partitioning algorithm used here is 
relatively unimportant. H/L used a spectral method among others, but I just implemented 
a BFS since this graph was relatively small. After this, the partition is uncoarsened using 
this method: 
 

1. For each vertex in smaller graph 
        Union one or two vertices from larger graph 
        Assign a vertex from larger graph to same set as coarse graph counterpart 
    EndFor [12] 

                                                 
[8] Hendrickson, Leland p.3 
[9] Hendrickson, Leland p.3 
[10] Hendrickson, Leland p.3 
[11] Hendrickson, Leland p.3 
[12] Hendrickson, Leland p.4 



 
 
2.5 Refinement of partitions 
 
Now, an algorithm must be used for refining the partitions. The one H/L use is as 
follows: 
 

1. While there exists a better partition 
         Best_Partition = Current_Partition 
         While Termination Criteria Unreached 
             Select V to move 
             Perform move 
             Update gains of neighbors 
             If Current_Partition is balanced and better than Best_Partition 
                  Best_Partition = Current_Partition 
             EndIf 
         endWhile 
         Current_Partition = Best_Partition 
    endWhile 

 
There are a variety of termination criteria. The main condition is that there are no more 
possible moves from the larger graph to smaller graphs, among others. [13] 
 
 
3 Results 
 
The results that H/L observe are as follows, using the multi-level algorithm: [14] 
 
3.1 Hammond Mesh    3.2 Barth5 Mesh 
 
# Sets Edges cut  # Sets Edges cut 
     
2 119  2 196 
4 236  4 412 
8 393  8 648 
16 652  16 1118 
32 1065  32 1779 
64 1688  64 2906 
 
(4,720 vertices, 13722 edges, 3.44 
seconds) 

  
(15,606 vertices, 45878 edges, 6.17 
seconds) 

 

                                                 
[13] Hendrickson, Leland p.6 
[14] Hendrickson, Leland p.12 



3.3 Ocean Mesh 
 
# Sets Edges cut 
  
2 499 
4 1991 
8 4743 
16 9160 
32 14628 
64 22353 
 
(143,437 vertices, 409,593 edges, 38.0 
seconds) 
 
 
They observe that, “the local refinement scheme significantly improves the partitions 
generated by both the inertial and spectral partitioners and has modest cost. In fact 
application of KL may actually reduce net run time…because in the process of locally 
refining at one recursion level, subgraphs are produced [that] are more efficiently handled 
at the next level of recursion.” [15] 
 
 
4 Conclusions 
 
The multilevel algorithm presented has been shown to be efficiently fast at partitioning 
several graphs of varying degrees of complexity.  Because of this, once the nanomeshes 
have been reduced to a respective graph G, the multilevel algorithm can be applied to 
partition G efficiently, from where it will be much easier to program.  As the partitioned 
nets will not be sparse, big chunks of the function can be programmed into these nets.  
Once each of the nets has been programmed, the overall graph (and hence nanomesh) 
will contain the logic necessary to evaluate the function.  Future work will entail using 
this algorithm in combination with other partitioning algorithms, and studying the 
resulting efficiency. 
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Abstract

In this paper we propose a method to create electronic logic circuits us-
ing single-walled semiconducting carbon nanotubes (SWCNTs). A SWCNT
inverter has already been designed and experimentally tested [1]. We
have designed a model for a SWCNT NAND gate using carbon nanotube
Y-junctions. Any logic operation can be performed through a combina-
tion of NAND gates. However, manufacturing of this new device still
remains a challenge. We suggest a fabrication method for our experimen-
tal purposes and analyze potential techniques for mass production of the
SWCNT NAND gates.

1 Introduction

Single-walled carbon nanotubes (SWCNTs) are nanoscale graphite cylinders.
They can be either metallic or semiconducting depending on their diame-
ter and chirality (the angle of the circumferential vector with respect to the
graphite lattice vector). Electrical properties of SWCNTs can exceed those
of the best metals and semiconductors. Thus, since their discovery in the
early 1990’s, intense research has been conducted with the goal of develop-
ing nanotube-based molecular electronics.

The first section of this paper describes the properties and fabrication of
CNTs. We explain in detail the structure and characteristics of single-walled
carbon nanotubes that make them viable candidates for application in elec-
tronics. Following this, we discuss several technologies developed so far for
creating the nanotubes.
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So far, scientists have been able to fabricate a field-effect transistor (FET) -
a three-terminal switching device - by connecting a single-walled carbon nan-
otube to two metal electrodes. The nanotube acts as a conductor or insulator
depending on the voltage applied to the gate electrode. Both p-type and n-
type FETs were created using SWCNTs. There has been steady improvement
in CNTFETs’ electrical characteristics since they were first fabricated in 1998.
Currently, CNTFET operates at room temperature, and outperforms the most
advanced silicon MOSFETs, having transconductance at least twice as high as
that of MOSFETs. Furthermore, CNTFET’s characteristics can be improved
considerably by decreasing the contact resistance at source and drain and re-
ducing the gate-oxide thickness. We discuss the production of CNTFETs and
provide detailed comparison with silicon MOSFETS in Section 3.

The only SWCNT logic gate that has successfully fabricated to date is the
inverter, or the NOT gate [2]. In this logic gate, the nanotube represents an
n-type and a p-type FET connected in series and operated by a common back-
gate. Two complimentary transistors are obtained on the same substrate by
selectively doping a single nanotube placed on top of three electrodes. We dis-
cuss the SWCNT inverter in greater detail in the section 4 (Intramolecular NOT

gate). It has been experimentally tested that the SWCNT inverter has a voltage
gain greater than one, which is essential for driving other gates.

We then concentrate on the developing a SWCNT NAND gate. This gate
can be obtained using a single Y-shaped SWCNT with the proper arrange-
ment of backgates and positioning of the nanotube. Currently, there are sev-
eral techniques for producing SWCNT Y-junctions, we describe some of them
and then concentrate on a method of fusing two nanotubes with an e-beam–
the most suitable technique for our experiment. Y-junctions obtained by this
method obey the Kirchoff’s Current Law, and thus can be effectively used in
our NAND gate arrangement for connecting transistors in parallel.

In Y-Junction CNT NAND Gate Architecture and Fabrication, we propose
our design of the single-nanotube NAND gate and describe how it can be re-
alized using currently available engineering technologies.

Finally, faster and more efficient techniques are needed for mass produc-
tion of the SWCNT NAND gates. We analyze some of the technologies avail-
able today and how they can potentially be used to promote the fabrication of
nanotube-based logic circuits.

In nanotube synthesis, it is impossible to obtain exclusively metallic or
semiconducting tubes, because the chirality of the tubes cannot be controlled.
Recent scientific research demonstrated the possibility of DNA-assisted sepa-
ration of carbon nanotubes.
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2 Electronic Structure and Electrical Properties of

Carbon Nanotubes

The various forms of carbon nanotubes can be simply imagined as the folding
of graphene sheets into perfectly closed cylinders. There are multiwalled and
single walled carbon nanotubes. In this paper we look at single walled since
their properties are more reliable for nanoelectronic device purposes. Also,
depending upon their chirality, diameter, and electronic structure, carbon nan-
otubes can be metallic or semiconducting. After rolling up a graphene sheet in
a certain direction one gets the resulting parameters characterizing the tube.
Figure 1 illustrates how one would determine the chirality vector of a certain
tube. One can then determine the diameter by simply multiplying the chiral

vector by 4: dt =
√

3

π
ac−c

√

m2 + mn + n2, where ac−c is the distance between
neighboring carbon atoms in the flat sheet. Also the chiral angle is given by

tan−1(
√

3n

2m+n
).

Figure 1: (a) generating chirality vector for nanotube from graphene sheet.
C = na1 + ma2 = (n,m), where a1 and a2 are unit vectors of the hexagonal
lattice. [5] (b) Various carbon nanotubes resulting from different foldings of
graphene sheets

When a number of carbon atoms are brought together to form a graphene
sheet (lattice), the discrete energy levels of the free carbon atoms now broaden
into energy bands in the lattice. These energy bands are formed because elec-
trons are now free to move from one atom to another resulting in having dif-
ferent amounts of kinetic energy dependent upon their motion. We then get
various quantum states corresponding to one free atom giving rise to one en-
ergy band. According to the Bloch theorem each state has a unique energy and
plotting this energy as function of k (wave vector of the state) gives the energy
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band structure. The unique hexagonal energy band structure of graphene al-
lows for it to behave as both a metal and a semiconductor. However to realize
the electronic structure and therefore electronic properties of carbon nanotubes
one must apply another quantization condition, since as tubes, the electrons
are now bound in the circumferential direction.

The quantization condition needed is kc . C = 2πj, where kc is the wavevec-
tor in the circumferential direction, C is the chirality vector of the nanotube,
and j an integer. With all boundary conditions in place we can now recalculate
the energy band structure for the carbon nanotube. What is most important is
how the energy states interact near the Fermi energy (energy of the highest
occupied electronic state at zero temperature), or some may say the Fermi sur-
face. The Fermi surface separates unfilled and filled orbitals at absolute zero.
Electrical properties of the material are then determined by the shapes of the
Fermi surface and current is related to changes in the occupancy of states near
the Fermi surface as well. Once again the unique hexagonal band structure of
carbon nanotubes (energy as a function of k), allows them to be both metals
and semiconductors, since the band structure is in between these extremes. In
general for an (n,m) tube, a metallic nature will be seen if n = m or when
n − m = 3i, i being an integer, and a semiconducting nature will arise when
n − m 6= 3i. Although n and m determine their physical behavior, the chem-
ical bonds of the tubes are the same in all cases. It is the special electronic
structure that gives a zero band gap semiconductor, meaning the top of the
valence band has the same energy as the bottom of the conduction band, and
this energy equals the Fermi energy for one special wavevector, the K-point of
the 2-D Brillouin zone, the corner point of the hexagonal unit cell in reciprocal
space for graphene. It is shown that nanotubes are metallic when an allowed
wavevector in the circumferential direction passes though this K-point. Also
as the diameter of the tube increases, more wavevectors are allowed in the
circumferential direction, and since semiconductor band gap is inversely pro-
portional to tube diameter, the band gap approaches zero for large diameters,
becoming semiconducting (fig. 2, 3).

Realizing this general, but only introductory information into the physics
of carbon nanotubes has taken researchers years of experimentation, using the
help of scanning tunneling microscopes (STMs) and atomic force microscopes
(AFMs), they have gathered enough information that fits solid state theories
about carbon nanotubes and to come to the conclusion that their physics is
suitable for nanotubes to be used as nanoelectronic devices and complex logic
circuits. Further more advanced physics is still in the process of modeling and
more importantly being able to extract important information about the tubes
like, resistivity, voltage, and current, only a few items that will help us one day
construct quantum scale logic circuits.

Physicists rely on two major molecular physical methods to model the
properties of nanotubes: ab initio and classical molecular dynamics. Ab ini-
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Figure 2: Electronic Band Structure of 2D graphene sheet; six K-points lying at
Fermi energy are shown as well as the first Brillouin zone [5]

Figure 3: (a) lattice graphene (b) energy conducting states in graphene as func-
tion of wavevector k (band structure of nanotube would then be 1D slices
through the 2D bandstructure) (c) graphene rolled around y axis results in
metallic nature, rolled around x axis results in semiconducting nature. [6]
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tio, latin for “from the beginning”, is the approach in which accurate solutions
to the Schrodinger equation are desired. There are not many exact solutions
of course, making it a difficult process that requires the use of many different
approximations that people have developed. Another more common method
used is the Tight Binding Model also known as LCAO, since it is a method
to analyze larger systems more accurately by taking a Linear Combination of
the Atomic Orbitals in the system, giving a new basis to compute calculations.
The other major molecular physical method uses Newton’s second law, mass
x acceleration, or Force, is equal to the minus the change in the potential gra-
dient. It gives continuous and multiscale models. It requires the use of many
different potentials. More and more methods are refined and tuned in model-
ing the physics of carbon nanotubes throughout the years and their accuracy
is checked via the help of STMs and AFMs.

When one does actually measure the conductance of a carbon nanotube as
a function of the gate voltage, distinct behaviors are seen for metallic and semi-
conducting tubes, as physical models predict. [7] Figure 4 shows the signature
nature of metallic nanotubes having weak gate and temperature dependence,
meaning that their conductance is not significantly affected by the addition of
charge carriers at room temperature, unlike the conductance of semiconduct-
ing nanotubes.

Figure 4: conductance of metallic nanotubes at six different temperatures as a
function of gate voltage; average conductance slowly decreases as temperature
is lowered. [6]

Most importantly what has been discovered about semiconducting carbon
nanotubes, is the fact that they can work as transistors, three terminal devices.
Years of experience with complex logic functions has shown that three ter-
minal devices are better than two, since two terminal devices suffer from the
fact that their output varies from device to device, and errors in output values
grow through successive logic operations [5]. In a three terminal device like a
transistor, the output is restored to a defined digital value at each step.

A semiconducting nanotube is made to conduct by applying a negative

6



Figure 5: (a) conductance of semiconducting nanotube as function of gate volt-
age (b) potential profile of disorders experienced by holes due to impurities in
structure of the nanotube (c) STM measuring nanotube conductance [6]

bias to the gate and conduction is stopped by applying a positive bias. Nega-
tive bias induces holes on the tube, making it conduct, while positive bias de-
pletes holes, decreasing conductance. The physical behavior is similar to that
of a p-type metal oxide silicon field effect transistor (MOSFET), the difference
now being that a carbon nanotube is replacing silicon as the material hosting
charge carriers. It is believed that metal electrodes and chemical species ad-
sorbed onto the tubes make them p-type. The tube’s chemical environment
can change the level of doping, resulting in sometimes significant changes of
the voltage necessary to turn the device ”on”. Tubes can also be doped to
be n-type. The conduction of a semiconducting nanotube rises linearly as the
gate voltage is reduced, becoming a better conductor as more holes are added
from electrode to nanotube. Conductance is limited only by barriers like struc-
tural defects as holes cross the tube. Resistance of the tube will be dominated
then by the greatest barrier in the nanotube. This is all true for single walled
carbon nanotubes (SWCNTs), multiwalled tubes have a layer of carbon shells
with differing physics that can all potentially interact. It is shown that only the
outer shell of MWCNTs contributes to electrical transport, and so only small
diameter MWCNTs could be used to make transistor devices [5].

Research into making arrays out of carbon nanotube field effect transistors
(CNTFETs) is the next step to make complex logic circuits. The ultimate goal is
to make an intramolecular logic gate as we propose out of one unified carbon

7



Figure 6: changing output characteristics of CNT field effect transistor being
doped with potassium [5]

nanotube. However, more complex configurations of CNTs are required to
create a NAND gate using one continuous nanotube. Fortunately, researchers
have begun to study the physics of deformed or altered configurations of car-
bon nanotubes to see if they also could be used to construct logic devices, and
data from STMs and AFMs seem promising.

3 Electrical Characteristics of the CNTFET

A CNT field-effect transistor consists of a single semiconducting single-walled
nanotube connecting two electrodes placed on an oxide-coated, heavily doped
silicon wafer. The carbon nanotube is the active channel between source and
drain. The wafer is used as a back gate. Back gate voltage controls the nan-
otube’s conductance, and thus the current between drain and source. Gold or
platinum electrodes are defined using electron beam lithography (Fig. 7).

Figure 8 demonstrates that as the gate voltage increases, the source-drain
current decreases rapidly. Therefore, the transport through the semiconduct-
ing SWCNT is dominated by positive carriers, and the behavior of the SWCNT
FET is similar to that of a p-channel metal-oxide-semiconductor FET.

This type of CNT transistor displays high parasitic resistance (1MΩ), low
drive current, low transconductance, gm ≈ 1nS, high subthreshold slope, and
no current saturation. This device requires large values of gate voltage (several
volts) to turn on because of the thick gate dielectric (≈ 100 − 200nm).

Another type of CNT-FET with improved electrical characteristics has been
manufactured. During the device fabrication, the nanotube, instead of being
laid down upon the source and drain electrodes, relying on weak van der
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Figure 7: Schematic cross section of a SWCNT FET

Figure 8: output and transfer characteristics for a CNT FET with 30 nm thick
Au electrodes and a single-walled nanotube of 1.6 nm diameter [1]. (a) shows
I − VSD curves measured for VG = −6, 0, 1, 2, 3, 4, 5, 6V . (b) shows I − VG

curves for VSD = 10 − 100mV in steps of 10mV . The inset shows that the
gate modulates conductance by 5 orders of magnitude.

Waals forces for contact, is deposited on the substrate, with the electrodes pat-
terned on top of it. To improve the metal/nanotube contact, Ti and Co are used
with a thermal annealing step. As a result, contact resistance is reduced from
several MΩ to 30kΩ.

The CNT-FETs described are both p-type. N-type conduction can be achieved
by doping from an alkali (electron donor) gas, or by thermal annealing in vac-
uum. In addition, ambipolar conduction can be achieved, in which both elec-
tron and hole transport are possible. Given that both p- and n-type CNT-FETs
can be fabricated, it is possible to produce carbon nanotube CMOS logic cir-
cuits.

Device structure of CNT-FETs can be further optimized to improve their
electrical characteristics. However, some of the CNT-FETs’ “on current” and
transconductance already exceed those of the state-of-the-art MOSFETs. The
use of high dielectric constant gate insulators, and additional improvements
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Figure 9: Schematic cross-section of the improved CNT-FET

in the metal/nanotube contact resistance at the source and drain can improve
CNT-FET performance. Such improvements are possible for both p-type and
n-type CNT-FETs.

4 Intramolecular NOT gate

Grown semiconducting SWCNTs were shown to exhibit p-type characteristics
[3]. However in 2001 V. Derycke et al [2] reported on a method of creating
n-type SWCNTs wither by vacuum annealing p-type SWCNTs, they also ex-
plored the uses of directly doping the tube with an electropositive element
such as potassium as previously proposed[4]. They constructed an intramolec-
ular inverter where one part of the nanotube acts as a p-type FET and the other
part as an n-type FET by protecting the n-type FET area and doping the un-
protected area. The whole device was prepared as shown in figure 10.

Figure 10: Intramolecular Inverter

V. Derycke et al. proceeded to test the electronic characteristics of their
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device and discovered that, as expected, the device functioned as an inverter
as shown in figure 11. As can be seen, the device behaved very well, having a
gain of more then one and thus making it possible to drive another gate.

Figure 11: Intramolecular inverter measurements

Encouraged by the results obtained in [2] we set out to develop a NAND
gate in order to create a complete basis allowing the implementation of any
arbitrary boolean function using only intramolecular gates. However, if we are
to develop the NAND gate with one continuous piece of carbon nanotube, the
mechanical structure of the CNT must be modified. In the following section,
we introduce the Y-branch CNT.

5 SWCNT Multiterminal Junctions

5.1 Fabrication of Y-junction Carbon Nanotube

Numerous research groups around the world have invested a significant amount
of time on fabricating CNTs. Some published methods include arc discharge
[12], laser vaporization [13], catalytic decomposition of hydrocarbons [14], and
thermal decomposition of fullerene [15, 16, 17].

Two types of catalytic decomposition of hydrocarbon methods are pre-
sented. First, B. C. Satishkumar, et al [18] proposed using pyrolysis, a form
of incineration that chemically decomposes organic materials by heat in the
absence of oxygen. The scheme is shown in figure 12.

This method gives a 70% yield, an impressive number for industrial pur-
poses. However, this method only fabricates multi-walled Y-junctions (fig. 13).
Single-walled Y-junctions are of interest to us due to their fast, ballistic, and
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Figure 12: the scheme of pyrolysis method of fabrication Y-junction carbon-
nanotubes

more reliable transport properties. Some post-modifications [23] may be ap-
plied to peel away the extra graphite layers, such as laser vaporization [24] or
arc-plasma [25], but this will hinder the possibility of mass production due to
various dimensions of nanotubes.

Figure 13: TEM image of a Y-junction carbon nanotube

The second method is proposed by Jingming Xu, et al at Brown University
[19]. Using a technique similar to pyrolysis, Xu et al, use a nanochannel alu-
mina (NCA) template to fabricate the Y-junction nanotubes. The advantage
of this method is that there is more control over the length and diameter of
the tube. Once again, this method produces only multi-walled nanotubes (fig.
14). Unfortunately, no efficient method for growing single-walled Y-branch
nanotubes is known.

A third method different from the catalytic decomposition processes is based
on the thermal decomposition of fullerene in the presence of transition metals,
such as Ti, Cr, Fe, Co, or Ni. The detailed proportionality could be found in
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Figure 14: Y-junction tube (scale bar, 50nm) with stem 90nm and branches
50nm in diameter.

[17]. The major advantage of this method is that only low amounts of byprod-
ucts are produced. Also, this fabrication method uses a mechanical constraint.
Here, the tube grows because of an inherent effect of the structure. These de-
tails could be found in [20, 21, 22].

Single-walled Y-junctions can also be formed by forcing two single-walled
nanotubes together. Researchers at the Max-Planck Insitut have dispersed
single-walled nanotubes in ethanol and deposited them onto holey carbon
grids for observation and processing with a transmission electron microscope
(TEM). At 800 degrees Celsius, an e-beam was generated by the TEM and posi-
tioned onto touching nanotubes, irradiating them at the desired junction point.
Terrones et al, claim to have successfully fabricated single-walled Y and T-
junctions along with some four-terminal types (X-junctions) using this method
and using tight-binding molecular dynamics simulations. However, some of
the irradiated junctions were defective in their atomic arrangement, having
seven or eight ? instead of the usual six ? carbon atoms in the ring where
atoms are shared between nanotubes. Another drawbrack is that this process
takes on the order of minutes to perform, making it an inefficient method for
mass-production purposes. However, this process is sufficient for our pro-
posed methods [26]

As mentioned previously, there has not been an efficient technique to pro-
duce single-walled Y-junction carbon nanotubes. Even though some post-
modification method might work, it cannot prevent the possible and signif-
icant defects. In order to massively produce Y-junction nanotubes, more re-
search must be invested in fabricating single-walled Y-junctions. Also, two
main problems will exist after the fabrication setup. One, how would re-
searchers separate metallic Y-junctions from semiconducting ones? And two,
how do we position the Y-junction onto our device? Both questions will be
discussed in more detail in section 7.
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5.2 Electronic Structure and Electrical Properties

The physics for our proposed model of using a Y-branched single wall car-
bon nanotube to form an intramolecular NAND gate has not been studied by
many but the data they have obtained gives enough results to see it as a very
plausible construction. Y junction nanotubes can be formed from chemical va-
por deposition, welding two crossed nanotubes with an electron beam at high
temperature, or using irradiation techniques on an touching tubes to form a
Y tube. Researchers are slowly developing physical models to analyze the re-
sulting properties from this structural deformation.

Figure 15: Y branch nanotube; topological defect of carbon nanotube [8]

Figure 16: local density of states near Ef = 0 for both symmetric and asymmet-
ric Y branches. [8]

The general trend in most papers is to start with quantum conductivity cal-
culations for SWCNT Y junctions using the general Landauer expression for

conductance in a 1D system, G = (2e2/h) .
∑

N

i
Ti, where 2e2/h is the quantum
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of conductance, and Ti is the transmission of a contributing sub-band (con-
duction channel), produced from confinement of electrons along the circum-
ference of the CNT. The transmission function can be obtained using Green’s
function formalism, and the Hamiltonian of the system can be obtained by
tight binding formulations. Using the formalism of Landauer and Buttiker,
the current passing through the Y branch can now be calculated. The general
current equation looks like this:

Ii =
e2

h

∫ ∞

−∞
dE

{

[1 − TiiE]f(E − µi) −
∑

j 6=i

Tij(E)f(E − µj)

}

There are different atomic orbitals and approximations used by different re-
searchers but general results show that symmetric Y branches display recti-
fying behavior while asymmetric branches can serve as typical interconnects;
both types of Y branches follow Kirchoff’s current rules [9]. The rectifying na-
ture of the symmetric Y-branches will destroy the function of our NAND gate;
hence, non-rectifying,asymmetric Y branches are used for the intramolecular
NAND gate. Figure 17 and 18 show current through a symmetric and then
asymmetric Y branch.

Figure 17: (left) symmetric Y branch (right) graph of current through stem,
Is, and branches IL and IG; current is positive flowing towards junction and
negative otherwise. This figure shows rectifying behavior. [9]

Y-junction nanotubes are promising structures for logic gate designs. De-
signs with four Y-junctions have already been experimentally tested by Palm
et al, [10]. Figure 19 and 20 show proposed device architecture and resulting
data.

From research so far, the idea of using a single walled Y branch carbon nan-
otube as part of an intramolecular NAND gate seems like a very feasible idea.
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Figure 18: (left) asymmetric Y branch (right) graph of current through branch
showing typical interconnect behavior, no rectification. [9]

Figure 19: (left) template of a Y branch switch (right) design of a Y branch
NAND gate using 2 inverters [10]
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Figure 20: (left) asymmetric Y branch needed for NAND device (right) voltage
characteristics of NAND gate [10]

The actual physical models in obtaining properties like current and voltage
of these perturbed nanotubes is pretty advanced yet are becoming more accu-
rate in their predicting nature. STM observations of Y branched carbon nan-
otubes produced by electric arc discharge method suggest that some of them
are single walled Y branches [11], leaving us only to figure out better fabrica-
tion methods and to be able to refine the physics and measurement processes
in order to build a functioning intramolecular NAND gate.

6 Y-Junction CNT NAND Gate Architecture and Fab-

rication

In this section we propose step-by-step the fabrication process to create our
NAND logic gate device. We start with a silicon substrate and grow a 617.2nm
thick layer of silicon dioxide by putting the substrate in 10500C and perform-
ing dry oxidation for 5 minutes, wet oxidation for 90 minutes, and dry oxida-
tion again for another 5 minutes. The dry oxidation steps ensure the smooth-
ness of the oxide layer. Using electron beam (e-beam) lithography, we pat-
tern and expose the back-gate regions for the two NAND inputs. Wet etch-
ing techniques such as BHF (buffered hydrofluoric acid) can be used to etch
away the exposed back-gate, oxide areas. The etch rate of BHF ranges from
10 − 100nm/min at room temperature and is temperature-dependent. Al-
though wet etching techniques are usually isotropic, it is much faster than
dry-etching processes and it is primarily used for etching away large areas.
A 400nm thick layer of silicon is then deposited onto the substrate to fill in the
etched regions. The excess silicon is etched away and smoothed using chem-
ical mechanical polishing (CMP). The resulting structure is shown in Figure
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21.

Figure 21: The patterned silicon back-gates. (a) Top-down view (b) Cross-
section along the red line (c) Cross-section along the green line.

A 140nm thick layer of silicon dioxide is then grown via dry oxidation for
approximately 2.6 hours. After this step, CMP can be used again to smooth
the surface of the wafer, however it is not necessary. E-beam lithography is
then used to define the gold contact regions that will allow us to easily bias the
back-gate voltages. Gold is then sputtered or evaporated onto the sample. Al-
though gold makes an excellent contact due to its stability against oxidation, it
is a fast diffuser and produces deep-level recombination centers in silicon that
tend to reduce the lifetime of carriers significantly. However, for experimental
purposes, gold is sufficient. The gold is then patterned via e-beam lithography
to create three electrodes that will connect to GND , VDD, and Vout.

A semiconducting, asymmetric Y-nanotube is transferred (using a charged
atomic force microscope tip) onto the oxidized silicon substrate prepatterned
with gold electrodes. The Y-branch nanotube is placed such that the stem lies
on both back-gates and each of the branches lie on different back-gate regions
(Fig. 22).

We now apply a technique first proposed by V. Derycke, et al to create
n-type field-effect transistors [2]. PMMA, a polymer-based mask material, is
deposited on top of the substrate fabricated above. E-beam lithography then
exposes the region of the device where the inherently p-type nanotube will
then be doped with potassium to become n-type. The PMMA is a common
resist that can help keep the device stable over time and through environment
changes. It can also help protect the nanotube against the potassium doping.
The doping concentration can be controlled such that the threshold voltages
of the n-type FETs and the PMMA-protected p-type FETs overlap. The dis-
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Figure 22: The final Y-branch NAND device. (a) Top-down view (b) Cross-
section along the red line (c) Cross-section along the green line.

Figure 23: Top-down view of the PMMA-protected and potassium-doped nan-
otube NAND gate device

19



advantage of using PMMA is that when the nFETs are exposed to ambient
temperature, the nFET is no longer stable and reverts back to a pFET. How-
ever, protecting the nFET with an additional 10nm thin layer of silicon dioxide
can help eliminate this problem. The final device is shown in Figure 23.

7 Future Production Techniques

7.1 Using DNA for CNT Separation and Assembly

DNA, due to its flexible nature, has been the object of much research on molec-
ular electronics. Nowadays, DNA sequences can be synthesized for specific
purposes at reasonable cost and time. DNAs are highly charged, polar, and
also sensitive to the environmental factors, such as temperature and pH value.
So, what we can do with DNAs and carbon nanotubes?

Growing CNTs yield a mixture of both metallic and semiconducting nan-
otubes. Methods have been developed to separate between the two types;
however, due to the CNT’s poor polydispersabilty and solubility in both aque-
ous and non-aqueous solutions, the sorting of CNTs have become a big chal-
lenge [27].

Ming Zheng, et al finds that the binding of single-stranded DNA (ssDNA)
to the carbon nanotube is fast and stable. He uses the ssDNA to assist in sep-
aration the nanotubes based on their electrical properties. Here is a list of
advantages for DNA-coated nanotubes:

1. DNA-coated carbon nanotube (DNA-CNT) solutions are stable for months
at room temperature.

2. Removal of free DNA by either anion-exchange column chromatography
or nuclease digestion does not cause nanotube flocculation, indicating
that DNA binding to carbon nanotubes is very strong.

3. DNA converts bundled CNT into individual tubes.

4. DNAs are easy to put on and easy to remove.

5. In comparison with other polymers that also disperse carbon nanotubes
[28, 29] (CONVERT THESE REFS), DNA seems to be much more effi-
cient.

6. DNA backbone is available to be solvated in solution, hence reducing the
surface tension associated with the de-solvated nanotubes.

7. DNA offers the advantage of defined length and sequence, and well-
developed chemistries for functionalization.
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8. DNA-CNTs might be able to be sorted due to their different electronic
properties, such as conductance (see next paragraph for more details).

They also find the optimal sequence (poly(T)) and length (30 mer) of DNA
that gives maximum dispersion of nanotubes (fig. 24).

Figure 24: Poly(T) wrapping around nanotube

Due to the negative charge on the phosphate group of DNAs, DNA-CNTs
are highly negatively charged. Since metal are conducting materials, DNA-
metallic CNT is predicted to have less surface charge than DNA-semi-conducting
CNT due to the opposite image charge created in the metallic tube. Therefore,
Ming Zheng, et al, propose to use ion-exchange liquid chromatography to sep-
arate semi-conducting and metallic CNTs. Figure 25 shows a spectrum of the
chromatography results.

Figure 25: Chromatogram

21



Figure 26: Electronic Absorption Spectrum

By measuring the electronic absorption spectra (fig. 26) for various frac-
tions from the column, they found that f47 has more pronounced absorption
in the metallic M11 (400-600 nm) band12, and weaker absorption in the semi-
conductor E11 band (900-1,600 nm) than f49. Therefore, f47 is enriched with
metallic tubes. Semiconducting tubes can now be separated from metallic
ones. Applying voltages on the DNA-coated carbon nanotubes can assist in
aligning the nanotubes. This is useful for positioning the nanotubes at specific
locations.

8 Conclusion

We have proposed an experiment to construct an intra-molecular carbon nan-
otube NAND gate. Also we’ve explored methods of fabrication and future tech-
niques that may be used for possible mass production of such devices. Once
this experiment is conducted, new nano-architectures should be investigated
given the interesting properties that this along with the intra-molecular in-
verter present.
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